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Fir nts and content wt with the only Method that lies 
within my reach, of uſhering this Work into the World un- 
der the Authority and Protection of ſome great Name; one 3 
whoſe Birth and Quality may give a Dignity to Science, and 
by; being a Maſter of it himſelf, has the juſter Title to 
patronize it in others; who does not meaſure the worth of 
a Performance by the fulſom Incenſe of the Dedicator, but 


penetrates into the Work itſelf, and learns from thence the” 


real Abilities of the Writer. e e 
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the Parent, without enjoying the more ſolid Benefit nd the 
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Bur I will ſhut up a Subject, which can give Your 
LoxDsH1y no Pleaſure, and which muſt give me the ten- 
dereſt Concern. It is an Event that had been truly fatal to 
me, had not Your LoRDSHI 's Goodneſs prevented it. This 
has taught me to bear a Misfortune which is the common 
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ADVERTISEMENT. 


PHE learned Author of this Book having, in bis paper of Propoſals, 
= drawn up a ſbor b 


t Scheme of his Work, it is thought proper to reprint 


\ 


it here, in order to give the Reader in a few words an idea of his per- 


formance. 


This Work { ſays the Author ) is chiefly intended for the inſtruction 


of young beginners, and for the uſe of thoſe who have ſuch under their 


care. It is divided into ten books, with an introduction prefixed concern 


ing vulgar and decimal fractions; the former being abſolutely neceſſary 


to a thorough knowledge of Algebra. In this introduction, all the reduc- 


tions and operations of fractions are fully and clearly accounted for, and 


ſuch a fund of reaſoning eſtabliſhed thereby in the mind of the learner, 
as cannot fail to furniſh him with proper rules to work by in all caſes 
wherever fractions are concerned, without any further aſſiſtance. 


The firſt book treats of the nature of Algebra and Algebraic quan- 


tities; of their addition, ſubtraction, multiplication and diviſion; of pro- 


portion, fractions, and extraction of roots in Algebra; and in the laſt 


, of the manner of reſolving ſimple, equations, illuſtrated by a con- 


ſiderable number of examples. In this book, under the head of multipli- 


cation is ſhewn, how by bare multiplication alone many uſeful theorems 
may be invented, and 


is given of the riſe and continuation of infinite ſerieſ:s, and how they may 
be tried by involution ; but they are here touched upon only fo far as 
may be apprehended by the meaneſt capacities, all other conſiderations 
concerning them being reſerved to other parts of this treatiſe, where it 
may reaſonably be preſumed, the learner will be better prepared for them, 
he. ſecond book contains a great variety of entertaining queſtions pro- 
ducing ſimple equations, and ſolved partly by fingle poſitions, and partly 
by more; where all the uſeful methods of extermination are explained. 
The third book treats of quadratic equations, and of the manner of 
reſolving them, exemplified in various queſtions introduced for that pur- 
poſe ; where throughout the whole are occaſionally interſperſed mapy 
curious obſervations concerning the roots of equations, both poſſible and 
impoſſible. | 3 | 
The fourth book treats of pure Algebra, that is, where letters of the 
alphabet are uſed, not only to repreſent unknown quantities, hut allo fuch 


as are known, which in tenderneſs to the learner has hitherto been 
| avoided. Here ſeveral of the former problems are reſumed, more inde- 


a 2 finitely 


ve been invented, both in Arithmetic and Geo- 
metry. Under the heads of diviſion and extraction of roots, ſome account 


finite! oſed, and general ſolutions given them by general theorems 
or ang = pow Dogan ſeu and afterwards demonſtrated ſyn- 
thetically, whereby the learner may make himſelf thorough maſter of 
both forts of demonſtrations  _ ks 
The fifth book gives the ſolutions of many curious queſtions of that ſort 
which admit of more anſwers than one, and ſome even of an infinite 
number, by a general method very eaſy to be comprehended, and (as the 
author conceives) entirely new. Here are demonſtrated many elegant and 
uſeful theorems relating both to whole numbers and fractions; particu- 
4arly that of Mr. Cotes, for _—_ the leaſt numbers that will expreſs 
a given ratio to any given degree of exactneſs. Here alſo occaſion is ta- 
ken to introduce the reader into an acquaintance with the moſt entertain- 
ing parts of Euclid's doctrine of Incommenſurables, where he will meet 
with more ſubtil and more refined reaſoning than perhaps in any other 
part of the Mathematics whatever; and all levelled to the loweſt capacity. 
The fixth book is a choice collection of ſuch queſtions as are uſually 
known by the name of Diophantine queſtions; the ſolutions of them here 
given. are very eaſy and intelligible, and in ſome caſes perhaps may be 
thought preferable to any ſolutions of the ſame problems in Dzophantus, 
or in any of his commentators or followers : for as D:ophantus's poriſms 
are entirely loſt, he lies, in many caſes, at the mercy of his commentators, 
The ſeventh book treats in the firſt place of the doctrine of propor- 
tion as it is delivered in the fifth book of the Elements. Here it is ſhewn 
that the common idea of proportionality may, without the leaſt diſguiſe, 
be ſo enlarged, as to extend to Incommenſurables: and having thus eſta- 
bliſhed an-infallible and adequate criterion of proportionality, the fifth and 
ſeventh definitions to the fifth book of the Elements are ſhewn to be no 
more than plain and natural conſequences of it, but more proper upon 
many accounts for Euclid's purpoſe, in carrying on his ſyſtem of Geo- 
Nees Then all the propoſitions of the fifth book of the elements are 
clearly and ſuccinctly demonſtrated in their order, and as near as poſſi- 
ble, in Euclid's manner, fo as to loſe nothing either of the force or ele- 
gance of his demonſtrations; and yet ſuch an eaſy and familiar turn is gi- 
ven to the whole, that it is to be hoped this book, which has alway 


ays 
been looked upon as an unſurmountable rub in the way through the 25 


firſt books of the Elements, will now be read with as much eaſe to the 
imagination, nay more, than any other part of the Elements whatever. 
The latter part of this book gives a clear and diſtinct account of the com- 
poſition and reſolution of ratios, and of their great uſe in Natural and 
Mechanical Philoſophy: inſomuch that it is to be hoped, this part of the 


ger a myſtery to any one who will 


doctrine of proportion will be no lon 
tead it with the leaſt degree of attention. 


The 


- 
Is: 


The eighth book _ Algebra to Geometry, and by the help of a 
few plain and eaſy problems, conveys to the mind of the learner the moſt. 
ſublime myſteries of that ſcience, Here the compoſition of the Geome- 
trical problems is firſt deduced from the analyſis, and then ſynthetical de- 
monſtrations are formed from the conſtructions there given, without any 
regard to the analyſis. The ſecond part of this book contains the doctrine 
of ſolids, ſo far as it relates to priſms, cylinders, pytamids, cones, ſpheres, 
ſpheroids, &c; the principal properties whereof are taken out of Euclid, 
Archimedes and others, and demonſtrated after the ſimpleſt manner, with- 
out the leaſt ſtreſs laid upon the imagination. We OR 3 6 
The ninth book conſiſts of ſeveral miſcellaneous tracts; as. firſt, of 
powers and their indexes ; 2dly, of Newton's method of evolving a bino- 
mial, conſidered in it's full extent; 3dly, of logarithms, their nature and 


uſe, and particularly of Briggs's 3 Athly, of logarithmotechny, 


or the method of computing logarithms, drawn from their ſimpleſt pro- 
perties; ʒthly, of Newton's invention of diviſors; and 6thly, of the Arith- 
metic of ſurd quantities. n 


The tenth and laſt book treats firſt of equations in general, and then 
of cubic and biquadratic equations in particular, gives the beſt methods of 


_ reſolving them where they will admit of an accurate reſolution, and pro- 
per rules for approximations where they will not; particularly Newton's 


method is here deſcribed and explained. 

By the account here given it is eaſy to ſee, that the author intended 
this treatiſe, not as a courſe of Algebra only, but alſo to promote, as far 
as poſlible, the ſtudy of Geometry, by removing or explaining all thoſe 
difficulties which, from a long experience, he knows are apt to retard, 
if not diſcourage, young ſtudents in their progreſs through the Elements. 


Though great care hath been taken to give the publick a correc edition of 


_ this excellent work, yet there are ſtill remaining ſeveral errors Fl the preſs, 


though moſt of them are of little conſequence. If the candid reader will take 
the trouble to correct the moſt material of thoſe that are mentioned in the ca- 
talogue of errata, I hope and believe, be aoill find ns others that do in the. leaſt 
eb/cure the ſenſe of the Author. | nie E 
Were is one paſſage in the ninth book, relating t0 ſome matters of fact, 
wherein I concetve, the learned Author 5vas miſtaken as to ſome few particu- 
lars; concerning wich I bad not an vpfportunity to diſcourſe with him, be- 
cauſe of bis ſudden and unexpected fickneſs and death. The paſſage is in page 
620, where the Author having recommended Mr. Briggs's icin of logarithms 
as the beſt accommodated for practice which are now in uſe, froceeds in 
the following words: The Lord Napeir, a Scotch Nobleman, was the firſt 
inventer of logarithms : but our countreyman Mr. Briggs, Profeſſor of 
Geometry in Greſham College, was undoubtedly the firſt who thou add 
N 


* 


poling it to the noble inventer, the Lord Napeir, he 
dit with that Lord's conſent and approbation, 
Now in the firſt place J obſerve, that our late worthy Profeſſor urote the 


this ſyſtem, and p 
afterwards oublithe 


name of the-celebrated inventer of logarithms differently in different parts of 
his x of tec copy. Sometimes 4 0 called Vater and ſometimes Neper. 
I have an engliſh book written by this illuſtrious author, and printed in the 
year .1611, which in the title page is ſatd to be ſet foorth by Fobn Napeir 
L. of Marchiſton: accordingly I have every where in the following work, 
cauſed his name to be printed Napeir. 3 3 9 
Secondly, whereas our author tiles him The Lord Napeir, a Scotch 
Nobleman ; his, I think, ought to be underſtood in a qualified ſenſe. In The 
Peerage of Scotland written by George Crawfurd Ejq; and printed at 
Edinburgh in 1716, 1 find, page 364, that Sir Archibald Napier, elde/t jor 
to the foreſaid John, was the 2 of this family that was created a Peer of 
Scotland, being raiſed to that honour by King Charles the firft in the year 
1627, his father (the inventer of logarithms) x, departed this life ſeveral 
years before, in the reign of King James the fixth, I confeſs, Mr. Briggs 
writes him Johannes Neperus Baro Merchiſtonii: but if the account given 
of this family by Mr. Crawfurd be true, the inventer of logarithms can only 
be ſuppoſed to have been one of the inferior order of Barons in Scotland, and 
not a Peer of that Realm. 5 „ 
Thirdly, whereas Dr. Saunderſon files Mr. Briggs, Profeſſor of 
Geometry in Greſham College; it is true, he as ſo, when Napeir fir 2 | 
publiſhed his Canon mirificus logarithmorum ; but when Mr. Briggs pub- 
lifhed his own Arithmetica logarithmica in 1624, be was Savilian Profeſſcr 
of Geometry at Oxford, as appears from the title page 4 that book. 
Fourthly, whereas Mr. Profeſſor Saunderſon ſaith, that our coun- 
treyman Briggs was undoubtedly the firſt who thought upon this ſyſtem 
of logarithms which is now in uſe; I know not by what authority be aſ- 
ſerts this, On the contrary, Dr. Keill in the preface to his treatiſe de lo- 
garithmis writes thus: Aliam deinde magis commodam logarithmorum 
tormam Neperus excogitavit, et communicato conſilio cum Domino Hen- 
rico Briggio, Geometriae in Academia Oxoniemſi Profeſſore, hunc ſocium 
operis ſibi adjunxit, ut logarithmos in meliorem formam redactos comple-: 
pleret. See likewiſe Briggs's preface to his Arithmetica logarithmica. 


T. bave nothing further to add, but that the Reader is obliged to the 
ngenious Mr, Abraham de Moivre for tao excellent performances inſerted 
in this work : the former at the end of the fourth book, is his curious ſolu- 
tion of two problems concerning proportionals; and the latter in an appendix - 
to theſe Elements, is a noble diſcovery of a rule for extrafing the cubick, 
er any other root of (what is called) an impoſſible binomial, ſuch as a4 Vb, 

and alſo for extract ing any root out of a given power thereof, , 
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2 Leaver Eſq; of Hackney. 
ev. Timothy Lee M.A. of Trinity College, Cub, 
The Honourable Edward Legge Eſq; . 
Rev. Dr. Legh Vicar of Halitax. 
Michael Leheup Eiq; 
Mr. Michael Lejay. 
Ralph Leiceſter Eſq; 
Mr. Cæſar Lewis. 


Mr. Jahn Ley Scholar of Trinity College, 8 
Rev. Mr. Li 


er. 
Jobn Loch qz 
Mr. Longman. 12 Books. 
Rev. Mr. Lonſdale M. A. Fellow of St. Peter's 


College, Cambridge. 


Rev. John Loæucocł M. A. Fellow of Trinity Col- 
lege, Cambridge. 


Lid Eiq; of Mancheſter. 
* Philip Ludwell Eſq; of Virginia. 


Rev. Kane Lyne B.D. Fell. of Emman. Call. 
M. 


* His Grace Charles Duke of Marlborough. 
* His Grace John Duke of Montag. 


The Right Honourable Themas Earl of Malton. 


The Right Honourable the Earl of Morton. 
Dr. Mackenzie of Worceſter. | 
Mr. Colin Maclaurin Profeſſor of the n, 


. tics at E rot and F. R. S. 
Mr, Maitland. 
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SUBSCRIBERS NAMES. 


Rev. Mr. Makin M.A. Fellow of Chriſt's College, 
Cambridge. Ke 
Manchefter Library. 
Dr. Manwaring of Mancheſter. 
Mr. George Mark at Dunbar. 


Mr. Robert Marley. . : 

Rev. Edmund Marten D. D. Canon of Windſor, 

George Marton "Y | * 

Jobn Martyn F. R. S. Profeſſor of Botany in 

the Univerſity of Cambridge. 
Rev. Mr. Maſters M. A. Fellow of C. C. C. C. 
Mr. John Maude Chy miſt. 

The Honourable Charles Maynard Eq, 

* Richard Mead M. D. Phyſician in Ordinary to 
his Majeſty, Fellow of the College of Phyſi- 
cians, and F. R. 8. | 

. Captain Mead. 

William Meeke Eſq; of Trin. College, Cambridge. 

; Jobn Merril Eſq; 1 
* Littleton Poynta Meynel Eſq; 

2 Michell Eſq; 


ev. John Mictleburgh B. D. Prof, of Chymiſtry 


in the Univerſity of Cambridge. 
Rev. Conyers Middleton D. D. Principal Librarian 
of the Univerſity of Cambridge. {I 
George Middleton 5 | 
Tho. Milbourn M. A. Fellow of St. Fohn's College, 
Cambridge. | | 
Will. Mildmay Eſq; of the Middle Temple. 
3 Miller of Hadleigh, Suffolk. 
Dr. Milner of Preſton Hall, Kent. 
Mr. Milſom of Rath. 
Andreau Mitchell Eſq; 
Mr. Abraham de Mol wre, F. R. S. 
Henry Monſon LL. D. Fellow of Trinity Hall. 
* Edward Montagu Eſq; 6 Books, one of which 
is Royal Paper. 
Rev. Mr. Montagu B. A. Fellow-Commoner of 
Trinity College, Cambridge. 
Mr. Monypenny Fellow-Commoner of Trin. Hall. 
Mr. Maore of C. C. C. C. | 
Mr. Thomas Morehouſe. - | 
Mr. John Pilkington Morgan Scholar of Trinity 


College, Cambridge, 
Rev. William Morgan B. D. Fellow of Trinity 
Corbin Morrice Eſq; | 


College, Cambridge. 
* Rev. Mr. Morris M. A. Fell, of Qu. Coll. Camb. 
Rev. Mr. Morſe Prebendary of Litchfield. 
Reger Mortloch M. A. Fell. of Trin. Coll. Camb. 
* Rev. Mr. Moſs M. A. Prebendary of Sarum. 
William Mounteney Eſqʒ | 


N. 


The Right Rev. Thomas Lord Biſhopof Norwich. 
Thomas Nettleton M. D. 

Mr. Fohn Neville B A. of Emman. Coll. Camb. 
Rev. Dan. Nexwcomb D. D. Dean of Glouceſter, 


Mr. Daniel Newcomb Fellow of C. C. C. C. 

Henry Newcome M. A. of Hackney. 

Rev. ers. Newcome D. D. Maſter of St. John's 

College, Cambridge, and Lady Margaret's Pro- 
ſeſſor of Divinity. 4 Books. 

Theophilus Newcomen Eſq; of Lincoln. 

Mr. Anthony Nicholfon.. 

Mr. Nixon. 


O. 


The Right Honaurable Edward Earl of Oxford. 

The Right Honourable Arthur On/low Eſq ; 
Speaker of the Houſe of Commons. 

Rev. Dr. Oakes Rector of Withersfield, Suffolk. 

Rev. Richard Oakley M. A. Fellow of Jeſus Coll. 
Cambridge. | | 

Rev. Mr. Ogle M. A. Fellow of St. Peter's Coll. 

Mr. Charles Osborne of Wolverhampton. 


P. 


* The Right Honourable Henry Earl of Penbrole. 
Mr. Fohn Packe of Bury St. Edmunds. 
Mr. Walter Palliſſer of Jeſus College, Cambridge. 
Sir Thomas Parkyns Bart. of Bony. 
* Rev. Caſeb Parnbam B. D. Rector of Uffard, 
Northamptonſhire. 

Rev. Francis Sawyer Parris B. D. Fellow of Sid. 

_ Suſſex College, Cambridge. | 
Mr. William Paßbley of Jeſus College, Cambridge. 
Robert Pate M. A. Fell. of Gonv. & Caius Coll, 
* Edward Pauncefert Eſq; PE 
Edward Pawlet Eſq; - | | 
Nathaniel Payler Eſq; of Nun-Monkton, Vorkſli. 
2 Peacock Eſq; of Rippon. | 

emb rote Hall Library, Cambridge. 
Spencer Penrice Eſq; of Trinity Hall. 
Chriſtopher Pepuſch Doctor of Muſick. 
St. Peter's College Library, Cambridge, 
8 Petit of Wolverhampton. 
Mr. Henry Peverell Apothecary at Cambridge. 
Mr. Dowdall Pigott Schol. of Trin. Coll. Camh. 
Mr. Peter Pinnell Student of Trin. Coll. Camby. 
Mr. Maraood Place Schol. of Trin. Coll. Cam. 
be Plumptre Eſq; | 


Fitzwilliam Plumptre Eſq; 


Rev. Charles P lumptre M. A. Fellow of Qu. Coll. 
Cambridge. | | 8 
The. Peintin Eſq; of Hurſt Pierpoint, Philomath. 

Raue Port Filqz © | | 

The Honourable Charles Powlett Eſq; 

Mr. Tho. Powwnall Scholar of Trin. Coll. Camb. 

Rev. Kenrick Preſcot B. D. Fellow of St. Catha- 
rine's Hall, Cambridge. 

* Rev. Mr Prime M. A. Fellow of St. John's 
College, Cambridge. 

TONE Prime Eſq; one of his Majeſty's Ser:cang 
at Law. 


b 2 
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SUBSCRIBERS NAMES. 
Mr. John Scott B. A. of Jeſus College, cambridge ; 


en NE + 
Queen's College Library, Cambridge. 
R. 


His Grace Charles Duke of Richmond. 

* His Grace John Duke of Rutland. | 

Mr. William Radley Scholar of nad College, 
Cambridge. 

Robert Raikes Eſq; 

Rev. Mr Rand Rector of peveingin. 

George Randolph M.D. 

Rev Dr. _— ? Maſter of Pembroke College, 
Oxon. and Prebendary of Glonceſter. 

Rev. Mr. Ray Chaplain to the Lord Biſhop of 
Ely. 
Mr. "Richard Ray Scholar of Trinity College, 

Cambridge. 

Mr. Millinent Redhead at Holbeach, Lincolnſhire. 

Thomas Reeve M. D. 

Mr Gerwaſe Remington Sch. of Trin. Call. Camb. 

Samuel Reynardſon Eſq; 

Mr. Fohua Rhodes Officer i in the Exciſe at Crow: 
land, Lincolnſhire, 

Aymer Rich Eſq; 

Daniel Rich Eſq; of dene Berks. 

Will. Richardſon M D. of St. John's Coll. Cainb, 

= Richard Rigby Eſq; of C. C. C. C. | 
* Jobn Robartes Eſq; 

Richefter School —_— 

Richard Roderick Eſq; M. A. of Queens College, 
Cambridge. 

Mr. William RookesB. A. of Jeſus College, Camb. 


Sir Dudley Ryder Knight, His Majeſty's Attorney 
General. : 


The Right Honourable PBilißp Earl Stanho 

The Right Rev. Thomas Lord Bp. of Sali wry. 
Ihe Right Hon. John Lord St. Joln of Bletioe. 
Jiſe ph Sabine Elq; of Trin. College, Cambridge. 
Kev. Dr Salter Archdeacon of Norfolk. 

Mr. John Salter of Norwich. 

Rev. Sam. Salter M A Prebend. of Glouceſter, 
Rev. Thomas Satwvey LL. B. of Pembroke College, 


Oxon. 
Dr. Sambre. 
Rev. Tho. $ cadres 1 M. A. of ene 
Sir George Savil Bart. 
Mr. Richard Saunder ſon. 
Sir William Saunderfon Bart. 
Edmund Sawyer Eſq; Maſter in Chancery. 


* Rev. Mr. Sager M. A. of St. John's Coll. Camb. 
Scott Eſq; 


Rev. Mr. Charles Scott Fellow of Winchefter 
College. 


Mr Themas Scott B.A. of Trinity College, Camb 


Rev. William Sedgwick B. D. Maſter of * $ 
College, Cambridge. 

Jon Selauyn Eſq; Treaſurer to the Duke. 
r. Senning Councellor of War at Caſſel, 


Benjamin Seward Eſq; 


Mr. Thomas Sewell Scholar of 8 College, 
Cambrid 


Rev. Dr. Sharp. 


Rev. Gregory Sharp LL. B. of Trini Colle e, 
Cambridge. 30 : 


Peter Shaw M. D. 
Samuel Shepheard FE 
Germanicus Shepherd Eſq; 
Mr. James Short. 


Rev. Samuel Shuckford M.A. Prebendary of Can- 


terbu 


| Sidney Suſſex College Library, Cambridge. 


Rev. Peter Simon M. A. Fellow of Trin. College, 
Cambridge. 


Rev. Mr. John Simpſon ReQor of Babworth, 


Nottinghamſhire. 
William Simpſon Eſq; 


Mr. Robert Sim ſon Profeſſor of the Mathematics at 


Glaſgow, 

D Sitauell Eſq; 

Col Henry Skelton. 

Rev. Mr. Slottoxve B, D Fellow. of C. C. C. C. 

* Rev. we Sleech Fellow of Eton College. 

Rev. Mr. Lynne Smear at Norwich. 

Jobn Smith Elqj 
Rev. Robert Smith D. D. Profeflor of Aro 
nomy and Experimental Philoſophy at Cam- 


— and Maſter of Mechanics to His Ma- 
e 


Y 
Sata Smith Eſq; 
Rev. Mr. Smith M. A. 


Rev. Fohn Smith M. A. of Gonvil and Caius 


College, Cambridge. 
Mr. Smith of St Peter's College, Frag 
Stephen Soame Eſq; 
Mr. George Southam. 
Sir Conrade Springel Knight. 
Mr. Squire M. A. Fellow of St. bonn. $ College, 
Cambridge, 


Mr Emmanuel Stabler Scholar of Trinity College, 
Cambridge. 


William Stab es Eſq; at York. 


Charles Stanhope Eſq; 


Rev. Mr. Staniforth late Fellow of chu Coll. 


Cambridge. ; 

Rev. Samael Stedman D. D. Prebentary of Cin- 
terbury. 

Dr. Steawvard. 

Mr. James Stirling F. R. 8. 

Rev. Mr. Evan Stock. 


Rev. William Sterrs M. A. of Trinity College, 
Cambridge. 


« Mr. Strahan of Trinity Hall, Cambridge. 
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Mr. Richard Stringer Scholar of Trinity 8 
Cambridge. 
Jobn Summers M. B. Oxon. 
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* The Right Honourable Taue Bar! of War- 


. The Right tbh Charks Lord Viſcount 


Townſhend. 


The Right Honourable Job Lord ' Viſcount 


7 Drconnel. 

The Right Honourable Thomas Lord 7 revor. 
Jobn Taylor Eſq; of the Temple. 

5 57556 aylor Eſq; of Chriſt's Coll. Cambridge. 
obert 7. he M. D. 

Rev. Walker Taylor B. D. the King's Greek Prof. 
and Fell. of Trin. Coll. Camb. 7 Books. 

* par Templeman M. A. Fell. of Trin, Coll, 

am 

Dr. Thomas Rector of St Vedaſſ rode Lade and 

Chaplain in Ordinary to his Majeſty. | 


Rev. Robert Thomlinſon D. D 


Mr. Iſaac Thomſon. | 
1 N Thornhaugh Eſq; of Queens Coll. Camb. 
r. Thorold M. B. of Magd. Coll. Camb. 


* FohnTilſon Eſq; of C. C. C. C. 


Rev. Mr. Tooke B. D. Fell. of Emman. Coll. 
*The Honourable Thomas Townſhend Eſq; three 

Books; one Royal, and two common Paper. 
The Honourable Horatio Townſhend Eſq; 


The Honourable Edward Townſhend Eſq; of Frin. 


Coll. Camb. 
Mr. Towers. 
Mr. Foſeph Trigge. © . 
Trinity College Library, 98938 
Trinity Hall Library, Cambridge. 


* William Trumbul, Eſa; of Eaſt Hampticad. 


John Toliffe Tuffnell Eſq; of C. C. C. C. 

Fohn Turner Eſq; 

Shallet Turner Eſq; Royal Profeſſor * Modern 
Hiſtory at Cambridge. | 


Mr. John Turner. 


Mr. William Turnbull. 
Rev. Mr. Tawynihoe. 


V. 


The Honourable Mr. Verney. 

Rev. Edward Vernon D. D. Rector of St. George 
Bloomsbury, and Fellow of Trinity College, 

+ Cambridge. 6 Books. 

George Venables Vernon Eſqʒ 


The Honourable James Vernon Eſq; 


Rev. Mr. Rich. Vincent Rector of Caſtlelawfeld, 
Ireland. 

* Monſ. de Voltaire. 

Mr. Jobn Upton of King's College. 

Mr. Thomas Upton. 


Rev. Mr. William Vyſe. 


Rev. Rich, Walker D. D. 


W. : 


wick, 
* The Right Honourable 8 Earl of Wemy/+. 
ice-Maſter of Tae 
College, Cambridge. | 

Mr. Walker of Mancheſter. 

Edmund Waller M. D. Fellow of $t. John's Co 
lege, Cambridge. 

Gilbert Walmſley Eſq; | 

The Honourable Edward Walpole Eſq; 

Rev. John Ward M. A. Fellow of Trinity Col- 
lege, Cambridge. 

Rev. William Ward M. A. Vicar of Yeadingham 
and Scawby, Yorkſhire. 

Mr. Jobn ors Apothecary, 

William Ball Waring Eſq; 

Mr. Thomas Warren of Birmingham, Bookſeller. 

Rev. William Warren LL. D. Fellow of Trinity 
Hall, Cambridge. 

Rev. Daniel Waterland D.D. Maſter of Mag- 
dalen College in Cambridge, and Chaplain in 
Ordinary to His Majeſty. 

Mr. Watts Maſter of the Academy in Little "ous 
Street, London, | 

Mr. Peter Webb. 

Philip Carteret Webb Eſq; 

Spicer Weldon Eſq; of Lincoln's Inn. 

Sir William Wentworth Bart. 

Rev Mr. Vetberberd. 

Rev. Jobs Whalley D. D. Maſter of St. Peter's 
College, l 

Rev. Mr. Vbkeler Rector of Leake, Nottingham- 

ſhire. 6 Books. | 

Anthony Wheelock Eſq; 


* Thomas Whichcote Eq; % 


Tayler White Eſq; of Lincoln' s Inn. 

Mr Thomas White of Trinity College, Cambridge. 

Thomas Whitehead Eq; 

Mr. John Whitfield * Salop. 

Mr. William Whitworth. | 

Rev, Mr. Vigley M.A. Fell. of Chr. Coll. Camb. 

Rev. Mr Wi ing M. A. Fellow of Chriſt's Coll. 
Cambridge. 


Mr. John Wilding of Cheſter, Philomath. 


* Mr. Richard Wilkes. 

Charles Hanbury Williams Eſq; | 

Rev. Philip Williams D. D Preſident of St. 
John's College, Cainbridge, and Publick Orator. 
50 Books. 

Rev. John Wilſon B. D. Fellow of Trinity Coll. 
Cambridge. 

Richard Wilſon Eſq; Recorder of Leeds. 

Mr. Thomas Wilſon Scholar of Trinicy College, 
Cambridge. 

William V indham Eſq; 


Cliftox 


SUBSCRIBERS NAMES. 


cn on Wintringbam Jun. M. D. at Vork. Peter Wyche Eſq; of Godeby, Lei e s 
Co Mr. John Witten. Sit Rowland Te Br wg mie 
ohn Wolfe Eſq; | „ : l 
„e Weller Eſq; of Charter-Houſe-Square, | V. 
Sir Benjamin W 4 Knight, M. D. The Honourable Philip Yorke Eſq; one of the 
George Wright E Tellers of His Majeſty's Exchequer. 
| Rev. Henry Wri lo B. D. Fellow of $t. John's The Honourable Charles Yerk Eſq; 
College, Cambridge. T _ The Rev. Philip Yonge * A. 


I! 
Fir Richard Wrotteſley Bart F A low of my 


College, Cambridge. 6 


| OMITTED. 
Mr. John Collins Collector of the Exciſe at Stamford in Lincolnſhire. | 
| p | | Fo : 
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Note, The moſt material errors are marked with 8. 


* Pa in the anſwer to the tenth queſtion, fir 62g feet read 625 luste feet, if 
Pag. 44 a. 8. read as any. And lin. 22, 23. * _ : S | 
Pag. 8. 2 ult. read the two firſt products. 
Pag. from the bottom, read it was ſhewn, 

25 5 lin. 12. For ſubſtitute read ſubſtituting. 


"= 239. lin. 4 from the bottom, . ed OX PS Is : 
* And in the laſt line, for 17 read = | 


In the Second Volume, 
Pag. 390. lin. 11. WY muſt. 


* Pag. 536. lin. 14. for 3 read e 
Pag. 551. lin. 21. for where read when. 
Pag. 604. lin. ult. for x+3 read x3. 
Pag. 658. lin. 4. read DEIN IT Ions. 
* Pag. 671. lin. 3. for binomial read binomial root. 
Pag. 683. line 5 read left. 


Pag. 703. in the firſt line of the ſixth example, for - fag * 
ag 738. line 13. dele a. 


In the Table of the Contents. 


. Ant. 231. for dere 5 read deus ſquare numbers. 
Art. 403. for Napeirs read Napeir 4. 


Errata in the Pointing. 


pag. 44. lin. 16. after .4375 put a comma. 
Pag. 8 1. lin. 18. at the end of the line, after 2aa, inſtead of a comma put a ſemicolon, 
Pag. 91. at the end of the fifth example, put a full ſtop inſtead of a comma, 
Pag. 124. lin, 8 from the bottom, at the end of the line, put a ſemicolon inſtead of a comma: 
Pag 167. lin. 25. after no ſquare number put a ſemicolon inſtead of a comma. 
Pag. 178, line the lait but one of the ſecond example, after 1 put a ſemicelon, 

32400 —67 5 

* 


Pag. 199. lin. 16. after æ 


put a ſemicolon. 5 > 


Pag. 238. lin. 7. put a full ſtop at the end of the paragraph. 
"5 35 31. lin. 5. at the end of the paragraph, put a full top inſtead of a comma. 


In the Second Volume. 


Pag. 542. lin. 5 from the bottom, for DEG ; but read DEG. But. 
Pag. 668. lin. 16, for root.: and vice verſa read root. And vice verſa. 
Pag. 738. lin. antepen. at the end of the line, after xx-+ 3x-+2=0 put a comma, 
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BY THE 


USTICES 


' HOLLES NEWCASTLE S. MONTAGU _ 


* 


PEMBROKE 


PHEREAS Ani Aft Sunbkxson, Widow of the late NrcnoLas Baunbpzason 
Doctor of Laws, and Profeſſor of Mathematics in His Majeſty's Univerfity of Canbringe. 
and JoHN SAUNDERSON, Son, and ANNE SAUNDER8SON, Daughter of the faid Nicho- 


LAS SAUNDERSON, have humbly repreſented unto Us, that the ſaid NicuoLas SAUNDERSON, did, 
in his Life-time, with great Labour and Expence compoſe a "Treatiſe, Intituled, The Elements of Al. 


gebra in Ten Books, now printing at Cambridge in Two Volumes in Qnarto, With the Memoirs 


the Author's Life, the Property of which Treatiſe and Memqirs is in the abovementioned AB 104 1T, 
e and AxxE SAUNDERSON 3 and have farther repreſented unto Us, that the ſaid 'NicyoLas 
AUNDERSON, did alſo compoſe ſeveral other Mathematical and Philoſophical Treatiſes, the Pro- 
perty of which laſt mentioned Treatiſes, is in the aforeſaid Joun SaunpeR80N 3 and have therefore 
umbly beſought Us to grant unto them the ſaid Ap1641L, Joan and Annex SAUNDERSON, His 
Majeſty's Royal Privilege and Licenſe, for the ſole printing and publiſhing the aforeſaid Treatiſe and 
Memoirs, Intituled, The Elements of Algebra in Ten Books, with the Memoirs of the Author's Life, 
for the Term of Fourteen Years, and allo unto the ſaid Jon SaunpersoNn His Majeſty's Royal 
Privilege and Licence for the ſole printing and publiſhing the reſt of the Treatiſes aboyemer tioned, 
for the ſaid Term of Fourteen Years; We, being willing to give due Encouragement to Works of this 
Nature, that tend to the Advancement and Propagation of Learning, have thought fit to condeſcend 
to their Requeſt, and do therefore in His Majeſty's Name, by theſe Preſents, ſo far as may be agreea- 
ble to the Statutes in that behalf made and provided, grant unto them the faid AB 1041, Joun 
and ANNE SAUNDER9ON, their Heirs, Executors and Aſſigns, His Majeſty's Royal Privilege anc 
Licence, for the ſole printing and publiſhing the aforeſaid Treatiſe and Memoirs, Intituled, The Ele. 
ments of Algebra in Ten Books, with the Memoirs of the Author's Life for the Term of Fourteen 
Years ; and allo unto the ſaid Joh $aunDBRSON, his Heirs, Executors and Aſſigns for the ſole 
rinting and publiſhing the reſt of the Treatiſes abovementioned for the ſaid Term of Fourt&n 
Years, to be computed from the Date hereof ; ſtrictly forbidding and prohibiting all 'His Majeſty's 
Subjects, within His Majeſty's Kingdoms and Pominions to reprint, abridge, or tranſlate any of the 
abovementioned Treatiſes, either in the like, or any other Volume or Volumes whatſoever, or to im- 
port buy, vend, utter or diſtribute any er of them, reprinted beyond the Seas, during the ſaid 
erm of Fourteen Years, without the Conſent and Approbation of the faid ABIGA L, Jonx and 
Anne SAUNDERSON, their Heirs, Executors and Aſſigns, by Writing under their Hands and Seals 
firſt had and obtained, as they and every of them Offending herein, will anſwer the contrary at their 
Perils ; Whereof the 8 and other Officers of His Majeſty's Cuſtoms, the Maſter, Wardens 


and Company of Stationers of the City of London, and all other His Majeſty's Officers and Miniſters, 


whom it 2 are to take notice, that due Obedience be given to theſe Preſents. 


Given at Whitehall the Twenty Ninth Day of One Thouſand Seven Hundred 4 EH 
and in the Thirteenth Year of His Majeſty's Reign, © „ | H . 
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\H E 8 Treatiſe was entirely finiſhed, before 
the Public was engaged in the Subſcription; but 
1 the Author dying during the Impreſſion of the Work, 
it is er ſome ſhort Account of a Perſon ſo remarkable 


and fingular will be no unacceptable Entertainment to the 


Reader. Therefore the following Gentlemen, Dr. TO 


NeæerrIzTox of Halifax, Dr. RichaRD WIL æES of Yoolver- 


hampton, the Rev. Mr. Jonx Bol DRRO late Fellow of Chriſts 
College, the Rev. Mr. Gzxvas Hormes late Fellow of Em- 
znanuel College, the Rev. Mr. Granvite WRRELER, and 


7 Dr. RIichARD Davizs of Shrewsbury late Fellow of Nueen s 


College, who were the intimate Friends of the Deceaſed, in 
the different Parts of his Life from his Youth to the time of 


his Death, have communicated the following Particulars, 


C : 1 Mr. 


ii THE LIFE AND CHARACTER 
Mr. NICHOLAS SAUNDERSON Was born in January 
1683, at Thurifen near Penniſton in Toriſbirs. His Father, 
beſides a ſmall Eftate, had a Place in the Exciſe, which he 
enjoyed above Forty Vears with good Repute. His eldeſt Son, 
of whtom we are ſpeaking, when Twelve Months old; was 
deprived by the Small Pox, not only of his Sight, but his 
Eyes alſo, for they came away in Abſceſs. A Senſe fo little 
enjoyed was ſoon forgot; he retained no more Idea of Light 
and Colours than if he had been born Blind. 
H was ſent Gafly to the Free School at Penmiſton, and 
under the Inſtruction of Mr. STan1rorTh, laid the Foundation 
of that Knowledge of the Greek and Roman Languages, 
which he aftetwards improved ſo far by his own Application 
to the Claſſic Authors, as to hear the Works of Euclid, Ar- 


& 
His Memer) 


ſages, and he would frequently in Converſation quote them 
with great Propriety. He was well verſed in the Writings 
of Th, and dictated Latin in a fatniliar and elegant Style. 
_ aftetwards acquired a competent knowledge of the French 
| 1 Het as he had gone thitough the Buſineſs of the Gram- 
mat School, his Father, whoſe Occupation led him to be 
. tonverſant in Numbers, began to infltu& him in the com- 
mon Rules of Arithmetic. Here it was his Genius firſt ap- 
peared; he ſbon became able to work the common Queſtions, 
to make long Calculations by the ftrefigth of his Memory, 
and to form new Rules to himſelf for the more ready ſolving 
of fuch' Problems, as are often propoſed to Learners, more 
with a deſign to 8 than inſtruct: ſo that in all Diffi- 
culties, his Schoolfellows generally applied to him inſtead of 
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Ar the Age of Eighteen he was introduced to the acquain- 

Eſq; a Gentleman of 
Fortune and a Loyer of the Mathematics: who obſerving Mr. 
SAVNDERSON s uncommon Capacity, tack the Pains to inſtruct 
him in the Principles of Algebra and Geometry, and gare 
him every Encouragement in his Power to the Proſecution 
of theſe & Studies: foreſeeing of what Advantage to Letters ſo 
jules gary wages e Soon after, he grew acquainted 
with Dr. NeTTLETON ; and it was to the great 88 theſe 
Gentlemen took in aſſiſting and e r in is den. 
dies, that our Author pri his firſt Institution i in the Ma. 
thematic Sciencẽs. They furniſhed 

often read and expoun ded them to him: but he ſoon ſur- 
paſſed his Maſters, and and became fitter to teach, than learn any 
ching from them. 

E Author's Paſſion ar 18 8 grew with 3 and 
| his Father, willing to encourage this laudable Diſpoſition, 
_ {ent him to a private Academy at Aterdiff near Sheffield. 

Logic and Metaphy ſies made up the principal Learning of 
| this Schmal. The former being chiefly FLY Art of Dibu- 
in Mood and Figure, a dry Study, much converſant 
in Words, the latter dealing in ſuch ahſtract Ideas as have 
nat the Objects of Senſe for their Foundation, were neither 
of them agreeable to the Genius of our Author; he therefore 
made but a ſhort Stay here for Inſtruction. 

ArTzx he left thisPlace, he remained ſome time in the 
Country, proſecuting his Studies in his own way, without 
any Guide or Aſſiſtant: indeed he needed no other than a 
good Author, and ſome Perſon that could read it to him: by 
the Strength of his own Genius he could eaſily maſter any 
Difficulty that occurred therein. His Education had hither- 
to been carried on at the Expence of his Father, who hav- 
ing a numerous Fam Days grew uneaſy under the Burden. His 


C2 Friends: 


iv  " THE LIFE AND-CHARACTER 
Friends therefore began to think of fixing him in ſome way 
of Buſineſs, by which he might ſupport himſelf, His Incli- 
nation led him ſtrongly to the Univerſity of CamnrrDes, 
where he expected to meet with the beſt Opportunities of 
Improvement in his favourite Studies. But the great Ex- 
pence of Education, the length of Time he muſt continue 
there to obtain his Degrees, and be duly qualified for any of 
the Liberal Profeſſions, were Difficulties not to be furmount- 
ed. At laſt it was reſolved he ſhould try his Fortune there, 
but in a way very uncommon; not as a Scholar but a Maſter: 
for his Friends, obſerving the extraordinary Proficiency 
which he had already made in Mathematical Learning, and 
a peculiar Felicity of Expreſſion in conveying his Ideas to 
others, were ſanguine in their Hopes, that he might teach 
the Mathematics with Credit and Advantage, even in the 
- Univerſity. Or if this Defign ſhould miſcarry, they promiſed 
_ themſelves Succeſs in opening a School for him in London. 
_ Accordingly in the Year 1707, being now Twenty-five 
Years of Age, he was brought to CauRRTIDGE by Mr. Josnua 
| Duxn, then a Fellow-Commoner of CBriſt's College, where 
he reſided with his Friend, but was not admitted a Member 
of the College. The Society were extreamly pleaſed with 
ſo unuſual a Gueſt, allotted him a Chamber, the uſe of their 
Library, and indulged him in every Privilege that could be 
of Advantage to him. But many Difficulties obſtructed his 
Deſign : He was placed here without Friends, without For- 
tune, a Youth untaught himſelf, to be a Teacher of Philo- 
ſophy in an Univerſity where it then reigned in the greateſt 
Perfection. Mr. WaisToN was at this time in the Mathema- 
tical Profeſſor's Chair, and read Lectures in the manner pro- 
poſed by Mr. SA UN DERSON; fo that an Attempt of this 
kind looked like an Encroachment on the Privileges of his 
Office. But as a good-natured Man and an Encourager of 
N Learning 
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Learning; he readily conſented to the Application of Friends 
made in behalf of fo CY Perſon. Mr. Dunn had 
been very aſſiduous in making 

Fame in a few Months had filled the Univerſity, ſo that Men 
of Learning and Curiofity grew ambitious and fond of his 
Acquaintance. His Lecture, as ſoon as opened, was attend- 


nown his Character; his 


ed by many from ſeveral of the Colleges, and in ſome time 


was ſo crowded, that he could hardly divide the Day among 
all who were deſirous of his Inſtruction: few, whoſe Incli- 
nation led them to the ſeverer Studies, but eagerly embraced 
the Opportunity of laying a Foundation in Mathematics and 
Philoſophy under ſo great a Maſter. 


Sir Isaac NzwTox had left Cambridge A: Years: be- 


fore Mr. SaunDzRsoN came thither. His Principia Mathema- 


tica had been long ſince publiſhed, but were at farſt over- 
looked, and not ſufficiently underſtood by the World. It was 


one Deſign of this Treatiſe to demoliſh the Vortices and other 


romantic Chimæras of Dzs CaxTzs: and now the Learn- 


ed began to be ſenſible how much the Author had done to- 


wards a Reformation in Philoſophy; which before had been 
founded upon very erroneous Principles, and Hyporheſes feign- 


ed in the Cloſet, without one Experiment to ſhew their Re- 
ality in Nature. Sir Isaac, ever ſtudious of brevity, had drawn 


up his Demonſtrations in the conciſeſt manner poſſible; 


leaving the Mathematical Reader to furniſh himſelf with eve- 


ry thing before known, and oſten to take large Steps alone. 
His Treatiſe of Optics and his Arithmetica Univerſalis were 
both written in the ſame maſterly Style, and each contain 
great and peculiar Diſcoveries. Mr. SaunDErSON made 


theſe ſeveral Pieces the Foundation of his Lecture ; they af- 


forded a noble Field to diſplay his Genius in; and the Pub- 
lic Schools of the Univerſity did ſufficiently teſtify his Suc- 


ceſs. For thoſe wonderful P henomena of Nature, whoſe So- 
—_ lution 
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„ THE LIFE AND CHARACTER © 
thematicians, became the Theſes, which the Youth of three 


by the beft Ma- 


or four Years ſtanding defended in their Diſputations for 
their firſt Degree in Arts. We every Year heard the Theory 


of the Tydes, the Phenomena of the Rainbow, the Motions 


of the whole as upheld by Gravity, very 
well deended by fch ae had profited by his Lectures. 

Ir will be matter of ſurpriſe to many that our Author 
Light and Colours, explain the Lag of Viſion, the Effect 
of Glaſſes, the Phenomena of the Rainbow, and other Ob- 
jects of Sight : but if we conſider that this Science is altoge- 


7, it will be caſy to conceive that t be migüt be a 
Maſter of theſe Subjects. | 
the Univerbty 


As Mr. SaunDERSON was inſtructin 
Youth in the Principles of Newtorzzan Philolophy, i 
long before he became acquainted with the incomparable 


Author, and enjoy d his frequent Converſation concerning 


the more difficult Parts of his Works. Dr. HaLLxv, Mr. Dr 


Lond, y efteemed his Fri — — 


an high 
his ſtrong Reaſon and Judgment, frequently conſulted him 
eu their Writings and Deſigns. 


a Mr. SauxpERSOx's Mathematical Merit was univerſally 
allowed fo much ſuperior to that af any Competitor in the U- 
niverfit y, that an extraordinary Step was taken in his Favour, 
to qualify him with a Degree, which the Statutes require. 
n Application made by the Heads of Colleges to the Duke 
by SOMERSETtheir Chancellor, together with chel Interceſſion of 
the Honourable Fxa NIS Abe Eſq; a Mandate was rea- 
dily yoo by the Quzzx, for conferring on him the De- 


gree 


Uyon the removal of Mr. Wasen from his Profeſſor- 


LES <1 


OF PROFESSOR SAUNDERSON. vii 
gree of Maſter of Arts. Upon which he was choſen Luca- 
ian Profeſſor of the Mathematics in November 1711. Du» 

ring this whole Tranfaction Sir Is4ac Nzwron intereſted 
himfelf very much in his Favour. br CBP Lookin 
Ar this time the ingenious Mr. Roczx Corrs filled the 
Plumian Chair of Aſtronomy and Experimental Philoſophy ; 
a Man of great {ſweetneſs of Temper, and engaged to our Au- 
| thor in the ſtricteſt Friendſhip 5 of the ſame Age, of the 
ſame Genius and Inclination to the Mathematics, both ap- 
proved and recommended to Profeſſorſhips by Sir Isaac Nx - 
TON. No Univerſity could ever at one time boaſt of two ſo 
capable and fo diſpoſed to promote the Study of Philoſophy 
among her Pupils. Had they lived to more mature Ages, 
mutually aſſiſting and inſpiring each other in the purſuit of 
Knowledge, what Glory might have accrued to our Univet- 
ſity, what Advancement to Science from their united La- 
bours! But Mr. Cores was hurried away by a Fever in the 
Flower of his Age, having only time to compoſe a few Pieces, 
as Specimens of his extraordinary. Capacity, but of great ya- 
lue to the Learned. And our Author's Life, though longer, 
was ſo devoted to Lectures, that he now leaves to Poſterity 
as few Monuments of his Abilities. 3 
Ou Author's firſt Performance after he was ſeated in 
the Chair, was an Inauguration Speech, made in very ele- 
gant Latin, and a Style truly Ciceronian: it was delivered 
with ſuch juſt Elocution, and in a manner ſo graceful, as to 
gain him the univerſal Applauſe of his Audience. In it he 
firſt returned his Thanks to Her MajzsTy for the Royal Man- 
date, to the Chancellor for his ready Application to the 
Queen, and to the Electors and the reſt of his Friends for 
their good Opinion of his Abilities and Mathematical Know- 
ledge. To theſe he added a long and noble Encomium 2 
1 S 
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vii THE LIFE AND CHARACTER | 
the Mathematics, ſhewing the Excellence 'and Advantage of 
this aboye every other Method of Reaſoning. 

F Ro this time he applied himſelf cloſely to the reading 
of Lectures, and gave up his whole time to his Pupils: ſo 
that his Friends ſoon loſt all the Pleaſure of his Converſation. 


He continued among the Gentlemen of Cbhriſt's College till 


the Year 1723, when he took a Houſe in Cambridge, and 
ſoon after married a Daughter of the Rev. Mr. WILLIAM 
Dicxons late Rector of Boxworth in the County of Cambridge; pt 
by whom he had a Son and a Daughter, both now living. 

In the Year 1728, when His 5 Majeſty King — 
the Second honoured the Univerſity of Cambridge with a 
Royal Viſit, He was pleaſed to ſignify his deſire of ſeeing ſo 
remarkable a Perſon. Accordingly our Profeſſor attended 
upon His Majeſty in the Senate Houſe, and was there created 
Doctor of Laws by his Royal Favour. 

Dr. SA UN DEBRSON was naturally of a ſtrong, healthy 
Conſtitution; but being too ſedentary, and conſtantly con- 
fining himſelf to his Houſe, he became at length a Valetu- 


| F 91 of a very Scorbutic Habit. For ſome Years he fre- 


quently complained of a Numbneſs in his Limbs, which in 
the Spring of the Year 1739 ended in a Mortification in his 
Foot. His Blood was in ſo ill a State that no Art or Medi- 
cines were able to ſtop its Progreſs. He died the 19th of 
April 1739; in the Fiſty-ſeventh Year of his Age, — lies 


buried according to bis laſt hs in the (Tees at . 


worth. 


Ar rx his Life, it may be esel that ſome 3 
mall be given of his Character likewiſe ; but T am at a loſs 


for Colours, ſtrong enough to paint a Character ſo bright and 
uncommon, and where to place it for View, in the trueſt 


Meint of Light. A blind Man moving in the Sphere of a 
___ Mathema- 
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OF PROFESSOR S{HUNDERSON. ix 
Mathematician ſeems a Phenomenon difficult to be account- 
ed for; and has excited the Admiration of every Age in 
which it has appeared. Tully mentions it as a thing ſcarce 
credible in his own Maſter in Philoſophy Diodotus*, «that 


he exerciſed himſelf therein with more aſſiduity, after he 


« became blind: and what he thought next to impoſſible 
« to be done without Sight, that he profeſſed Geometry, de- 


« ſcribing his Diagrams fo expreſsly to his Scholars, that they 


« could draw every Line in its proper Direction.“ St. Ferom: 
relates a more remarkable Inſtance in Didhmusb of Alex- 
andria, who & though blind from his Infancy, and there- 
« fore ignorant of the very Letters, appeared fo great a Mi- 
« racle to the World, as not only to learn Logic, but Geo- 
« metry alſo to perfection, which ſeems the moſt of any thing 
« to require the help of Sight.” The Character of Didymus 


s celebrated, among other Hiſtorians, by Caſſiodorus ; who 


makes mention alſo of one Ey/ebius © an Aſiatic, who accord- 
ing to his own Account of himſelf, “ had been blind from 
« five Years old, and yet had treaſured up in his Mind all 
« kinds of Learning, and explained them likewiſe with the 
« greateſt clearneſs to others.” And Trithemius gives a like 


Inſtance in one «« Vicai/e* of Mechlin, who though blind from 


= Cic. Tuſc. Diſp. V, 29. Diodotus Stoicus, cæcus multos annos, noſtræ domi vixit : is 
vero, quod credibile vix eſſet, cùm in Philoſophia mults etiam magis 525 quam antea ver- 
ſaretur, — tum quod fine aculis fieri poſſe vix videtur, Geometriæ munus tuchatur, praci- 
piens diſcentibus, unde, quo, quamgque lineam ſcriberent, 5 85 
Hieronymus de viris Illuſt. Cap. cix. Didymus Alexandrinus captus @ parva etate ocu- 


lis, & ob id elementorum quoque ignarus, tantum miraculum ſui omnibus prebuit, ut Dialecti- 
cam quoque & Geometriam, quæ vel maximè viſu indiget, uſque ad perfectum didicerit. 

Caſſiodorus de Inſt. Div. Liter. cap. 5. tradit de partibus Aſiæ quendam ad nos veniſſe 
Euſebium nomine, qui ſe infantem quinque annorum fic cacatum eſſe narrabat, ut ſiniſtrum 
ejus oculum fuiſſe excavatum orbis profundiſſumus maicaret : dexter verd globus vitres colore 
confuſus ſine videndi gratia Aa niſibus volvebatur. Hic — diſciplinas emnes & ani- 
mo retinebat, & expoſitaone pla niſſima lucidabat. F 

4 Trithemius de Scriptoribus Eccleſ. N. DcccLxxvi, Nicaſius de Voerda, Mechiinicr/;s, 
w——captus à tertio etatis ſue anno oculis, ſecundum noftra ætate Didymum Alexandri- 
num exhibuit, dum in omni doctrina & ſcientia, tam divina quam humana eruditiſſimus eva/it. 
Nam in gymnaſio Calonienſi ura publice decuit, libros utriuſque juris, quos nunquami - 
dit, auditu didicit, tenuit mente, aperte recitavit. 


c the 
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« the third Year of his Age, yet, like another Didymus, be- 
came ſo great a Maſter of all Learning and Knowledge, 
« divine and human, that in the Univerſity of Cologne, he 
publicly taught the Canon and Civil Law, err reciting 
« Books which he had never ſeen, but had learnt by only 
« hearing them read to him.” Beſide theſe I have heard 
mention made of an Hollander, if not ſome others, who 
_ notwithſtanding their Blindneſs have excelled in Mathemati- 
cal Learning. 1 ein een e en 
IIx is remarkable of the few, who have laboured under 
this Defect, and the till fewer, who had Genius enough to 
furmount the Difficulties attending it, that ſo many ſhould 
be found to excel in Learning, and particularly in the Ma- 
thematics, as the two firſt above mentioned certainly did, 
and probably the others alſo. But if we conſider that the 
Ideas of extended Quantity, which are the chief Objects of 
Mathematics, may as well be acquired from the Senſe of 
Feeling as that of Sight; that a fixed and ſteady Attention 
is the principal Qualification for this Study, and that the 
Blind are by neceſſity more abſtracted than others, we ſhall 
perhaps find Reaſon to think there is no other Branch of 
Science more adapted to their Circumſtances. It is faid of 
Democritus that he put out his Eyes, to enable him to think 
the more intenſely ; & imagining, fays Tally e, the Acuteneſs 
« of the Mind was taken off by the Sight of the Eye.” And 
it was an Obſervation frequently made by our Profeſſor, that 
Diagrams which are intended only as helps to the Imaging- 
tion, are often the means of miſleading the Judgment. It is 
certain, however uſeful they may be to the Learner, yet the 
Inventer muſt in all Cafes proceed without them. The Scheme 
muſt be erefted in his Imagination, in Circumſtances as ge- 


« Cie. Tuſe.Diſp. V, 39. Democritus — impedivi etiam animi aciem aſpittu ociulerum 


neral 


arbitrabatur. 
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neral as the Propofition, fuch as cannot be delineated upon 
Paper. And I am confident, that any one who is deſirous 
of more than a general Knowledge of theſe Things, who 
would invent and improve upon what is to be learned from 
Books, will find his Mind greatly aſſiſted and enlarged, by 
accuſtoming himſelf to think and reaſon in the D 
of a blind Man. But a Perſon who has the Misfortune to be 
ſuch, and is deprived of all the Pleaſures of Sight, will more 
frequently and more cloſely retire into himfelf, and finding 
few other Amuſements but in the purfuit of Truth, will be 
more likely to excel in theſe abſtract Sciences. 

Taz fame Circumſtance may poſſibly contribute ſome- 
thi ing towards raiſing the Genius beyond its natural Pitch, 
in ſome other Arts, 6 — Muſic and Poetry. The Poet 
indeed muſt firſt have his Imagination filled with all the beau- 
tiful Variety of Images in Art and Nature, which the Sight 
only can ſupply: if he then be deprived of that Senſe, 


Fa much the rather may Celeſtial Light t 
Shine imvard, and the Mind through all Ser F Powers + 


Trradiate : — 


as our blind Poet e it. e in * Gage 
of Epic (the ſublimeſt kind of) Poets, we find two 4/ind 
Bards, ſurpaſſing all that any Age or any Nation have pro- 
duced in the Flights of Fancy. And I cannot but wonder 
the very ingenious Enquirer into the Life and Writings of 
| Homer, who endeavours to account for the great Genius, from 
a Concurrence of natural Cauſes, ſhould take no notice of 
that Circumſtance, which was fo peculiar to his Poet. 

I was by the Senſe of Feeling our Author acquired moſt 
of his Ideas at firſt: and this he enjoyed in great Acutencls 
and Perfection, as it commonly happens to the Blind, whe- 
ther ic; the kind Gift of Nature, or the Neceſſity of Applica- 
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tion. Yet he could not, as ſome have imagined, (and as Me. 
Boyle was made to believe of a blind Man at Maeftrichs) di- 
ſtinguiſh Colours by that Senſe; and having made repeated 
Tryals himſelf, he uſed to ſay, it was pretending to Impoſſi- 
bilities. But he could with great Nicety and Exactneſs diſ- 
cern the leaſt Difference of Rough and Smooth in a Surface, 
or the leaſt Defe& of Poliſh. Thus he diſtinguiſhed in a 
Set of Roman Medals, the genuine from the falfe, though 
they had been counterfeited with fuch Exactneſs as to de- 
ceive a Connoiſſeur, who had judged by the Eye. But ſays 
the Profeſſor, „I, who had not that Senſe to truſt to, could 
« eaſily feel a Roughneks i in the new-caſt, ſufficient to diſtin- 

ce guiſn them by.” His Senſe of Fe ling was very accurate 
in diſtinguiſhing the leaſt Variation in the Atmoſphere. I 
have been preſent with him in a Garden, making Obſerva- 
tions on the Sun, when he has taken notice of every Cloud 
that diſturbed our Obſervation, almoſt as juſtly as we could. 
He could tell when any thing was held near his Face, or 
when he paſſed by a Tree at no great Diſtance, provided 
the Air was calm, 24 little or no Wind: theſe he did by the 
different Pulſe of the Air upon his Face. 

I with I were capable of entertaining the Curious with 

the many Contrivances he had, to ſupply his Defect of Sight. 
He had a Board made with Holes bored at the equal Di- 
ſtance of half an Inch from each other: Pins were fixed in 
them, and by drawing a Piece of Twine round their Heads, 
he could more readily delineate all rectilinear Figures uſed 
in Geometry, than any Man could with a Pen. He had ano- 
ther Board with Holes made in right Lines for Pins of diffe- 
rent Sizes. By the help of theſe he could calculate, and ſet 
down the Sums, Products, or Quotients in Numbers, as ex- 
actly as others could by Writing, By the help of an Armil- 
ok Sphere, the Schemes f in Geometry that lie in different 


Planes, 
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Planes, and the regular Solids cut in Wood, and the Form 
of ſeveral Curves made after the ſame manner, he was able 
on theſe Subjects to convey the cleareſt Ideas to his Pupils. 

A refined Ear is what ſuch are commonly bleſſed with, 
who are deprived of their Eyes. Our Profeſſor was perhaps 
inferior to none in the Excellence of his: he could readily 
diſtinguiſh to the fifth Part of a Note, and by his Perform- 
ance on the Flute, which he had learned as an Amuſe- 
ment in his younger Years, diſcovered ſuch a Genius for Mu- 
fic, as would probably have appeared as wonderful, as his 
Excellence in the Mathematics; had he cultivated that Art 
with equal Application. By his Quickneſs in this Senſe he 
not only diſtinguiſhed Perſons, with whom he had ever once 
converſed, ſo long as to fix in his Memory the Sound of their 
Voice, but in ſome Meaſure Places alſo. He could judge of 
the Size of a Room into which he was — of the 
Diſtance he was from the Wall: and if ever he had walked 
over a Pavement in Courts, Piazzas, &c, which reflected a 
Sound, and was afterwards conducted thither again, he could 
exactly tell whereabouts in the Walk he was placed, ; 
by the Note it ſounded. 

TER Reader muſt greatly admire the Strength of his Me 
mory, when aſſured that he could calculate in his Mind, 
multiply, divide, extract the ſquare or cube Root to many 
Places of Figures; could go along with any Calculator in 
1 working Algebraical Problems, Infinite Series, &c; and im- 
=_ mediately correct the Slips of the Pen, as well in Signs as in 

= Numbers. Thoſe who read to him had frequent Occaſions 
of admiring his great Sagacity and Quickneſs of Conception 
with how much eaſe he followed any Track of Reaſoning, 
and with what Art he ſtored up in his Mind fuch Parts, as 
would ſerve him to recolle& and ruminate upon the whole. 

Indeed in the more abſtruſe Parts of Mathematics, where the 
| Scheme 


r 
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Scheme was very intricate and perplexed, they often found 
it difficult to raiſe in his Imagination a clear and diſtinct 
Perception of it: but that once done, he ſeldom or never 
required any farther Aſfiſtance; his Mind retained ſo ſtrong- 
ly every Impreſſion that was once rightly made upon it. By 
the help of theſe ſtrong Faculties, a clear Imagination, tena- 
cious Memory, and quick Reaſon, the Books of Mathema- 
tics lay ever open to him; he faw the whole in one View, 
every Dependency in the Chain of Truth. Thus he knew 
how to found every thing on the moſt eaſy Principles, and 
poſe with the juſteſt Symmetry and Order. 


to com 
As in the Knowledge of the Mathematics he was exqui- 
ſite, and equal to any, ſo in the Addreſs of a Teacher, he 
vas perhaps ſuperior to all. This Quality was conſpicuous at 
His f Appearance in the World, and muſt have been high- 
ly improved by long Uſe and Experience. He ſeemed per- 
fectly to know what Difficulties young Minds are apt to be 
involved in, and how beſt to obviate or remove them. His 
Expreſſion was ſtrong and clear; and his Method ſo juſt and 
natural, that no one was at a loſs to follow him. He was very 
happy in all the Arts of facilitating a Demonſtration, in form- 
ing curious Pofitions to help the Imagination and obviate 
the Difficulties of Conception. I dare appeal to the follow- 
ing Sheets to determine, whether the ſeveral Propoſitions, 
which have paſſed through the Hands of Euclid, Archimedes, 
Diopbantus, and the greateſt Mafters both ancient and mo- 
dern, have not been greatly improved under his, by lower- 
ing the Ground-Work, and rendering the Structure more 
plain, yet more uſeful and fubſtantial. e 
HIS Inclination led him to thoſe Parts of the Mathema- 
tics, which are not the moſt abſtracted, and end only in 
Contemplation. A Propoſition muſt have its Uſes, in order 
to engage his Attention. Either the Method of Enquiry muſt 
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Expectations of any, to engage in the War that was lately 
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help to form the Mind, and teach new Modes of Reaſoning, 


or * Propoſition itſelf muſt tend to ſome Good, to the Im- 
provement of Life or Science. He conſidered Mathematics as 


the Key to Philoſophy, as the Clue to direct us through the 
fecret Labyrinths of Nature; and thought the Mind was 


more highly entertained as well as improved in unravelling 
Her Works, than inveſtigating the moſt ſubtile ny ener of 
_ abſtra& Quantity. 


As to the Gromerric and Analytic Methods of Reaſoning, 


each of which have their Advocates and Favourers among 
the Mathematicians of the preſent Age: our Profeſſor, I think, 
did Juſtice to both, in allowing each the Advantage on dif- 
ferent Occaſions, and making uſe of that which ſeemed the 


moſt proper for the preſent. The Geomerric being the moſt 
Intuitive, and conveying the ſtrongeſt and cleareſt Ideas to 


the Mind, he allowed preferable, he equally obvious and 
eaſy of Application. But as it was often otherwiſe, the Aua 


 tytic advancing us in Science much faſter and farther than 
we could have gone by all the Methods of the Ancients, and 


being the very Art and Principle of Invention, He thought 
the Moderns were greatly aſſiſted by the uſe of it. 
Ov Profeſſor would not be induced by the Deſires and 


traged among Mathematicians, with no ſmall Degree of Heat, 
concerning the Algorithm or Principles of Fluxions. Yet he 
wanted not the greateſt Reſpect for the Memory of Sir Isaac 
Newron, and thought the whole Doctrine entirely defenſi- 
ble by the ſtricteſt Rules of Geometry. He owned indeed that 
the great Inventer, never expecting to have it canvaſſed with 


ſo. much trifling Subtilty and Cavil, had not thought it ne- 
ceſſary to be guarded every where by Expreſſions ſo cautious | 
as he might have otherwiſe uſed: for he wrote only for ſuch 
 fincere Lovers of Truth as himſelf was. But the general 


Averſion 
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Averſion he had to all Controverſial Writings withheld him 
from appearing in this. However, as he intended another 
Volume to his Algebra on the Fluxionary Part, he there de- 
ſigned to be particularly accurate and explicit upon the A. 


WE 


gorithm; with an indire& View to the Controverſy on foot, 
and to obviate, the beſt he could, every Difficulty that had 
been ſtarted. 7 85 1 TRIES 
I cannot upon this Occaſion paſs by the Name of Sir Isaac 
NuwrTon, without mentioning the profound Veneration paid 
to it by our Profeſſor. If he had ever differed in Sentiment from 
any of his Mathematical and Philoſophical Writings, upon 
more mature Conſideration, he faid, he always found the 
Miſtake to be his own. The more he read his Works, and 
obſerved upon Nature, the more Reaſon he found to admire 
the Juſtneſs and Care, as well as Happineſs of Expreſſion of 
that incomparable Philoſopher. He has left ſome valuable * 
Comments on the Principia, which not only explain the more 
difficult Parts, but often improve upon the Doctrines, and 
which may in their preſent State be no unacceptable Preſent 
to the Public, though far ſhort of any thing he would him 
ſelf have publiſhed on that Subject. 3 
Tu RRE was ſcarce any Part of the Mathematics, on which 
our Profeſſor had not wrote ſomething for tlie uſe of his Pu- 
pils. But he diſcovered no Intention of publiſhing any of 
his Works, till the Year 1733: when his Friends, alarmed 
by a violent Fever that had highly threatened his Life, and 
being unwilling that the Labours of ſo great a Man ſhould 
be loſt to the World, importuned him to ſpare ſome time 
from his Lectures, (which he. then attended ſeven or eight 
Hours in a Day, to the great hazard and prejudice of his 
Health,) and to employ it in finiſhing ſome of his Works; 
which he might leave behind him, as a valuable Legacy both 
to his Family and the Public. He yielded fo far to theſe In- 


treaties, 
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treaties, as to compoſe in a very ſhort time the following 
Work; which he left perfect, and tranſcribed fair for the Preſs. 
| I'nzzD not fay much of the Nature of it, but refer the 
Kinder to the Contents, and to the Book itſelf. I will only 
obſerve, it was chiefly intended for the Inſtruction of young 
Beginners, and for the uſe of thoſe that had ſuch under their 
Care. The Author has therefore been very explicit and ac- 
curate in the expoſition of every Part, and taken great care 
to expreſs his Sentiments in the moſt ſimple and eaſy manner. 
His Deſign was not only to complete a Courſe of Algebra, 
but alſo, as far as poſſible, to promote the Study of Geome- 
try, by removing or explaining all thoſe Difficulties which 
by his long Experience in teaching, he found were apt to 
retard, if not diſcourage: young Students in their Progreſs 
through the Elements. And further, as Algebra is in it's own 
Nature an Art of Reaſoning, and may be e ee as the 
Logical Inſtitutes of the Mathematician, the Author has been 
every where attentive to improve the Mind, and to furniſh 
it with every Method of Reaſoning that may be uſeful in our 
Reſearches into Nature. He has often expoſed the fame 
Truths to us in ſeveral Lights, as we arrive at them by dif- 
1 ferent Methods of Enquiry: ſince this ſerved to illuſtrate the 
© | Conſiſtency of thoſe Methods. He has alſo taken every Oc- 
| caſion to obſerve. the Tranſition of Truth from one Law to 
another : to obſerve-the Conſiſtency of it's ſeveral Laws in 
the moſt intricate Caſes, where they ſeem moſt to thwart 
and contradict each other, as if Nature were put to her Shifts ; 
to preſerve that Conſiſtency and Uniformity which is every 
_ BH where the Characteriſtic of Truth. Such Obſervations can- 
bY | not but ſuggeſt to the Mind the moſt ſimple and natural 
. Ways of diſcovering Truth, and muſt therefore be greatly 
inſtructive, as well as entertaining, to all who are engaged 
in theſe _— | 
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By r the learned Mathematician muſt not wholly form 
his $0 ment of the Author's. Capacity from the followiog 
| Work; ich 5 Is of a Nature too low for the Exerciſe of ſo 
great a Genius. Yet the Reader will from hence learn to la- 
ment, with me, the Loſs of a Life ſo valuable to the learned 
World, when he was juſt entering upon Deſigns, which, had 
he lived to execute, would have greatly enriched our Trea- 
fare of Mathematic Learning, and have proved: Monuments 
to lateſt Poſterity worthy of his Name. His Manuſcripts were 
all left (for the Benefit of his Children) to the Care and Diſ- 
poſal of Jonx RozAx TES of Twickenham Eſquire, nom Earl 
of RADNOR; from whoſe Love and Eſteem for Letters and 
learned Men, and particularly the learned Author, the Public 
may be well aſſured, that theſe Remains will be ſo diſpoſed 
of, as to be moſt advantageous to ens nn honourable: to 
their Author. 2 at5%30 
Tux Talents of Dr. Saunbunben were not na to 
the Study: when he put on the Companion, none ſupported 
Converſation with greater Wit and Elegance. His Diſcourſe 
was ſo enlivened with frequent Alluſions to Objects of Sight, 
that there appeared no Defect of the blind Man. Nothing 
was obſerved of that Diſreliſn of Humour, nothing of thoſe 
Abſences and Inattention to Diſcourſe, which uſually blemiſh 
and characteriſe Perſons devoted to theſe ſeverer Muſes. His 
Judgment on the various Paſſions and Intereſts of Mankind 
was equally acute as on the Subjects of Philoſophy. The 
Force and Spirit of his Expreſſion ſurpriſed and fixed the 
Attention of all that heard him. But above all, the Mathe- 
matician's Reverence for Truth ſhone forth in every Circum- 
ſtance of Life and Converſation, and added a Luſtre to his 
moſt ſhining Qualities. His Sentiments on Men and Opi- 
nions, his Praiſes or Cenſures, his Friendſhip or Diſregard 
were expreſſed without partiality or reſerve. This Frankneſs 


"" 
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of Temper endeared him to all fuch as were happy in his 

Acquaintance and Efteem; but raiſed him up what Enemies 
he had, and betrayed him to ſeveral Animoſities, which Men 
of more Art and — would have choſe to avoid, 


at the . of fo ſeru Nen and fo dilintereſted a Sin- 
cen 

we; 40 wold be thou ht an Omiſſion i in i hd Memoin of I 
55 — Life of Dr. Arn eng if no notice were taken of the 
manner in which he reſigned it. The Reverend Mr. Gzavas 
HoLwts informed him, that the Mortification gained ſo much 
ground, that his beſt Friends could entertain no hopes of his 
Recovery: He received this notice of his approaching Death 
with great Calmneſs and Serenity; and after a ſhort Silence, 
reſumed Life and Spirits, and talked with as much Compo- 
fure of Mind as he had ever done in his moſt ſedate Hours 
of perfect Health. He appointed the Evening of the follow- 
ing Day to receive the Sacrament with Mr. Hoes ; but be- 
fore that came, he was ſeized with a rer which conti- 
| nued to his Death. | 
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THE Author of rhe folyming Piece, (who is Dr. SaunDER- 
71::180N's immediate Succeſſor in the Profeſſorſhip,) has been 
prevailed on to let it be inſerted here, as an Illuſtration to ſome 
of his Performances; though it was originally defigned for 
J os ot oben ton 


Tua the learned and ingenious Dr. SaunDERS0N, late 
Lucaſian Profeſſor of Mathematics in the Univerſity of Cau- 


BRIDGE, notwithſtanding the loſs of his Sight, was able to 


make long and intricate Calculations, both Arithmetical and 
Algebraical, is a Thing as certain as it is wonderful, This 


appears beyond all Contradiction, not only from his elabo- 


rate Treatiſe of Algebra now publiſhed, but from other un- 
doubted Monuments ſtill in being. He had contrived for 
his own uſe, a commodious Notation for any large Numbers, 


| which he could expreſs on his Abacus, or Calculating Table, 
and with which he could readily perform any Arithmetical 


Operations, by the Senſe of Feeling only ; which therefore 
may be called his Palpable Arithmetic. As J have had an 
Opportunity, by the favour of Mrs. SauNDERSON, of viewing 


and examining ſeveral Specimens of this Arithmetic, which 


b good fortune he had compleated and left behind him, 
t 


2 he has not left the leaſt Hint by which his Method 
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ſelf the decyphering (as it may be called) of theſe Specimens, 


in which I have ſucceeded to my own Satisfaction. And as 

others may have the ſame Curioſity, or as this Method may 
poſſibly be of uſe to other Perſons, whoſe Misfortune may 
place them in like Circumſtances, I ſhall here attempt to give 


a ſuccinct but particular Account of it. 


His Calculating Table was a ſmooth thin Board, fome- 
thing more than a Foot ſquare, raiſed. upon a ſmall F rame 


ſo as to lie hollow; which Board was divided by a great 


Number of equidiſtant parallel Lines, and by others as many, 
at right Angles to the former. The Edges of the Table were 


diſtinguiſhed by Notches, at about half an Inch diſtance from 
one another, and to each Notch belonged five of the afore- 


ſaid Parallels; fo that every ſquare Inch was divided into an 


Hundred little Squares. At every Point of Interſection the 


Board was perforated by ſmall Holes, capable of receiving a 


Pin; for it was by the help of Pins, ſtuck up to the Head 
throu gh theſe Holes, that he expreſſed his Numbers. He uſed 
two Sorts of Pins, a larger and a ſmaller Sort; at leaſt their 
Heads were different, and might eaſily be diſtinguiſhed by 


feeling. Of thefe Pins he had a large Quantity in two Boxes, 
with their Points cut off, which always ſtood ready before 
him when he calculated. And theſe were his EG 
of which we muſt now ſee the uſe. 


e; 


I order to this we may firſt obſerve, that to every nu- 


Shiva Figure a little Square was appropriated on the Table, 


conſiſting of four of the little contiguous Squares above de- 
ſcribed, and which therefore allowed a ſmall Interval between 
each Figure; and this numeral Figure was different, accord- 
ing to the different Magnitude or Situation of the one or two 
Pins, which always compoſed it. ,For which Purpoſe he had 


ſettled in his Mind, and ſtrictly obſerved, the following A- 


nalogy or Notation. A great Pin in the Center of the Square 
| (which, 
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(cchich, and no other, was always its Place,) was 4 Cypher, 
or o, and therefore I ſhall. call l il by that Name. Its chief 


Office was, to preſerve Order and Diſtance among his Figures 


and Lines. This Cypher was always preſent, except tals in 
the Caſe of an Unit; to expreſs which the great Pin in the 


Center was changed into a little one. When 2 was to be ext 


preſſed, the Cypher was reſtored to its Place, and the little 
Pin was put juſt over it. To expreſs 3, the Cypher remain- 
ed as before, and the little Pin was advanced into the upper 
Angle on the right Hand. To expreſs 4, the little Pin de- 
ended, and immediately followed the Cypher. To expreſs 
55 the little Pin deſcended to the lower Angle on the right 
Hand. To expreſs 6, the little Pin retreated, till it was juſt 
under the Cypher. To expreſs 7, the little Pin retreated in- 


to the lower Angle on the left Hand. To expreſs 8, the lit- 


15 Pin aſcended, till it was juſt before the — Laſtly, 

to expreſs q, the little Pin aſcended into the upper Angle on 
the leſt Hand. And thus all the Digits were —8 for, 
wp an eaſy and uniform Notation, which might readily enough 


pprehended and diftinguiſhed by the Feeling. But to 


5 ele Digits or Figures more diſtinctly, I ſhall endea- 
vour to repreſent them by a Scheme. See 5 | 
AND thus he could write down, as we may * any pro- 


— Number upon his Table, and by lightly running his 
Fingers over it, he could at any time readily read it, and 


know what it ſignified. The great Pins or Cyphers, which 


were always placed at the Centers of the little Squares, and 
moſt frequently at equal Diſtances from one another, were a 
ſure Guide to direct him to keep the Line, to aſcertain the 


Limits of.every Figure, and to prevent any Ambiguity that 
might otherwiſe ariſe. As three of the erect Parallels were 


faffcient tor a ſingle Figure, ſo three of the tranſverſe Paral- 
lels would ſuffice for a Line of. Figures, and the next three 
* 10 | for 


es” 
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. filling every third Hole of every third parallel Line with large 
Pins, or Cyphers. Then when he intended to calculate, he 
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for another Line, and ſo on, without any Danger of inter 
fering. And thus it is not hard to conceive, how he might: 
have any Number of Lines of Figures upon his Table at the 
ſame time, in a deſcending order, or how he might derive 
one Number from another, or in a word, how he might 
make any Computations required. He could place and dif- 
place his Pins, as J have been informed, with incredible 
Nimbleneſs and Facility, much to the Pleafure and Surprize 
of all the Beholders. He could even break off in the middle 
of a Calculation, and reſume it when he pleaſed, and could 
preſently know the Condition of it, by only drawing his Fin. 

gently over the Table. There is an obvious Expedient, 


_ which eſpecially in long Calculations, would have made the 


Proceſs very expeditious, and therefore I queſtion not but he 
had often recourſe to it. And that is, to prepare the Table 
beforehand, (which any other might have done for him,) by 


would have nothing elſe to do, but to N every Figure, 
by adding a ſmall Pin in its proper Place. Except when an 
Unit was to be expreſſed, in which caſe he muſt have changed 


the large Pin into a ſmall one. 


Tux Specimens of this Arithmetic which I Rove neruſed, 
and reduced to common Numbers, are certain Arithmetical 
Tables, which he had computed ah preſerved for his own 
uſe; but for what Purpoſes they were calculated does not 
eakily appear. They ſeem to have ſome relation to the Ta- 
bles of natural Sines, Tangents, and Secants; but their full 
uſe. I muſt leave to future Enquiry. They are four Pieces of 
ſolid Wood, of the Form of rectangular Parallelepipeds, each 
about eleven Inches long, five and an half broad, and ſome- 
thing above half an Inch thick. The two oppoſite Faces of 
crery ONE: were divided into little Squares, after the manner 


of 


xxiv- PALPABLE ARITHMETIC. 
of the Abacus above deſcribed, but they were perforated on- 
ly in the neceſſary Places, where the Pins were ſtuck faſt up 
to the Head. Each Face exhibited nine ſmall Arithmetical 
Tables, of ten Numbers each; and every Number, general- 
ly ſpeaking, conſiſted of five Places or Figures. For farther 
ſatisfaction I have delineated one of theſe ſmall Tables, both 
as I found it, and as I have interpreted it; See Fig. II. 
Bur beſides this Arithmetical Uſe of his Table, which 
was indeed its principal and primary Uſe, he could deſcribe 
upon it very neat and perfect Geometrical Figures, conſiſt- 
ing of right Lines, any how interſecting one another, of which 
I have ſeen ſome Inftances. This he did two ways, either 
by Pins ſet in Rows, which exhibited the appearance of 
pricked Lines; or by Pins placed only at the Interſections. 
Then by winding a Piece of fine Thread or Silk about their 
Heads, he could very well exhibit any continued ſtrait Lines 
at pleaſure, or any Syſtem of ſuch Lines. Whether he had 
palpable Letters alſo, ſomething like Printing Types, to di- 
ſtinguiſh the ſeveral angular Points, and to aſſiſt in demon- 
ſtrating the Properties of thoſe Figures, does not now appear. 
If he had found any occaſion for ſuch Helps, his fruitful Ge- 
nius would eaſily have ſupplied them. It is not very difficult 
to conceive likewiſe, how the ſame Table might poſſibly be 
applied to the repreſenting all kinds of Algebraical Equations, 
and to the ſeveral Reductions of ſuch Equations, eſpecially 
by the uſe of the Types aforementioned, or ſomething like it. 
And he might have Types, in the nature of Pins, for the 
common Algebraic Signs, and to inſinuate the ſeveral Ope- 
rations; by which means his Table would bear a near reſem- 
blance to a Printer's Form: which I queſtion not but he could 
have read by his feeling only, if he had ever applied himſelf 
to it. I have been well aſſured, that he could ſpell very 
well; that he knew the Shapes of the Letters, both Small and 
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| - PALPABLE ARITHMETIC. xXx 
Capital, and would ſometimes amuſe himſelf, when Oppor- 
tunity offered, by reading the Inſcriptions upon Tomb-Stones 
with his Fingers. He has been oſten heard to regret very 
much, that he did not apply himſelf to learn to write in his 
younger Years, which (as he affirmed) he made no queſtion 
but he could have eaſily accompliſhed. None of theſe things 
will appear incredible to thoſe, who have known him give 
his Judgment with as much Accuracy upon the goodneſs of 
a Mathematical Inſtrument, and the juſtneſs of its Diviſions, 
by examining it only with his Touch, as the moſt judicious 
Eye could have done; and he was often conſulted on this 
Occaſion. This at leaſt is evident, that he could manage 
all kinds of Equations, and other perplext Calculations, with 
great Skill and Sufficiency; but how far he relied upon the 
Strength of his Imagination, (which was certainly very great,) 
and when he had recourſe to Mechanical Contrivances to aſ- 
ſiſt it, I will not undertake to determine. | 
FROM what I have already deſcribed, and from many 
other ingenious Devices of the like Nature, which I have 
ſeen, I ſhall conclude with this general Obſervation, that as 
the knowledge and uſe of Symbols, (or of ſenfible and arbi- 
trary Signs of intellectual Ideas,) is of the greateſt Importance 
and Extent in all Parts of the Mathematics; fo he had in- 
vented a new Species of Mathematical Symbols, unknown 
and unheard of before, which were particularly accommo- 
dated to his own Circumſtances, The ſenſible Symbols, com- 
monly received and made uſe of, to repreſent Mathematical 
Ideas, and to convey them to our own or to the Minds of 
others, are derived from two of our principal Senſes, and are 
either audible or viſible, The audible Symbols, it is true, 
he made good uſe of, and acquired much of his Knowledge 
by converſing with others, but chiefly by hearing others read 


all the beſt Mathematical Authors to him. But he was en— 
f tirely 
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tirely deptteb ef the uſe of viſible Symbol * to us we 
find are fo abſolutely neceſſary, as that we always ys acquire 
the greateſt and moſt valuable Part of our Mathematical 
Knowledge by their Means. What did he do under this fas 
it ſhould ſeem) inſuperable Difficulty, in order to ſatisfy his 
great Thirſt after this kind of Knowledge ? why he Had fes 
courſe to another of his Senſes, which he had in great Per- 
fection, and ſubſtituted Feeling in the place of Seeing; by 
inventing a Sort of Mathematical Symbols, which ve may 
call palpable or tangible Symbols. Theſe he made uſe of, to 
convey thoſe Ideas to his Underſtanding, which were denied 


entrance through his Eyes. Thus by the aſſiſtance of theſe 


| Symbols, imperfect and inadequate as they needs muſt be, 

and by the help of a quick Apprehenſion and obſtinate Per- 
ſeverance, he ſucceeded in theſe Sciences to Admiration. 
Theſe were the Inſtruments, as unfit as they may ſeem, by 
which he conveyed to his Mind the moſt abſtruſe and ſublime 
Mathematical Ideas, and by which he was enabled to deduce 
from them the moſt general and uſeful Concluſions. This we 
muſt all confeſs, if we have any degree of Candour, as well 


as Eyes and Underſtanding, to be very extraordinary and ſur- 


prizing. I cannot but repreſent to my Imagination, during 


the whole courſe of his Studies, the Idea of a great Mathe- 


matical Genius, ſtruggling under the greateſt Diſadvantages, 


and labouring under the ſevereſt natural Inabilities and Diſ- 


couragements. Yet whatever Difficulties he meets in his way, 
by a happy Sagacity and ftubborn Induſtry, he finds as many 
Expedients to overcome them all; refolving not to relinquiſh 
his purſuit, but ſteadily to perſiſt, till he is ſuperior to all Ob- 
ſtacles, and till he has gratified the no mean Ambition, of 
pacing himfelt 1 in the ln Claſ of neee 
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&* make thoſe numbers aboue written to fall upon decimal numbers, ſuch as 
106 000 000, 200 000 ooo, 300 000 000, Gc. which are eafie to be ad. 


purpoſe, from the Author's Rabdologia, publiſhed in the year 1617, may be ſeen 
in We Prefer W arD'sLives of the Profeſſors of Greſham College, p. 5 | 
"Amongſt Profeſſor SAUNDERSON's Queſtions for Exerciſe in the Rule 
of Three, there are ſome which belong to the Double Rule of Three, where jive 
numbers are given in order to find a fixth; as in the thirtyſecond queſtion, 
pag..13. If two men in three days will earn four ſhillings, how much 
will five men earn in fix days? Where the numbers given are 2, 3, 4, 5763 
the three firſt of which are always in the conditional part of the queſtion, and 
the other two in the remaining part, which moves the queſtion. It is alſo to 
be noted. that in all queſtions belonging to the Double Rule of Three, the num- 
bers are. ſo to be placed, as that the firſt and the fourth, the ſecond and the 
fifth, the third and the number ſought, may be of the ſame denomination re- 
ſhettvely ; as in the queſtion propoſed : 2 men, 3 days, 4 ſhillings ;* 5 men, 
6 days, ſhillings required. | | . 
2 Teſs things being premiſed, the Profeſſor's firſt rule is this, pag. 14. In 
all queſtions of this nature, if the three laſt numbers be multiplied toge- 
ther, and the product be divided by the product of the two firſt, the quo- 


| ü 85 
tient will give the number ſought. As in the queſtion. propoſed, 4 2 * 
- 5 1 a 5 


= 20, the number ſought. Again, in the thirtythird queſtion, If for the 
carriage of 3 hundred weight 40 miles I muſt pay 7 ſhillings and 6 pence, 
what muſt I pay for the carriage of 5 hundred weight 60. miles? | The, 
terms are 3 hundred weight, 40 miles, 7; ſhillings; 5 hundred weight, 00 


; 7&5 * Co 
miles. Anſe. 


py roo 83, that is, 18 ſhillings and 9 pence, 
| f 2 — There 


ere is another caſe, wherein inverſe proportion is partly e cerned, as in 


the thirtyninth quiet, pag. 16. If two acres of land will maintain three 
horſes four days, how long will five acres maintain ſix horſes? Here it is 
plain, that inverſe proportion is concerned : for the ſame quantity of land will 
maintain fix horſes but . time that 4 _ - — ee. * 
re for reſolving queſtions of this nature, t ofeſfer propoſes a ſecond rule, 
16530 75 15. J all queue belonging to the Double Rule of Three in- 
verſe, where the numbers are ſuppoſed to be ordered as in the Double Rule 
of Three direct, if the three middle numbers be multiplied together, and 
the product be divided by the product of the two extremes, the quotient 
of this diviſion will be the number * As in the thirtyninth queſtion 
the order of the terms being 2 acres, 3 


7 
* 
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| es, 4 days; 5 acres, 6 horſes 
therefore Saß. = 5, the number of the days ſought. 


But here it muſt be obſerved, that the terms of this queſtion are w_— of 
being ranged | 2 erent order, thus : If three horſes will eat up the graſs 
of two acres of land in four days, how long will fix horſes be in eating up 
that of five acres? Here the order of the terms given is, 3 horſes, 2 acres, 
4 days; 6 horſes, 5 acres ; according.to which order, neither this rule nor 

_ the former will ſolve the queſtion. | „ e MSc 

: Wherefore, to clear this difficulty, and to find out, in what order the Pro- 
Yeſſar's ſecond rule requires the terms given ſhould be placed, it may be uſeful 
70 inveſtigate a general Theorem for reſolving all queſtions in the Double Rule 
of Three. This I ſhall do in the method propoſed by the late Mr. WARD of 
Cheſter, in his Introduction to the Mathematicks, part 1. chap. 7. ſect. 3. 
pas. 96, where he denotes the fix quantities in queſtions belonging to the Dou. 

e Rule of Three, by theſe fix letters, P, T, G, p, t, g; the capitals P, T. 
G-denoting the terms in the conditional part of the queſtion, as the ſmall let- 
ters p, t, * the other terms, of the ſame denomination with their reſbective 
tapitals.. P, p fignify the principal terms, or cauſes of the gain, boſs, or ex- 
pence mentioned in the queſtion ; T, t the times (as in queſt. 32 and 39) or 
ſpaces (as in queſt. 33) wherem the ſaid gain, loſs, or expence is produced; 
and G, g the gain, loſs, or expence itſelf, ariſing from the principals in the 
aforeſaid times or ſpaces. | | * 
Now in order to form a Theorem for reſolving queſtions in the Double Rule 
'of Three direct, let us take any particular queſtion, as for example, the thirty. 
ſecond: If 2 men in 3 days will earn 4 ſhillings, how much will 5 men 
earn in 6 days? Where 2==P, 3<=T, 4=G, 5==p, 6=t, and g is the 
number fought. This queſtion then may be reſolved into two proportionalities, 
thus: If 2 (P) men will earn 4 (G) ſhillings in a given time, 5) men 


4 G 3 
will earn 10 (F) ſhillings in the fame time. Again, If in 3 (T) days 


10 


w 


(2); ſhillings be earned, nen p60 ge (200 wil be earned. | 


| PR Ss = 85 and A both fides by PT, we FRA the Theorem 
Gpt==gPT, And fince the thirtyſecoind queſtion Propoſed, of gives us five terms 
in this order, P. T, G, po t, the term ſought being g= BE, it is manifeſt, 


that the term fought is found, by dividing the produtt of the three laſt terms 
grven, by the produtt of the two firſt, de to the Profeſſor's firſt rule. 

Let us n fate the thirtyninth queſtion,” that we may thence form a The- 
orem for r 1 77 queſtions of the ſame nature with it, aubich belong to the 
Dole Rule of Three inverſe, If 2 (O) acres of land will maintain = 
horſes 4 (7) hag how long will 5 (g) acres maintain 6 (2) horſes? Which 
queſtion I . into two proportionalities: firſt into this —_—— 
nality, If certain piece of ground will maintain 3 (P) horſes (Ze 
it will N 6 (0) double the number of horſes but 


that ie 2 ( T) days: Secondy, into this direct: ais, 1 (o) acres will 


maintain this double ramber of horſes 2 2 days, 5 00 acres will 


Nog | 
maintain them 5 (48) days. Therefore t, the number ſought, is Fe SY N 


Aud multi plying both fides by Gp, we have the ſame Theorem as before, 
Gpt==gPT, which therefore is a general Theorem for ſolving all queſtions in 
the Double Rule of Three, whether direct or inverſe. And fence the order of 


the terms given in the thirtyninth queſtion „ . 8, pz and ſince alſo 4 
the number ſought, is found equal to £4 » therefore according to the Pro- 


Gp 
feffor's fecond rule, if the produkt of the three middle terms be divided by the 
produtt of the two extremes, the quotient will be the term ſought. 


But in the practiſing of this ſecond rule, care muſt be always taken to make 
the term G tbe firſt in order: and then, if t be fought, as in the thirtynmth 
queſtion, the order of the terms given will be G, P, T, g, p, as before; but if 
p be ſought, the order will be G, T, P, g, t. And laſtly, I think I ſcarce need 
to obſerve, that if g be the term 72 br, The operation * always be made by 
the Profeſſor's firſt rule, where the order of the terms is P, T, G, p, t, as in 
the thirtyſecond and thirtythird Mg 4; ; of * T, F, G, t, p. which e comics 
to the ſame thi 28. 
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ſerve with him when he 


POS TULATASE 


EFORE I enter upon my province, it may not be amiſs to ac- 

quaint my young diſciple what ge e he'is to make, and 
what qualifications I ex of him beforehand, that we may 
neither of us find ourſelves diſappointed afterwards. - I exped 
then that he knows how to add, to ſubtract, to multiply, to divide, to 
find a fourth proportional, and to extract roots, eſpecially the ſquare 
root: nay I expect further, that he ſhall not only be able to perform all 
theſe operations exactly and readily, but alſo that he ſhall be able to apply 


them upon all common occaſions; in a word, I expect that he be 


n well ſkilled in common Arithmetick, at leaſt fo far as relates 


to whole numbers: for this reaſon it is that I have prefixed a few arith- 
metical queſtions, wherein he may firſt try his ſtrength and {kill before 
he ventures any further; they are for the moſt part very eaſy, I cannot 


ſay indeed they are the beſt choſen, but they were ſuch as lay in my way 
when I firſt begun this work and was haſtening to eee greater mo- 
ment, and I do not ſee but they may, if ſtudied with care and attenti- 
on, anſwer well enough the end they were intended for: If he finds no 
difficulty in theſe, he will have little reaſon to doubt of his ſucceſs after- 
wards; but if he does, he ought then at laſt to become ſenſible of his 
own defects and to endeavour to ſupply whatever is wanting, and to cor- 
rect whatever is amiſs before he enters himſelf under my conduct; in 
the mean time he has my leave to hope that I ſhall be leſs. upon the re- 
falls more immediately under my care. > 
N. B. The praxis of the rule of proportion, and of the rule for ex- 
tracting the ſquare root; hot being (properly ſpeaking) of the nature of 
ſtmple poſtulata, but rather deducible from the four firſt; I ſhall not 


fail to demonſtrate theſe rules fo ſoon as I ſhall find proper opportunities 
for that purpoſe. | 5 


A 5 Queſtious 
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by QUESTIONS in 


Queſtions for exerciſe in Multiplication: 


Multiplication is taking any one number called the multiplicand as of- 
ten as is expreſſed by any other number called the multiplicator, and the 
number produced by this operation is called the product: whence it follows, 
that the product contains the multiplicand as often as there are units in 
the multiplicator, and that if a number of a greater denomination. is to be 
reduced to an equivalent number of a leſs, it muſt be done by multipli- 
cation. As for example; In a pound ſterling there are 20 ſhillings ; there- 
fore in every ſum of _ conſiſting of even pounds, there are twenty 
times as many ſhillings as there are pounds; therefore if any number of 
pounds be multiplied by 20, the product will be an equivalent number of 
ſhillings; and the ſame mult be obſerved in all other caſes. | 


„ 
Tt is required to reduce 4.56 pounds, 13. ſhillings and 4, pence into ſhillings, 


pence and farthings. 7 
5 Anſwer, Shilling 9133 
Pente 109600 


Farthings 438400. 
r. 


A certain iſland contains 36 counties, every . county 37 pariſhes, every 
pariſh 38 families, and every family 39 perſons: I demand the num- 


ber of pariſhes, families and perſons in the whole iſland. 


Anſwer. Pariſhes | 1332 
Families 50616 
Perſons 1974024. 


rr. 3. 
In 1730 years, 42 weeks and 3 days, how many minutes ? 


N. B. A year conſiſts of 36 5 days 6 hours, and an hour of 60 minutes, 


Hours in one year . 8766 
In 1730 years 15165180 
In 42 weeks 3 days 7128 
In the whole | 15172308 
Minutes in the whole 910338480. 


(QUEST, 


MULTIPLICATION, 


QuEzsr7. 4. 


Were is à certain field 102004. feet Jong, ad 102003 feet 4 1 
OT the number of ſquare feet therein contained. | 


Anfever. 10404714012. 


QuesrT. 5. 


There is a certain floor 24. feet, 4 inches broad, and 96 feet, 6 inches 
long: I demand how many ſquare inches are therein contained. 


Anſwer. 338136 ſquare inches, 
QuEsT. 6. 


A certain piece of 200d 1 foot, 2 inches thick, 3 feet, 4 inches broad, and 


5 feet, 6 inches long, is to be cut into ſmall cubes like dies, each of 


A + ch is to be a quarter of an inch every way: I demand into how many 


dies the whole may be refered. 
. The whole ar be reſolved into 2365440 dies. 


QUEST, 
I demand the number of changes that may be rung on 12 bells. 


Changes upon 2 bells 2 
on z bells 6 
on 4 bells 24 
on 5 bells 120 
on 6 bells 720 
on 7 bells 5040 
on 8 bells 40320 
on q bells 362880 
on 10 bells 3628800 
on 11 bells 39916800 
on 12 bells 479001600. 


HE Qursr. 
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Quxs r. 8. 
How many different ways can four common dies come up at one throw? 
$45 Anfwver 10 96 ways, 
Qu E 8 7. 9. 


Suppoſe one undertakes to throw an ace at one throw with four common 


dies; what probability is there of his effefting it? 


Anſiver. By the laſt queſtion four dies can come up 1296 different 
ways with and without the ace; and by a like computation, they can 
come up 625 ways without the ace; therefore there are 671 ways where- 
in one or more of them may turn up an ace; therefore the undertaker 
has the better of the lay in the proportion of 671 to 625. 


Quxs r. 10. 


Were are two incloſures of the ſame circumference, that is, both incloſed 
201th pr? oe number of pales; but one is a ſquare whoſe fide is 125 
feet, and the other an oblong or long ſquare, 124 feet in breadth, 
and 126 inlength: quære which is the greater cloſe, that is, which, 
ceteris paribus, i bear moſt graſs. 


Anſwer. The ſquare: for that contains 1 5625 feet ; whereas the other 
contains but 1 5624. 


| Queſtions for exerciſe in Diviſion. 


The deſign of diviſion is to ſhew how often one number called the di- 
viſor is contained in another called the dividend, and the number that 
ſhews this is called the quotient: whence, and from the definition of mul- 
tiplication already given, I obſerve 1½, That the diviſor multiplied by 
the quotient, and conſequently the quotient multiplied by the diviſor, will 
always be equal to the dividend, provided there be no remainder after 
the diviſion is over ; but if there be, then this remainder added to, or taken 
into the product will give the dividend, which is the beſt proof of diviſion. © 
2dly, That as the diviſor is ſuch a part of the dividend as is expreſſed by 
the quotient ; ſo alſo is the quotient ſuch a part as is expreſſed by the divi- 
for, Thus 12 divided by 3 quotes 4 ; therefore 3 is a fourth part, and 


4 


DIVISION. 4 
44a third part of 12, 3dly, Hence may a number be found that ſhall be 
diviſible by any two given numbers whatever without remainders, to wit, 
by multiplying the two given numbers together. Thus if I would have 
a number that can be divided by both 6 and g without any remainders, 
I multiply ꝙ by 6, and the product 54 will anſwer both conditions; though 
18 be the lai number of that kind. 4h/y, Multiplication and diviſion 
by the ſame number are the reverſe of each other, and ſo muſt neceſſarily 
have contrary effects: for whereas multiplication increaſes a number by 
taking it as often as is expreſſed by the multiplicator, diviſion (on the con- 
trary) leſſens it, by taking only ſuch a part of it as is expreſſed by the 
diviſor. sry, Hence if a number of a leſſer denomination be to be 
changed into an equivalent number of a greater, as farthings into pence, 
pence into ſhillings &c, it muſt be done by diviſion, as the reverſe is done 
by multiplication. Gr, Whenever it is propoſed to know how often 
one quantity of any kind is contained in another. of the ſame kind, the 
numbers repreſenting theſe quantities muſt be reduced to the fame deno- 
mination before any diviſion can take place. Thus if I would know how 
many thirteenpencehalfpennies there are in 20 ſhillings, I muſt not only 
reduce the thirteenpencehalfpenny'to 27 halfpence, but alſo the 20 ſhil- 
lings into 480 halfpence ; and then muſt enquire by diviſion how often 27 
halfpence are contained in 480 halfpence, that is, how often 27 is contam- 
ed in 480; the quotient is 17, and the remainder 21, that is, 2 1 halfpence; 
for in all diviſion, the remainder muſt be of the fame denomination with 
the dividend whereof it is a part; therefore in 20 ſhillings there are 17 
thirteenpencehalfpennies, and 10 pence halfpenny over, © 


It is requi red to reduce 987654321 farthings into pounds, ſhillings and 
„ : pence. 


Anſwer, 987654321 farthings are equivalent to 246913 580 pence and 
1 farthing; or to 20576131 ſhillings, 8d. 17; or to 1928896 pounds, 
115. 8d. 19. 5 e 


Qvzs 7; 12, - 
One lends me 1296 guineas when they were valued at 11. Is. and ſixpence 


apiece : how many muſt I pay him when they are vatued at 1, 1s, 
apiece? x IT, 


 Anfeer. 1326 guineas, 18 ſhillings, 
| | -. 


"8 QUESTIONS tx 
+ Qs r. 13. 
A certain floor 24. feet 4 inches broad, 96 feet 6, inches long, is to be laid 
wn 5 of 12 pence the ſquare foot: I demand whe the whole 
' Charge will amount 6. 7 7517 
. Anſwer, The floor contains 338136 ſquare inches, or 2348 ſquare 
feet and 24 ſquare inches; therefore the whole charge amounts to 117 
pounds, 8 ſhillings and two pence. N 9 
> Des r. 14. 


There ts à certain cooler 36 inches deep, 42 inches with, and 72 inches: 
long : I demand its ſolid content in Engliſb gallons. 


Note. An ale gallon is 282 cubic inches. 


| Anſwer. The veſſel contains 108 864 cubic inches, that is, 39 6 gallons 
and 12 cubic inches over. | „„ 6 
Qs r. 15. 


A cubic foot of water weighs. 76 pounds, Troy or Roman weight; and 
air is 860 times lighter than water :. I demand the weight of a cubic 


\ 


feet of arr, 
N. B. A pound Troy contains 12 ounces, one ounce 20 pennyweights, 
and one pennyweight 24 grains. | | 


Anſwer. A cubic foot of air weighs Troy weight 1 oz. 1 pt. 5 gr. 
Qu rs r. 16. 


The mean time of a lunation, that is, from new moon to-new moon, is 
29 days „12 Fours, 44 minutes and 3 ſeconds ; and a Julian year con- | 
. JJ {ts of 365 days, 6 hours : I demand then how many lunations are con- 


r. 
- 


lained in 19 Julian years. 


Hours in a Lunation- 708 
Minutes 42524 
Seconds 2551443 
Hours in 19 Julian years 1665 54 
| Minutes 9993240 
Seconds 599 594400. 


Lunations 23 5; and 1 hour, 28, 15” over. 
| QVEST.. 


n RULE OF THREE. 7 
Qu xs r. 17. 


In what time may all the changes on 12 bells be rung, allowing 3 ſeconds 
to every round? See Queſt, the 7th. 


The number of changes on 12 bells 47900 1600 
The time 1437004800 ſeconds, 


or 23950080 minutes, | 
or 4399168 hours, ; 
or 45 years, 27 weeks, 6 days, 18 hours. 
QuEsrT, 18. = 


A General of an army diſtributes 1 5 pounds, 19 ſhillings and 2 pence half 
Denny, among 4 captains, 5 lieutenants and 60 common fot ers, in the 
manner following : Every captain is to have 3 times as much as a heutenant, 

and every lieutenant twice as much as a common ſoldier : I demand their 


ſeveral ſhares, 
The ſhare of a common ſoldier 35. 44. z 
of- a leutenant „ 
of a captain 1/, os. 4d.% 


Queſtions for exerciſe in the Rule of Three. 
And firſt in the Rule of Three Direct. 


The rule of proportion, or rule of three, or by ſome the golden rule, 
is that which teacheth, having three numbers given to find a fourth pro- 
portional, that is, to find a fourth number that ſhall have the ſame pro- 
portion to ſome one of the numbers given, as 1s . wee by the other 
two; and therefore whenever a queſtion is propoſed wherein ſuch a fourth 
proportional is required, that queſtion is ſaid to belong to the rule of pro- 
portion. Nov in queſtions of this nature, eſpecially where the numbers 
given are not merely abſtract numbers, but are applied to particular 
quantities, three things are uſually required, to wit, preparation, diſpoſi- 

tion, and operation. 

Firſt as to the preparation, it muſt be obſerved that of the three 
numbers given in the queſtion, two will always be of the ſame kind, 
and muſt be reduced to the ſame denomination, if they be not ſo already; 


and 
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and if the remaining number be of a mixt denomination, that alſo muſt be 
reduced to ſome ſimple one. . | 

Secondly, in diſpoſing the numbers thus prepared, thoſe two that are 
of the ſame denomination muſt be made the firſt and third numbers 
in the rule of proportion, and conſequently the remaining number muſt 
be the ſecond. But here particular care muſt be taken, that of the two 
numbers that are of the ſame denomination, that be made the third in the 
rule of proportion, upon which the main ſtreſs of the 3 lies, or to 
which the queſtion more immediately relates, er which contains the de- 
mand; and the place of this number being once known, the other two 
muſt take their places as above directed. This ordering of the numbers 
for the operation is commonly called, ſtating of the queſtion. 

Laſtly, having thus ſtated the queſtion, multiply the ſecond and third 
numbers together ; divide the product by the firſt, and the quotient thence 
arifing will be the fourth number ſought ; which fourth number, as well 
as the remainder, if there be any, muſt always be underſtood to be of 
the fame denomination with the ſecond. As for example, | 


Qu EST. 1 9. 

A piece of plate wei gbing 2 pounds, 4 ounces and 5 pennyweights, Troy 

" wwerght, is valued at 5, ſhillings and 6 pence an ounce ; what is the va- 
lue of the whole ? 


Here we have three quantities concerned in the queſtion; vis. 3 pounds, 

4 ounces and 5 pennyweights ; one ounce; and 5 ſhillings and 6 pence; 
whereof the two firſt, which are of the fame kind, muſt be reduced to 
the fame denomination, and the laſt to a fimple one, thus: for one ounce 
I write 20 von; a for 3 pounds, 4 ounces and 5 pennyweights, fo 5 
yweights; and for 5 ſhillings and 6 pence, 66 pence; and fo the num- 

bers are ſufficiently prepared. In the next place I enquire which of the 
two numbers 20 and 80 5, which are of the ſame denomination, is that 
upon which the main ſtreſs of the queſtion lies, and I find it to be 805 
for the main buſineſs of this queſtion is to enquire into the value of 805 
pennyweights of plate; the reſt being no more than data in order to diſ- 
cover this: So I make 805 my third number, 20 which is a number of 
the ſame denomination my firſt, and 66 my ſecond, and ſtate the queſti- 
on thus; F 20 pennywerghts of plate be worth 66 pence, what will 80 5 
pennyweights of plate be worth? Now to anſwer this queſtion, I multi- 
ly 805 by 66, and the product is 53130; this I divide by my firſt num- 
r 20, and the 2 is 2656, and there remains 10, that is, 10 pence; 
therefore to render my quotient more compleat, I bring the remaining 10 


| Pence 


penny, 
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pence into 40 farthings, and ſo divide again by 20, and find the quotient 
to be 2, that is, 2 farthings, without any remainder; ſo the value ſought 
is 2656 pence, 2 farthings; that is, 11 pounds, 1 ſhulling and 4 pence half- 


A demonſtration of this Praxis. 


Caſe 1ſt. Now to demonſtrate this manner of operation, I ſhall reſume 
the foregoing queſtion, but at firſt under a different ſuppoſition, as thus; 1F 
one pennyweight of plate coſt 66 pence, what will 805 pennywerghts coft ? 
Here nobody doubts but that upon this. ſuppoſition, 805 pennyweights 


will coſt 90 5 times 66 pence, or 66 times 8og, that is, 53130 pence; 


therefore in all inſtances of this kind, that is, where the firſt number in 
the rule of proportion is unity, the fourth number muſt be found by 


multiplying the ſecond and third numbers together. 


Caſe ad. Let us now put the queſtion as it was at firſt ſtated, to wit, If 
20 pennyweights of plate be worth 66 pence, what will 805 penny- 
weights be worth? Now upon this ſuppoſition it is eaſy to ſee, that nei- 
ther 1 pennyweight, nor conſequently 80 5 pennyweights will be worth 
above a 20th part of what they were in the former caſe; and therefore 
we muſt not now fay that 805 pennyweights are worth 53 130 pence, 
but a 20th part of that ſum, vig. 2656 pence 2 farthings: and as this 


way of reaſoning will be the ſame in all other inſtances, it follows now, 


that In the rule of proportion, let the numbers given be what they will, the 


fourth number muſt be had by mnltiplying the ſecond and third numbers to- 
gether, and dividing the product by the firſt, Q. E. D. 


Qs r. 20. 


How far will one be able to travel in 7 days 8 hours, at the rate of 13 
miles every 4 hours, allowing 12 hours to a travelling day? 


Anſwer. 299 miles. | 


r.. 


What will 1296 yards of walling amount to, at the rate of 4 ſhillings 
and 5, pence a rod, a rod being 5 yards and a half? 


Anſwer. 52 pounds, 8 pence, 3 farthings. 


B Quks r. 


T0 851 ESTI G In 


er. 22. 


In the mint of England a _ of gold, that is, 11. ounces fine * 1 allay, 
is at this time coined into 44 guineas and an half : I demand how 
much ſterling a pound of pure * ig worth, obſerving that the allay 
is valued at nothing. 


. Anfwer. 50 pounds, by ſhillings 5 ed 
= | 5 e 


| What is the anal intereſt of 987 pounds, 6 * and 5 28 at the 
rate of 6 per cent ? 


Auſur. 59 pounds, 4 ſhillings and g pence ; penny. 
"QV'Es TC; 1h 


The circumference of the earth according to the French menſuration is 
123249600 French feet: I demand the fame in Engh/h miles. 

1 N. B. A thouſand French feet are equivalent to 1068 Engliſh fet; 

= 3 feet make a yard, and 1760 yards make a mile. 


Anſwer. 1431630573 Engliſh feet, 
or 43876857 yards and 2 feet, 
or 24930 miles, 57 yards and 2 feet. 


Qvesr7. 25. 


Suppofo ; all things as in the foregoing queſtion, I demand how lmg a 
100 will be in paſſing from pole to pole, upon a fuppoftion that a mm 


paſſes over 1142 feet in a ſecond. of 1 time. 
Anſwer. 16 hours and 32 ſeconds, 
QuEsr. 26. 


Monſieur Hane found that at Paris, the leng t of « gen endulum that 
fwung ſeconds, was three feet, 8 lines and * : * demand it's lengtb in 


— Engliſh meaſure, Z 
Note, 


— — a 
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THE RULE OF THREE. 11 
Note. A line is r part of an inch, and 1000 French half lines are 
equivalent to 1068 Engliſh 5 lines, as in the 24th queſtion. 


Anſwer, The length in Engliſh. meaſure of a pendulum that ſwings 
ſeconds, is 941 Engliſh 5 lines; or 39 inches, 2 lines and . 


QUEST. 27, 


i demand in how long a time, a pipe that diſcharges 1 5 ints in 2 1 
nutes, 34 ſeconds, will fill a ciſtern that 1s 36 inches deep, 42 inches 
wide, and 72 inches long. (ſce queſtion the 14th.) 


Anfwer, In 31707 ſeconds; or 8 hours, 48'. 27". | 
For as eight pints make a gallon, fo alſo eight cubic half inches, that 


is, eight ſmall cubes of half an inch every way make one cubic inch; 
therefore a pint contains 282 cubic half inches, and fifteen pints 4230 ; 


but the whole veſſel contains 108864 cubic inches by queſt. 14; which 


are equivalent to 870912 cubic half inches; therefore this queſtion ought 


to be ſtated thus; 


If 4230 cubic half inches be diſcharged in 1 54. ſeconds 0 time, in what 
time will 870912 cubic half inches be diſcharged? And the anſwer is, 


In 8 hours, 48'. 27”. as above. 
QUEST. 28. 


If a wall 6 feet thick, ꝙ feet high and 432 feet long, coſt 720 pounds 
in building, what will be the price of a wall of the ſame materials, 
that is 12 feet thick, 18 feet high and 576 feet long? ; 


In the former wall are contained 2 3328 cubic feet; in the latter 
124416 ; therefore the anſwer to this queſtion is 3840 pounds. 


1 QUEST. 29. 


A certain ſteeple projected upon level ground a ſhadro to the diſtance of 
57 yards, when a four-foot ſtaff perpendicularly erected caſt a ſhadow * 
of 5 feet 6 inches: what was the height of the ſteeple? _ A 


1 foot, 4 inches. 


Anſwer, 4.1 yards, 
| B 2 
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Qs r. zo. 


Jg perſons A and B make 4 joint flock; A puts in 372 pounds, and B 
496 pounds, for the ſame time; and they gain 114 pounds, 2 ſhillings : 
T demand each mans ſhare of the gain. | 


Both their ſtocks make 868 pounds: ſay then, if 868 pounds ſtock, bring 
in 114 pounds, 2 ſhillings gain, what will 372 pounds, 4's part of the ſtock 
bring in? Anſwer. 48 pounds, 18 ſhillings for 4's ſhare of the gain; and 
this ſubtracted from the whole gain, leaves 65 pounds, 4 ſhillings, for B's 
ſhare of the gain. l 

Note. If there be ever ſo many partners, their ſhares of the gain 
muſt all be found by the rule of proportion, except the laſt, which may 
be had by ſubtraction ; but it would be better to find them all. by the 
rule of proportion, becauſe then, if all the ſhares when added together, 
make up the whole gain, it will be an argument that the work is rightly 
i abdaRenl 


Ques r. 31. 5 


Tuo perſons A and B wake 2 joint frack; A puts in 4 6 pounds for- 2 
months, and B 620 pounds for 3 months; and they 2 56 2 
What will be each mans ſhare of the gain? 


In order to give an anſwer to this queſtion, it muſt be conſidered, that 
it is the ſame in the caſe of trade, as it is in that of money let out to in- 


tereſt, where time is as good as money, that is, whoever lets out 496 


pounds for 2 months, is intitled to the fame ſhare of the whole gain, as 
if he had let out twice as much, that is, 992 pounds, for one month: in 
like manner, he that lets out 620 pounds for 3 months, has a right to the 
{ame ſhare of the gain, as if he had let out three times as much, that is, 
1860 pounds, for 1 month: ſubſtitute therefore theſe ſuppoſitions inſtead of 
thoſe in the queſtion, which may ſafely be done without affecting the 
concluſion, and then this queſtion will be reduced to the form of the 
laſt, without any conſideration of the particular quantity of time, thus; 
Tivo merchants A and B make a joint flock; A puts in 992 pounds, and 


B 1860 pounds for the ſame time; and they gain 4.56 pounds, What wi 
be ther reſpective 1 the gain? ain 45 ne at will 


Anfiver. A's ſhare will be 158 pounds 


; | WW , I2 ſhillingsand 2 pence; and 
B's, 297 pounds, 7 ſhillings and 10' pence, 5 — 


QUEST, 
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Quxs r. 32. 


1 to men in three days will earn 4. ſhillings, how much will 5 nen 
e earn in 6 days? 


This and the following queſtion belong to that which call the 
double rule of three, wherein 5 numbers are concerned: theſe numbers 
muſt always be placed as they are in this example, that is, the two laſt 
numbers muſt always be of the fame denomination with the two firſt re- 
ſpectively, and the number ſought of the ſame denomination with the 
middle one; then may the queſtion be reduced to the ſingle rule of three 
two ways, either by expunging the firſt and fourth numbers, or the ſe- 
| cond and fifth: if you would have the firſt and fourth numbers expunged, 
you muſt argue thus; two men will earn as much in three days, as one 
man in two times 3, or 6 days; alſo 5 men will earn as much in 6 days, 
as one man in 30 days; ſubſtitute therefore this pe. e and this de- 
mand, inſtead of thoſe in the queſtion, and it will ſtand thus; If one 
man in 6 days will earn four ſhillings, how much will one man earn 
in 30 days? Which is as much as to ſay, F in 6 days à man will earn 
4 ſhillings, how much vill he earn in 30 FA En | 


Anſwer. 20 ſhillings, 


If you would have the fecond and fifth numbers expunged, you muſt 
argue thus; two men will earn as much in three days as 3 times two 

or 6 men in one day; alſo 5 men will earn as much in 6 days, as 30 
men in one day ; put then the queſtion this way, and it will ſtand thus ; 
If 6 men in one day will earn 4 ſhillings, how much will 3o men earn 
in one day? That is, If in any quantity of time 6 men will earn 4. ſhillings, 
how much will 20 men earn in the ſame time? „„ 


Anſiver, 20 ſhillings, as before. 


Whoſoever attends to both theſe methods of extermination, will eaſily 
fall into a third, which includes both the other, and in practice is much 
better than either of them ; for at the concluſion of both operations, the 
number ſought was found by multiplying 30 by 4, and dividing the pro- 
duct by 6 : Now if he looks back, and traces out theſe numbers, he will 
find that the number zo came from the multiplication of the two laſt 
numbers 5 and 6 together, that 4 was the middle number in the _ 


_ ſion, and that the diviſor 6 was the product of the two firſt num 8 
| 2 an 
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2 and 3 ans lied therefore In al ueſtions of this nature, if 
_ the ire laſt 3 e multip lied together, the product be di vided * 
the product 7 the tawo fo, * 4m will give the number fought, wt pth- 
out * further as | 


QuesT. 33. 


Y for the carriage of three hundred weight 40 miles, I wer A ſhill- 
ings and 6 pence, what muſt I pay for the carriage 121 5 hundred 
weight 60 miles? | 


| Anfiver. 225 pence, or 18 illings a and 9g pence, 
Rueſtions in the rule of three Inverſe. 


Hitherto we have inſtanced in the rule of three direct; but there is 
alſo another — of (67 rr called the rule of three inverſe ; which 
as to the pr diſpoſition of it's numbers, differs nothing from 
the rule fo ree greet but = in the operation; for whereas there, 
the fourth number was found, by multiplying the ſecond and third num- 
bers together, and dividing by the firſt; — it is found by 3 
the firſt and ſecond numbers together, and dividing by the third. 
that remains then, is to be able to diſtinguiſh, when a queſtion 1 
one rule, and when to the other; in order to which, obſerve the fol. 
lowing directions: If more requires more, or leſs requires leſs, work by 
the rule of three direct; but if more requires leſs, or leſs requires more, 
work by the rule of three znverſe. The meaning whereof is, that if, when 
the third number is greater than the firſt, the nk muſt be pro- 

rtionably greater than the ſecond ; or if, when the third number is 

eſs than the firſt, the fourth muſt be proportionably leſs than the ſecond, 
the queſtion then belongs to the rule of three direct : But if, when the 
third number is greater than the firſt, the fourth muſt be les than the 
ſecond; or when the third number is leſs than the firſt, the fourth muſt 
he: ter than the ſecond; in either of theſe caſes, the queſtion wen 
rule of three inverſe, and rd be reſolved as above directed. 


As for example, 


Quxs r. 34. 


Fu 12 men mils eat up a quantity of proviſion in 1 5 days, ow long will 20 
men be in eating up the ſame ? 
This 
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This queſtion is of ſuch a nature, that more requires leſs; for 20 men 

vill conſume the fame proviſion in leſs time than 12 ; therefore the queſt- 

ion belongs to the rule of three inverſe ; ſo I multiply the firſt and ſe- 

cond numbers together, and divide by the third, and the quotient , that 
is, 9 days, is an anſwer to the queſtion. 


A demonſtration of the rule of three I woer ſe. 


If I was to anſwer this queſtion by pure dint of thought, without 
any rule to direct me, I ſhould reaſon thus: whatever quantity of provi- 
ſion laſts 12 men 15 days, the ſame will laſt 1 man 12 times as long, 
that is, 12 times 15, or 180 days; but if it will laſt x man 180 days, it 
will laſt 20 men but the 2oth part of that time, that is, ꝙ days: here then 

the fourth number was found by multiplying the firſt and ſecond num- 
bers together, and dividing the product b the third; and the reaſon is 
the ſame in all other caſes, wherever the 1 of three inverſe is concerned. 


e e ee e 
One lends me 372 pounds for 7 years and 8 months, or 92 months : bow 
| bong muſt I lend him 4.96 pounds for an equivalent? 
: : P 5 Anſwer. 5 years, 9 months, | 


Qu Es r. 36. 


If a ſquare pipe 4 inches and 5 lines wide, will diſcharge a certain quan- 
tity of water in one hour's time; in what time will another ſquare pipe, 
1 inch and 2 lines wide, diſcharge the ſame quantity from the ſame 


current? 


The orifice of a ſquare pipe 4 inches, 5 lines, or 53 lines wide, contains 
2809 ſquare lines; and the orifice of à pipe 1 inch, 2 lines, or 14 lines 
wide, contains 196 ſquare lines. Say then, F an orifice of 2809 ſquare 
lines will diſcharge a certain quantity of water in one hour ; in what time 


wull. an orifice of 196 ſquare lines diſcharge the ſame ? 
Anfiver, In 14 hours, 19. 54". 
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QUEST. 37. 


Tf 2 men, or 4 women, will do a piece of work in j6 days, how long will one 


man and one woman be in doing the ſame ? 

Becauſe of the 3 men, or 4 women, ſome number muſt be found that 
is diviſible both by 3 and by 4 without remainder ; ſuch a one is the 
number 12, which is the product of 3 and 4 multiplied together; ( ſee ob- 


' ſervation the third upon the definition of diviſion :) make then 3 men or 


4 women equivalent to. 12 boys, and you will have 1 man equivalent to 


4 boys, 1 woman to 3 boys, and 1 man and 1 woman to 7 boys, and 


the queſtion will ſtand thus; F 12 boys will do @ piece of work in 56 


days, how long will 7 boys be in going the ſame? 


Anſiver. 96 days. 
r 


F oxen, or 7 colts, will eat up a cloſe in 87 days, in what time will 2 
TT oxen and 3 colts eat up the ſame ? 


Anſwer. In 105 days. 


QUEST. 39. 
I 2 acres of land will maintain 3 horſes 4 days, how long will 5 acres 


maintain 6 horſes ? 


This queſtion may perhaps at firſt fight, be taken to be ſomewhat of 
the fame nature with the 32d and 33d queſtions, which belonged to the 
double rule of three direct; but 2 — it comes to be examined into more 
narrowly, it will be found to be of a very different nature: for we can- 
not ſay here as we did there, that 2 acres will laſt 3 horſes as long as 1 
acre will laſt 6 horſes; this would be a very unjuſt way of thinking, and 


Wherever it is ſo, the queſtion ought to be referred to another rule, which 
they call the double rule of three inverſe; the propriety or impropriety 


of this thought, being an infallible criterion whereby to diſtinguiſh, when 
a queſtion belongs to one rule, and when to the other. All queſtions 
belonging to this rule, as well as thoſe belonging to the other, may be 
reduced to the ſingle rule of three two ways; either by expunging the 


of 
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'of extermination” are different. In queſtions of this nature, if the firſt 
and fourth numbers are to be expunged, the 2 firſt numbers are to be mul- 
tiplied by the fourth, and the 2 laſt by the firſt; but if the ſecond and 
fifth numbers are to be expunged, then the two firſt numbers are to be 
multiplied by the fifth, and the two laſt by the ſecond: thus in the 
queſtion before us, if we would exterminate the firſt and fourth numbers, 
we muſt multiply the two firſt numbers, that is, 2 and 3, by the fourth, 
that is, oy 5p and ſay, that 2 acres will laſt 3 horſes juſt as long as 10 a= 
cres will laſt 1 5 horſes ; we muſt alſo multiply the 2 laſt numbers, to wit, N 
5 and 6, by the firſt, that is, by 2, and ſay, that 5 acres will laſt 6 horſes 
as long as 10 acres will laſt 12 horſes: uſe now theſe numbers inſtead of 
thoſe in the queſtion, and it will be changed into this equivalent one; It 
10 acres of land will maintain 15 horſes 4 days, Low oa will 10 a- 
cres maintain 12 horſes? Strike out of the queſtion the firſt and fourth 
numbers, which being equal, will be of no uſe in the concluſion, and 
then the queſtion will ſtand thus; F 1 5 horſes vill eat up a certain piece 
of ground in 4 days, how long will 12 horſes be in eating up the ſame ? 


' Anſwer. 5 days; for this queſtion belongs to the rule of three inverſe. 
If we would exterminate the ſecond and fifth numbers out of the 

ueſtion, we muſt multiply the two firſt numbers by the fifth, and ſay, 
that 2 acres will laſt 3 horſes juſt as long as 12 acres will laſt 18 horſes; 
we mult alſo multiply the 2 laſt numbers by the fecond, and fay, that 
5 acres will laſt 6 horſes as long as 15 acres will laſt 18 horſes: uſe 
theſe numbers inſtead of thoſe in the queſtion, and it will be changed in- 
to this equivalent one; If 12 acres will maintain 18 horſes 4 days, how 
long will 15 acres maintain 18 horſes? That is, (ſtriking out the ſecond 
and fifth numbers) F 12 acres of land will maintain a certain number of 
horſes 4 days, how long will 1 5 acres laſt the ſame number? 


Anſwer. 5 days, as before; for this queſtion belongs to the rule of 
three direct, 3 


In both theſe operations, the number ſought was at laſt found by mul- 
tiplying 15 by 4, and then dividing the product by 12: now whoſoever 
looks back upon the foregoing reſolution, and obſerves how theſe num- 
bers were formed, he will eafily perceive, that the number 4 was the 
middle term in the queſtion ; that the number 15 in both operations 

was the, product of the numbers 3 and 5, which lay next the mid- 
dle term on each fide; and that the diviſor 12 was in both caſes the 
product of the extreme numbers 2 and 6: therefore I all gue/iitns be 
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longing to the deuble rule of three inverſe, where the numbers are fp 
poſed to be ordered as in the double rule of three direct, if the three mid- 

dle numbers be multiplied together, and the product be divided by the pro- 

duft of the tao extremes, the quotient of this drvifion will be the num- 

ber ſought. And thus may all the trouble of expunging be avoided, 

though I thought it proper to explain that method in the firit place, in or- 
der to let the learner into the reaſon of this laſt theorem which is found- 

ed upon it. 1 


Queſtions wherein the extraction of the ſquare root is 
5 concerned. Is 
QUE,sT, . 40. 


| There is à certain field whoſe breadth is 576 yards, and whoſe length is 
1296 yards : I demand the fide of a fquare field equal to it. 


Anfer. This field will be equal to a ſquare whoſe fide is 864 yards. 
QURST. 41. 


There is à certain incloſure 3 times as long as it is broad, whoſe area is 


46128 ſquare yards: I demand its breadth and length, | 


/ 


The breadth multiplied into the length, that is, the breadth multipli- 
ed into 3 times itſelf, is 46128 ; therefore the breadth multiplied into it- 
ſelf is 15376; therefore the breadth is 124, and the length 372. 


: QUEST, 42. 


A certain ſociety collect among themſelves a fum amounting to 15 pounds, + 
5 ſhillings and a farthing, every one contributing as many farthings as 
there were members in the whole ſociety: I * the number of 

members. 585 = 


Anſwer, 121 members. 
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"DEFINITIONS. 
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Art. 1. X F RACTION ſimply and abſtractedly conſidered, is 
I hat wherein ſome part or parts of an unit are expreſſed: 


as if an unit be ſuppoſed to be divided into 4 equal parts, and three of 
theſe parts are to be expreſſed, it muſt be done by the fraction three fourths, 


to be written thus 3: here the number 4, which ſhews into how many 
2 parts the unit is ſuppoſed to be divided, and ſo determines the true 
value, magnitude, or denomination of thoſe parts, is called the denomi- 
nator of the fraction; and the number 3, which ſhews how many of 
theſe parts are conſidered in the fraction, is called the numerator: thus 
in the fraction ;: or one half, 1 is the numerator, and 2 the denominator ; 


in : or two halves, 2 is both numerator and denominator, &c. 


When a fraction is applied to any particular quantity, that quantity is 
called the integer to the fraction: thus in 3 of a penny, a penny is the in- 
teger ; in three fourths of ſix, the number 6 is the integer; thus in three 
fourths of five ſixths, the fraction five fixths is the integer; for though 


in an abſolute ſenſe it be a fraction, yet here with reſpect to the fraction 


three fourths, it is an integer: and thus may one and the ſame quantity, 
under different ways of conception, be both an integer and a fraction; 
as a foot is an integer, and a third part of a yard is a fraction, though 
they both ſignify the ſame thing. When the integer to a fraction is not 
expreſſed, unity is always to be underſtood : thus 3 is 3 of an unit; thus 
when we ſay,; and make r, the meaning is, that if; part of an unit, 
and : part of an unit be added together, the ſum will amount to the ſame 
as if that unit had been divided into 12 equal parts, and 7 of thoſe parts 
had been taken; thus again, when we ſay that; of; are equivalent to 
I, we mean, that if an unit be divided into 5 equal parts, and 4 of 
them be taken, and then this fraction; be again divided into 3 equal 

Oh | | G 2 Parts, 
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parts, and 2 of them be taken, the reſult will be the fame, as if the 
unit had at firſt been divided into 1 5 equal parts, and 8 of them had been 
taken; and whatever is true in the caſe of unity, will be equally true in 
the caſe of any other integer whatever: thus if it be true that; and 
of an unit are equal to Zr of an unit, that is, if it be true in genera 

that; and! added together are equal to r, it will be as true of any par- 

ticular integer, ſuppoſe of a pound ſte ling, that 2 of a pound, and z of 
a pound when added together, are equal to 2 of a pound; again, If it 
be true in general that ; of + are equal to ik it is as true in particular 
that; of; of a pound are equivalent to 5 of a pound, GS. 


O proper and improper fraftions; and of the reduction 


of an improper fraction to a whole or mixt number. 


2. Fractions are of two ſorts, proper and improper ; a proper fraction 
is that, whoſe numerator is leſs than the denominator, as ;; therefore an 
improper one is that, whoſe numerator is equal to, or greater than the de- 
nominator, as 2, 3, Ge. . ar M 

OBJECTION. 

But is there no abſurdity in the ſuppoſition of an improper fraction, as 
in three halves for inſtance, conſidering that an unit cannot be divided 

into more than two halves? Anſwer: no more than there is in ſu 
fing three half pence to be the price of any thing, conſidering that a pen- 
ny cannot be divided into above two halfpence. Theſe fractions therefore 
are called improper, not from any abſurdity either in the ſuppoſition or 
in the expreſſion, but becauſe they may be more properly and more in- 
telligibly expreſſed, either by a whale number, or at leaſt by a mixt 
number conſiſting of a whole number and a fraction; as for example, if 
the numerator of a fraction be equal to the denominator, as:, that frac- 
tion will always be equivalent to unity, as; of an hour, that is, four 
quarters of an hour, are equivalent to one hour, + of a penny, that is, 
four farthings, are equal to one penny, Cc: and the reaſon is plain; for if 
an unit be divided into four equal parts, and four of theſe parts be ex- 
prefſed in a fraction, the whole unit is expreſſed in that fraction, that is, 
ſuch a fraction muſt always be looked upon as equal to an unit: there- 
fore if the numerator be double of the denominator, as :, the fraction 
| muſt be equal to the number 2, becauſe * contain; or 1 twice; in 
ke manner ; are equal to, and may be more properly expreſſed by, the 
number 3; 7 by the number 3, Cc: and axiveckall , as often as the 
8 8 numerator 
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numerator of a fraction contains the denominator, ſo many units is that 
fraction equivalent to: but to find how often the numerator contains the 
denominator, is to divide the numerator by the denominator ; therefore 
if the numerator of an improper fraction be divided by the denomina- 


tor, the quotient, if nothing remains, will be the whole number by which 


the fraction may be expreſſed ; but if any thing remains of this diviſion, 
then the quotient together with a fraction whoſe numerator is that re- 
mainder, and denominator the diviſor, will be a mixt number, expreſſing 
the fraction deR : thus :; are . to the whole number 8, but 
* are equivalent to the mixt number 8 3, * to the mixt number 8 2, 
juſt as 24 feet are equal to 8 yards, 25 feet to 8 yards and 1 foot, 26 feet 
to 8 yards and 2 feet, &c : and this is what we call the reduction of an 
improper fraction into a whole or mixt number.. 5 


The reduction of a whole or mixt number into an improper 
Y i | 
, fraction. 


3. As unity may be 5 by any fraction of any form or deno- 
mination whatever, provided the numerator be equal to the denominator, 
as 2, 3,4, Ce; fo the number 2 is reducible to any fraction whoſe nu- 
merator is double the denominator, as 4, 5, , &c; and fo is every num- 
ber reducible to any fraction, whoſe numerator contains the denominator 
as often as there are units in the number propoſed: therefore whenever a 
whole number is to be reduced to a fraction whoſe denominator is given, 
it muſt be multiplied by that given denominator, and the product with 
that denominator under it, will be the equivalent fraction; thus if the 
number 5 is to be reduced into halves, that is, into a fraction whoſe de- 
nominator is 2, it muſt be multiplied by 2, and ſo you will have 5; equal 


to 2, juſt as 5 pence are equivalent to 10 halfpence; if the number 8 


is to be reduced into thirds, it muſt be multiplied by 85 and ſo you will 
have 8 equal to 7, juſt as 8 yards are equal to 24 feet 


number, conſiſting of a whole number and a fraction, the whole number 


muſt always be reduced to the fame denomination with the fraction an- 


nexed, and the rule will be this: multiply the whole number by the de- 
nominator of the fraction annexed; add the numerator to the product, 
and the ſum with the denominator under it will be-the equivalent frac- 
tion: Thus the mixt number 5; is equivalent to Z, juſt as 5 pence half- 
penny in money is equivalent to 11 hoe This operation carries 
it's own evidence along with it; for the number 5 itſelf is equal to 2 


, ; laſtly, if the 
number 2 is to be reduced into fourths, it will be equal to 5, juſt as 2 
pence are equal to 8 farthings. If the number to be reduced be a mixt 


> 
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as above; therefore 5 £ muſt be equivalent to #: again, the number 8 
is equal to ©, juſt as 8 yards and 2 feet over are equivalent to 26 feet; 
Aaſtly, 2 3 is reducible to 2, juſt as 2 pence and 3 farthings are reduci- 
ble to 11 farthings. e n 5 | 
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4. If any integer be aſſumed, as a pound ſterling, and alſo any frattion, 
as 3, I ſay then, that: parts of one pound, amount to the ſame as} 
part of 3 pounds, , © . eee g s K 

To demonſtrate this Lemma (which ſcarce wants a demonſtration) I 
argue thus: If any quantity, greater or leſs, be always divided into the 
ſame number of parts, the greater or leſs the quantity ſo divided is, the 
greater or leſs will the parts be; thus; of a yard is 3 times as much as! 
of a foot, becauſe a yard is 3 times as 2 a foot; and for the ſame 
reaſon! of 3 pounds is 3 times as much as 7 of 1 pound; but 3 of 1 pound 
are alſo 3 times as much as; of 1 pound; therefore ; of 1 pound are equal 


to:; of 3 pounds, becauſe both are juſt 3 times as much as 1 of 1 pound. 


| How o eftimate any fractional parts of an integer in parts 
of a leſſer denomination, and vice vers. 


5 This may be done various ways; but the ſhorteſt and ſafeſt, as I 


take it, is that which follows: Suppoſe I had a mind to know the value 


of 5 of a pound; I ſhould argue as in the foregoing lemma, that 5 of one 


pound, are the ſame as; of 5 pounds; but the latter is more eaſily taken 


than the former; therefore I apply myſelf wholly to the latter, to wit, to 
find the ſixth part of 5 pounds, thus: 5 pounds, or 100 ſhillings, divided 


by 6, quote 16 (killings, and there remain 4 ſhillings ; again, 4 ſhill- 


ings, or 48 pence, divided by 6, quote 8 pence, and there remains no- 


thing; therefore the value of 1 fixth of 5 pounds, or 5 of 1 pound, is 16 
. thillings and 8 pence. Again, ſuppoſe I would know the value of $ of a 


pound, I find the value of : of 6 pounds thus; 6 pounds, or 120 ſhillings 
divided by 7, give 17 ſhillings, and there remains 1 ſhilling; again, 1 
thilling, or 12 pence, divided by 7, give 1 penny, and there remain 5 
pence; again, 5 pence, or 20 farthings, divided by 7, give 2 farthings, 
and there remain 6 farthings; laſtly, a ſeventh part of 6 farthings is juſt 
as much as f of 1 farthing, by the lemma : hence I conclude, that? of a 
pound are 17 ſhillings, 1 penny, 2 farthings, and ? of a farthing : But 
the value of 5 of a farthing is fo near to one farthing, that if I would 

| | Fs 5 | =" rather 
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rather admit of a ſmall inaccuracy in my account, than a fraction, I ſhould 
make the value of? of a pound to be 17 ſhillings, 1 penny and 3 far- 
things. Laſtly, ſuppoſe I would know the amount of; parts of 17 ſhillings 
and ſixpence, I ſhould argue thus ; 2 parts of 17 ſhillings and ſixpence, 
are equivalent to; part of twice as much, that is, to; part of 3 5 ſhill- 

ings: but; part of 3 5 ſhillings is 11 ſhillings and 8 pence; therefore; parts 
* 17 ſhillings and ſixpence make 11 ſhillings and 8 pence. 

Of the reverſe of this reduction, one ſingle inſtance will ſuffice ; Let it 

then be required to reduce 1 ſhilling, 2 pence, 3 farthings, to ffational 
parts of a ct here I conſider, that in 1 pound are 960 farthings ; 
and in 1 ſhilling, 2 pence, 3 farthings, are 59 farthings; therefore 1 Be 
thing is 5 ofa pound; and 1 ſhilling, 2 pence, 3 farthings, are 2 ofa pound. 


Preparations for further reductioms and operations 
of fractions. 


5 All the operations and reductions of fractions, are mediately or im- 
mediately deducible from the ec 22 & which is; that IF 
the numerator of a fraction be encreaſed, whilſt the denominator continues 
the ſame, the value of the fraction will be encreaſed proportionably ; and 
vice vers, On the other hand, if the denominator be encreaſed in any pro- 
portion, whilſt the numerator continues the ſame, the value of the fraction 
will be diminiſhed in a contrary os ah ; and vice versi, Thus are 
twice as much as :, and ; is but half as much. 

From this principle it follows, that if the numerator and denomina- 
tor of a fraction be both multiplied, or both divided by the ſame num- 
ber, the value of the fraction will not be affected thereby; becauſe, as 
much as the fraction is encreaſed by multiplying the numerator, juſt 
ſo much again it will be diminiſhed by multiplying the denominator; 
and as much as the fraction is diminiſhed by dividing the numerator, 
juſt ſo much again it will be encreaſed by dividing the denominator :. 
Thus the terms of the fraction! being doubled, produce {, a fraction of 


the ſame value; and on the contrary, the terms of the fraction j being 
halved, give 3. 1 | 3 | 
Hence it appears, that every fraction is capable of infinite variety of 
expreſſion, ſince there is infinite choice of multiplicators, whereby the 
numerator and denominator of a fraction may be multiplied, and fo the 
_ expreſſion may be changed, without changing the value of the fraction: 
thus the fraction 2, if both the numerator and denominator be multiplied 
by 2, becomes 3; if by 3, 2; if by 4, f; if by s, 5; and fo on ad infin- 
tum; all which are nothing elſe but different expreſſions of ys ſame 
| : 285 action: 
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fraction: therefore in the midſt of ſo much variety, we muſt not expect f 
that every fraction we meet with ſhould always be in it's leaſt or loweſt 
terms; but how to reduce them to this ſtate whenever they happen to be 


otherwiſe, ſhall be the buſineſs of the next article, | 


tively, each without remainder ; therefore the fraction g, after 


The reduction of fraftions from higher to lower terms. | 


7, Whenever a fraction is ſuſpected not to be in it's leaſt terms, find 
out, if poſſible, ſome number that will divide both the numerator and 
denominator of the fraction without any remainder ; for if ſuch a num- 
ber can be found, and the diviſion be made, the two quotients thence 
ariſing will exhibit reſpectively, the numerator and denominator of a 
fraction, equal to the fraction firſt propoſed, but expreſſed in more fim- 
ple terms: this. is evident from the laſt article. As for example; let the 
fraction ; be propoſed to be reduced: here to find ſome number that 


will divide the numbers 10 and 15 without any remainder, I begin 


with the number 2, as being the firſt whole number that can have any 
effect in diviſion ; but I find 2 will not divide 15; 3 is the next number 
to be tried; but neither will that ſucceed, for it will not divide 10; as 
for the number 4, I paſs that by, becauſe if 2 would not divide 1 5, 
much leſs will 4 do it; the next number I try is 1 and that ſucceeds; 
for if 10 and 15 be divided by 5, the Rog will be 2 and 12 
ing re- 
duced to it's leaſt terms, is found to be the fame as; that is, if an unit 
be divided into 15 equal parts, and 10 of them be taken, the amount 
will be the ſame, as if it had been divided into 3 equal parts, and 2 of 
them had been taken. Secondly, if the fraction propoſed to be reduced 
be 7560 divide it's terms by 2, and you will have the fraction =; di- 
630 EY , : | 
155 divide again by 2, and you 


will have = therefore all further diviſion by 2 is excluded : divide then 


theſe laſt terms by 3, and you will have — ; divide again by 3, and you 
will have 105; divide by 5, and you will have 4; and laſtly divide by 
7, and you will have ; ſo that the fraction == after a common divi- 
tion by 2, 2, 2, 3, 3, 5, 7, is found at laſt equal to 3. Thirdly, the 
traction 5, after a continual diviſion by 2, 2, 3, becomes 1. Fourthly, 


£ after a continual diviſion by 2, 2, 7, becomes 3. Fifthly, = after a 


7s | Wy ie 


vide again by 2, and you will have 


Lay 
In; <1 4 30 
7 Tr? * a 
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and there remains 6, which I call 7; laſtly I divide e (12) by f 
= D 


Art. 5. FRACTIONS. 5 
continual diviſion by 2, 2, 3, 3, becomes 4. Sixthly, == after a conti- 
nual diviſion by 2, 3, and 7s becomes *. Seventhly, 25 after a continual 

diviſion by 3, 5, 7, becomes 3. Eighthly, - after a continual divi- 


ſion by 5 and 7, becomes Z. Ninthly, = after a continual diviſion by 
5, 77 7» becomes 1 OT 3. | ; | | 3 
Some perhaps may think themſelves helped in the practice of this rule 
by the following obſervations: + He" 5 
Firſt, that 2 will divide any number that ends with an even number, 
or with a cypher, as 36, 30, &c. and no other. 
Secondly, that 5 will divide any number that ends with a 5, or with 
a cypher, as 75: 70, &c. and no other. Hh T 
Thirdly, that 3 will divide any number, when it will divide the ſum 
of it's digits added together: thus 3 will divide 471, becauſe it will di- 
vide the number 12, which is the m of the numbers 4, 7 and 1. 
Fourthly, if both the numerator and denominator have cyphers an- 


nexed to them, throw away as many as are common to both: thus To = 
* 35 22 K | 
is the fame as 565 Too or . 


After all, there is a certain and infallible rule for finding the greateſt 
common diviſor of any two numbers whatever, that have one, whereby 
a fraction may be reduced to it's leaſt terms by one ſingle operation on- 
ly. I ſhall be forced indeed to poſtpone the demonſtration of this rule 
to a more convenient place, not ſo much for want of principles to pro- 
ceed upon, as for want of a proper notation; but the rule itſelf is as 
follows: Let a and 6 be two given numbers, whoſe greateſt common 
diviſor is required; to wit, à the greater, and 5 the leſs: then dividing 
a by b without any regard to the quotient, call the remainder c; divide 
again b by c, and call the remainder d; then divide c by d, and call the 
remainder e; then divide d by e, and call the remainder 7; and fo pro- 
ceed on, till at laſt you come to ſome diviſor, as , which will divide the 


preceding number e without a remainder : I fay then, that this laſt divi- 


ſor will be the greateſt common diviſor of the two given numhers à and 
5. As for example; let à be 1344 and 6 552: then to find the great- 
eſt common vita of theſe numbers, I divide a (1344) by & (582) and 
there remains 180, which I call c; then I divide 4 (582) by c (180) 
and there remains 42, which I call 4; then I divide c (180) by d (42) 
and there remains 12, which I call e; then I divide 4 (42) by e (12) 
(6) 

1d 


an 
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and there remains nothing: whence I conclude that 6 is the greateſt 
common diviſor of the two numbers 1344 and 582; and as the quotients 


by 6 are 224 and g7, it follows, that the fraction = when reduced 


to it's leaſt terms, will be 12 If no common diviſor can be found but 


unity, it is an argument that the fraction is in it's leaſt terms already. 
From this and the laſt article it follows, that all fractions that are re- 

ducible to the ſame leaſt terms are equal 3 28 87 55 155 &c, which are all 

reducible to *; though it does not follow e converſo, that all equal frac- 


tions are reducible to the fame leaſt terms; this will be demonſtrated 


in another place. (See Elements of Algebra, Art. 193.) 

For the better underſtanding of the following article, it muſt be ob- 
ſerved, that this mark x is a ſign of multiplication, and is uſually read 
into: thus 2x 3 —_— 2 * 3 x 4 ſignifies 24, 2x3 x4 x 5 ſignifies 
120, Ec; and in ſome caſes it will be better to put down theſe compo- 
nents or factors, than the character of the number arifing from their con- 
tinual multiplication, as in the following article. It ought alſo to be 
obſerved, that it matters not in what order theſe components are placed; 
for 2x 3 x 4 * 5 ſignifies juſt the ſame as 4x 5x2x3, Tc. 


The reduction of fractions of d ifferent denominations, to others 


of the ſame denomination. 


6: e fi flies. oe bfnbfd ten the 


former; and that is, the reduction of fractions of different denomi- 


nations to others of the ſame denomination, or which have the fame 


denominator, without changing their values ; which is done as follows : 


Having firſt put down the fractions to be reduced, in any order, one 


-after another, and beginning with the numerator of the firſt fraction, 
multiply it by a continual multiplication, into all the denominators but 
it's own, and put down the product under that fraction; then mv«ltiply 
in like manner, the numerator of the next fraction into all the denomi- 
nators but it's own, and put down the product under that fraction; and 


fo proceed on through all the numerators, always taking care to except 
the denominator of that fraction, whoſe numerator is multiplied. Then 
-multiplying all the denominators together, put down the product under 
every one of the products laſt found, and you will have a new ſet of 
fractions, all of the ſame denomination with one another, and all of the 
ſame values with their reſpective original ones. As for example; let it 
be propoſed to reduce the following fractions to the fame denomination; 
1,4 + 3: I/, The numerator of the firſt fraction is 1, and the denomi- 

* nators 


Art. 8. FRACTIONS. „ 
nators of the reſt are 4, 6 and 8, and 1X 4 6 8 gives 192 ; there- 
fore I put down 192 under 1. 24%, The numerator of the ſecond frac- 
tion is 3, and the denominators of the. reſt are 6, 8 and 2, and ; x 6 
x 8 x 2 gives 288 ; therefore I put down 288 under 3. 3dly, 5x8 x2 
* 4 gives 320; therefore I put down 320 under 3. qthly, 9x 2x 4x6 
gives 336; therefore I put down 336 under 3. Laſtly, 2x4x6x8, 
or the product of all the denominators is 15 84: this therefore I put 
down under every one of the numerators laſt found, and ſo have a new 
bet of fractions, viz. ., 2 =, 25 all of the ſame denomination, 
as appears from the operation itſelf ; and all of the fame value with their 
reſpective original ones, as will appear preſently ; but firſt ſee the work: 


„„ 70 Y 
38% 384 3% 384 ; 


A demonſtration of the rule. 


All that is to be demonſtrated in this rule is, to prove from the na- 
ture of the operation itſelf, that the original fractions ſuffer nothing in 
their values by this reduction: in order to which, it will be convenient 
to put down the components of the new numerators inſtead of their pro- 
per characters, as in the laſt article; as alſo thoſe of the common deno- 
minator, and the work will ſtand thus : a 


Th * I, 1 8. Jo 
2 4 
IX 4X 6&8 3 & 648 * 2 „ 7HLKENS 
n . 4x0x8x2 enn VBx2K4%0 


By this method of operation it appears, that the numerator and deno- 
- minator of the firſt fraction 3, are both multiplied by the ſame number 
in the reduction, to wit, by 4x 6 «8 ; and therefore that fraction ſuf- 
fers nothing in it's value, by art. 6. In like manner, the terms of the ſe- 
cond fraction! are both multiplied by the ſame number 6 x 8 x 2; there- 
fore that fraction can ſuffer nothing in it's value; and the ſame may be 
ſaid of all the reſt. Q. E. D. © 


Other examples to 7515 rule. 


1 x 1 1 1 1 1 1 
1 3 4* 5* . 8 3 * 5 6* 
360 240 180 144 120 120 90 72 60 
2 — — —. —. — . — . — » 
120 720 720 720 360 360 360 360 
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the fractions; and when added together make up the fraction 2 
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30 =... 8 | 6 3 
% -- 10. OT 30 30 


| The uſe of this rule will ſoon appear in the addition and ſubtraction of 


fractions : in the mean time it may not be amiſs to obſerve, that it would 
be very difficult, if not impoſſible, to compare fractions of different de- 


nominations, without firſt reducing them to the fame. As for inſtance ; 


ſuppoſe it ſhould be asked, which of theſe two fractions is the greater, , 
or 5; in this view it would be difficult to determine the queſtion ; but 
when I know that; are the ſame with zz, and that 5 are the fame with 22, 
I know then, that 3 are greater than 5 by a twenty ei th part of the whole. 
We now proceed to the four operations of fractions, to wit, their addi- 

tion, ſubtraction, multiplication and diviſion : and firſt, DE. 


Of the addition of fraftjons. 


9. Whenever two or more fractions are to be added together, let 
them firſt be reduced to the ſame denomination, if they be not ſo already; 
and then adding the new numerators together, 45 down the ſum with 
the common denominator under it. In the caſe of mixt numbers, add 
firſt the fractions together, and then the whole numbers: but if the 
fractions when added together, make an improper fraction, reduce it by 
the 2d art. to a whole, or mixt number; and then putting down the 
fractional part, if there be any, reſerve the whole number for the place 
of integers. 8 | 5 

To this rule might be referred (if it had not been taught already in 
the gd art.) the reduction of a mixt number into an improper fraction, 
which is nothing elſe but adding a whole number and a fraction together, 
and may be done by conſidering the whole number as a fraction whoſe 


_ denominator is unity, 


Examples of addition in fractions. 
1ft, 2 and 4 when added together make 25 for juſt the ſame reaſon 


as 3 ſhillings and 4 ſhillings when added together make 7 ſhillings. 


24h, The fractions; and: when reduced to the fame denomination 
by the laſt art. are ; and 3, and theſe added together make 2; therefore 


125 


a 


For a better confirmation of theſe abſtract concluſions, but chiefly to 
inure the learner to conceive and reaſon diſtinctly about fractions, it will 
— be 


w 3 
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be very convenient to apply . theſe examples in ſome particular caſe, as 
for inſtance, in the caſe of a pound ſterling and if we do ſo here, we 
are to try, whether; and! of a pound when added together, amount to 
2 of a pound, or not: here then we ſhall find by diviſion, that the third 
part of a pound is 6 ſhillings and 8 pence, and the fourth part 5 ſhillings; 
and theſe added together, make 11 ſhillings and 8 pence ; therefore; 
and; of a pound when added together, make 11 ſhillings and 8 pence 
but by the 5th art. it will be found that 2 of a pound are alſo 11 ſhil- 
lings and 8 pence ; therefore; and of a pound, when added together, 
make 2; of a pound; and the fame would have been true in any other 
inftawee whiever, oO > - 1 | | ations 

Za, ; and }, that is, & and 5, when added together, make u, which 
will alſo be true in the caſe of a pound ſterling ; for by the 5th art.; of 
a pound are 8 ſhillings, 3 of a pound are 7 ſhillings and 6 pence, and 
their ſum is 15 ſhillings and 6 pence; which will alſo be found to be 
the value of 3; of a pound; therefore; and ; of a pound when added to- 
gether, make 3 of a pound. 5 ? 


4thly, ; and +, that is, 2 and 2, when added together, make ®, an im- 
proper fraction; which being reduced to a mixt number, by the 2d art. 
is 1 and 7: let us now try, whether ; of a pound, and; of a pound 
when added together will make one pound and 7 of a pound over, or not: 


now; of a pound, or 13 ſhillings and 4 pence, added to; of a pound, 
or 16 ſhillings, amount to 1 pound 9g ſhillings and 4 pence; and 7; of a 
pound, are found to be 9 ſhillings and 4 pence ; therefore; and + of a 
pound when added together, make one pound and of a pound over. 
5thly, 3 and 5, that is, 3 and 2: when added together, make 2, or 1 f, 
which will alſo be true in the caſe of a pound ſterling. | 
333333 „ | 
6thly, 25 32 4 52 85 that 18, 720? 720? 720? 720? 720? when added toges 
ther, make == ; that is, 1 35: try it in money. 
720 = 


: | . 360 480 549 576 600 Fes 
thy, +, *,3, 4 and z, that is, 5 and . when added 


7 2556 "i a, 
together, make , that is, 3 B. 


0 
 Brhly, The ſum of the mixt numbers 7; and 81 is x52; for the ſum 
of the fractions is ; by the ſecond example, and the ſum of the whole 
numbers is 1 5. | 5 
gthly, 5; added to 7; gives 133; for the ſum of the fractions is 1 7, 
by the fourth example; and the whole number 1, added to the whole 
numbers 5 and 7 gives 13. | 5 


= 


 1othly, 
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rothly, $5, 9 10% 114, 124 added together make 53%; for the 
fractions themſelves make 33 by the ſeventh example, and the whole 
number 3 added to the reſt makes 53. * 188 

IIc h, The whole number 2 added to the fraction 3 gives 2; for the 
| whole number 2 may be conſidered as a fraction, whoſe denominator is 
unity; now * and 3 when reduced to the ſame denomination, are 5 and 
2, which added together make 7. . | 

Thus alſo may unity be added to any fraction whatever, when ſub- 
traction requires it; but better thus: unity may be made a fraction of 
any denomination Whatever, provided the numerator be equal to the de- 
nominator, by art. 2d: ſuppoſe then I would add unity to ;; I ſuppoſe 
unity equal to 3, and this added to . makes ;: again, unity added to 3 
makes ?, becauſe 5 and]; make. „ 


Of the ſubtraftion of fraction. 


10. Whenever a leſs fraction is to be ſubtracted from a greater, they 
muſt be prepared as in addition; that is, they muſt be reduced to the 
ſame denomination, if they be not ſo already; then ſubtracting the nu- 

merator of the leſs fraction from that of the greater, put down the re- 
mainder with the common denominator under it. In the caſe of mixt 
numbers, ſubtract firſt the fraction of the leſſer number from that of 
the greater, and then the leſſer whole number from the greater: but if, 
as it often happens, the greater number has the leſſer fraction belong- 
ing to it, then an unit muſt be borrowed from the whole number and 
added to the fraction, as intimated in the cloſe of the laſt article. 


Examples of ſubtraction in frat ons. 


I, + ſubtracted from ; leaves , juſt in the ſame manner as 3 ſhil- 
lings ſubtracted from 4 ſhillings leaves 1 ſhilling. ED 
2dly, 1 ſubtracted from 5, that is, 2 ſubtracted from z, leaves 2, or £. 
So of a pound, or 15 ſhillings, ſubtracted from ; of a pound, or 16 
ſhillings and 8 pence, leaves + of a pound, that is, 1 ſhilling and 8 pence. 
Zaly, 73 ſubtracted from 83, that is, 74 ſubtracted from 83, leaves 13. 
4thly, 7; ſubtracted from 82, that is, 73 ſubtracted from 75, leaves 3, 
or ; for here the greater number having the leſs fraction belonging to 
it, I borrow an unit from the whole number 8, and fo reduce it to 7; 


and then this unit, under the name of +, I add to the fraction *, and fo 
make it | ? -M ; 


5thly, 


PEE b 
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ptbly, 7; ſubtracted from 8], that is, 74 ſubtracted from 83, that is, 


7g ſubtracted from 73, leaves 4. 


btb, 7; ſubtracted from 8, that is, 73 ſubtracted from 73, leaves 3. 
Of the multiplication of fractions. 
11. To multiply a whole number is to take the multiplicand as of- 


ten as that whole number expreſſes : therefore to multiply by a mixt 
number, is, not only to take the multiplicand as often as the inte- 


gral part expreſſes, but alſo to take ſuch a part or parts of it over and 
above, as is expreſſed by the fraction annexed. Thus 10 multiplied by 


2 5 produces 25 


for as 23 is a middle number between 2 and 3, fo 
the product oug 


t to be a middle number between 20 and 30, that is, 25: 


In like manner 10 multiplied by 13 produces 15, and being multiplied 


by ; produces 5: therefore to multiply by a proper fraction, is nothing 


elſe but to take ſuch a part or parts of the multiplicand, as is expreſſed 


by that fraction. Certainly to take 10 twice and half of it over, once 
and half of it over, no times and half of it over, (which laft is taking 


the half of 10,) are operations of the fame kind, and differ only in de- 


gree one from another; and therefore, if the two former operations paſs 
by the name of multiplication, this laſt ought to do fo too; and if there 
be any abſurdity in the caſe, it lies in the name, and not in the thing. 
Arithmetic was at firſt employed about whole numbers only, and 
thus far the name of multiplication was adequate enough, except in the 
caſe of unity. But it being afterwards conſidered, that no quantity 
whatever could be called an unit, that was not further diviſible; and 
conſequently, that there was not only an infinity of fractional numbers 
below unity, but alſo an infinity off mixt numbers between any two 
whole numbers whatever ; it was judged, .rightly enough, that the art of 
Arithmetic would not be perfect till it's operations extended themſelves 
to this fort of number alſo ; and this being done without changing their 
names, it was then that the name of multiplication became too ſcant 
for the thing ſignified : this therefore ought to be attributed to the un- 
avoidable want of foreſight in the firſt impoſers, and not to any imper- 
fection in the ſcience itſelf; This is no more than the caſe of many other 


arts and ſciences that have outgrown their names. Thus Geometry, that 


originally and properly ſignified no more than the art of ſurveying, is 
now defined to be a ſcience treating of the nature and properties of all fi- 
gures, or rather of the different modifications of extenſion and ſpace; fo 
that now ſurveying is the leaſt and loweſt part of that ſcience, Thus Hy- 
droſtatics, which originally ſignified no more than the art of weighing 
bodies in water, or rather the art of finding out the ſpecific gravities of 

| —_— | bodies 


multiplied reſpectively by the numerator and denominator of; 
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bodies by weighing them in water, is now made the name of a ſcience, 
which treats of the nature and properties of fluids in general; and the 
ſeveral properties of air and mercury, ſo far as they are fluids, fall under 
the conſideration of Hydroſtatics, as properly as thoſe of water.. 
But perhaps it may be further urged, that to take the half of any 
quantity, is not to multiply, but to divide it. To which I anſwer : that 
it is impoſſible to take the half of any quantity without dividing it by 2 ; 
and conſequently, that to multiply by has the ſame effect as to divide 
by. 2 ; but this does not prove that multiplication is the fame as diviſion, 
but only that theſe two operations, how contrary ſoever, may be made 
to do each others buſineſs, which is no myſtery to any one who is the 
leaſt converſant in Arithmetic, and will, be further explained in the next 
article. P 5 | 

A fraction may be multiplied by a whole number two ways; either 
by multiplying the numerator by that number, or ele by dividing the 
denominator by the fame, where ſuch a diviſion is poflible : thus if the 


fraction 5 be to be multiplied by 2, the product will either be ? by 
| doubling the numerator, or 5 by halving the denominator : this is evi- 


dent from the 6th art. becauſe a fraction will be equally encreaſed, whe- 
ther it be by encreaſing the numerator, or by diminiſhing the deno- 
minator, : „ = . 

If a fraction be to be multiplied by a fraction, multiply the numera- 
tor and denominator of the multiplicand, by the numerator and deno- 
minator of the multiplicator reſpectively, and the fraction thence ari- 


ſing will be the product fought : thus if it was required to multiply + by 


2 or (which amounts to the ſame thing) if it was required to determine 
ow much is; of ;, the anſwer would be ,; and the reaſon. is plain; 


for; of; is &, by the ſixth art. becauſe making the denominator three 


times greater, makes the fraction three times leſs; but if; of + be +, 
then 2 of; ought to be twice as much, that is, ; therefore to deter- 
mine the amount of; of 4, the numerator and denominator of; muſt be 


3 and the 
ſame reaſon will hold good in all other inſtances. . 5 
If a whole number is to be multiplied by a fraction, either change 
the multiplicator and multiplicand one for another, and then proceed as 
above directed; or elſe conſider the multiplicand as a fraction whoſe de- 
nominator is unity, and ſo proceed according to the rule for multiplying 
one fraction by another; by which means both rules will be contracted 
into one. Thus 6, or 5, multiplied into 3, produces 2, or 4. | 
If the multiplicator, or multiplicand, or both, be mixt numbers, they 
muſt firſt be reduced to improper fractions by the third art. and then be 
multiplied according to the general rule, ; 5 


Examples 


, Lo ATP 10NS. e 
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ft, ; of Z multiplying numerators wan. and denominator! 
DX is E, or 4x 15 * find it in any particular caſe : for . 
pound are 17 ſhillings and 6 pence ; and; of 17 ſhillings and 6 pence, 
that is, (by the-5th art.) 3 of 35 ſhillings, is 11 ſhillings and 8 pence; 
therefore; of ; of a pound are 11 ſhillings and 8 pence, which will oy 
be found to be the value of 2 of a pound. £ 
Here we may obſerve once for all, that whenever two fractions are to 
be multiplied together, the product will be the ſame, which ſoever it is 
that moles e other, juſt as it is in whole numbers, and for the 
ſame reaſon; for if j be to be multiplied by : ;, then the numbers 7 and 8 
mult be reſp ively multiplied by 2 and 3; but if; is to be multiplied 
by z, then the numbers 2 and 3 muſt be ref ively multiplied by 7 and 
8, which amounts to the ſame thing; whence it follows, that of Z 
come to the ſame as 3; of ;: to confirm this, we have ſeen already that 
of z ofa pound amount to 11 ſhillings and 8 pence ; let us in the next 
place enquire into the value of } of; : of now + of a pound are 
13 ſhillings and 4 pence ; and ; 1 of rg illings ad pence, that is, 2 of 
-93 ſhillings and 4 pence, is 1 1 ſhilli gs and 8 pence; therefore of ; a 


of a pound are the ſame as ; of; of a 23 ſince both amount to 11 
. ſhillings and 8 pence. 


2dly, of ꝭ of 2 are I. or 1: for 2x 5 * 9 make 90, and 30 x10 


make 180: thus 2 of a pound are 18 ſhillings; and of 18 ſtullings are 
I Is ſhillings ; and; * 15 ſhillings are 10 thillings ; Which are;of a 
ound. 
zaly, 1 of 3 of 3 are 2: thus 3 a pound are 15 . and]; of 15 
Jhillings : are 11 ſhillings and 3 pence; and 3 of 11 ſhillings and 3 pence 
are 8 ſhillings and 5 pence farthing; which will alſo be found to be the 


value of 2 of a pound. 

4thly, The mixt number 61 multiplied by the whole number 7, or 
the whole number 7 multiplied by the a number 63, will; pro- 
duce in either, caſe 47: for the mixt number 63 being reduced (by 
the zd art.) to an 2 8 fraction, becomes 2; which being multi- 


plied by 7, or , makes - — or, when reduced to a mixt number, 471. 


* This multiplication may alſo be made another way, thus: 3 multipli- 


ed by 7 makes 4, that is, (by the 2dart.) 5 4; put down the fraction 
: ; and eep the 5 in reſerve; then 6 multiplied by 4, makes 42, which, 


E With 
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with the 5 in reſerve, makes 47 ; therefore the whole product is 47: as 
mn TN. © > ad at 
„ 1 multiplied by 25, that is, 5 multiplied by 5, makes 2 . 
that is, 10: thus 3-2 of a pound are 3 pounds, 1 5 ſhillings; and twice 
3 pounds, 1 5 ſhillings is 7 pounds, 10 ſhillings; moreover 2 of 3 

unds, 1 5 ſhillings, or of 7 pounds, 10 ſhillings, is 2 pounds, 10 ſhill- 
ngs ; and theſe 2 pounds, 10 ſhillings added to the former part of the 
product, to wit, 7 pounds, 10 ſhillings, give 10 pounds for the whole 
product; therefore 3 3 of a pound multiplied by 2 3 make 10 pounds. 
th, 96; multiplied by 24 that is, = multiplied by 7, gives 

25 chat is, (by the ad art.) 23483. : 


 *thly, 361 multiplied into itſelf, that is, = multiplied by = makes 
1 that is, 13145. . A} Arms W's 5 , 
Before I put an end to this art. I do not know whether it will be 

thought worth my while to take notice of a very abſurd queſtion ſome- 
times bandied about, wherein it is required to multiply; of a pound by 
: of a pound: I call this a very abfurd queſtion, becauſe there is no 
manner of propriety in it; for inthe very idea and definition of multipli- 
cation, the multiplicator at leaſt is ſuppoſed to be an abſtract number, 
or fraction, otherwiſe, what can be the meaning of taking the multi- 
plicand as often, or as much of it, as is . by the multiplicator ? 
If by multiplying; of a pound by; of a pound, be meant no more, than 
multiplying 2 of a pound by, 65 is the word pound expreſſed in the 
multiplicator? and if there be any other meaning in it, why does not 
the propoſer explain it, ſince it is not expreſſed in the queſtion? Let 
him tell me what he means by multiplying 1 pound by 1 pound, and F 
will ſoon undertake to anſwer his queſtion; but if A neither can nor 
will do this, the queſtion neither deſerves, nor is capable of an anſwer. 
I am not ignorant of another queſtion more frequently uſed than this, 
and of equal nonſenſe, if cuſtom had not explained it, and that is, to 
multiply 3 yards by 2 yards, and the like; whereby is meant I ſuppoſe, 
to aſſign the number of ſquare yards contained in a rectangled parallelo- 
gram, or long ſquare, 3 yards in length, and 2 yards in breadth ; but 
if this be the ſenſe put upon that queſtion by common conſent, that 
is all the title it has to it, there being no ſuch thing either expreſſed, 
or ſo much as implied, in the terms of the queſtion. 8 


— 


A 


Art. 12, 13, DIVISION or Fx ACTIONS. 38 
A LEMMA. 


Let n be any whole number, mixt number, or fr faction; then 
"as the quotient of n drvided by any fraction is equal to the 2457 
n mulliplied into the reverſe of that fraction: as for inſtance, 


Let u be divided by 2; 1 fay that the quotient of u divided by 1, will 
be equal to AA e of 2 multiplied by ;: for let be the ä 
of u divided by 1; that is, let q be a number reſſing how often the 
fraction is contained in u; then will 3 multipli by q, be equal to u, 
from the nature of multi lication ; but the product 1 multi e by 7 
is the ſame with the produk of q multiplied 7 i; chat is, 10 

laſt article; therefore 1 is equal to of 9; therefore of x is 

df ; therefore 3 of n are equal to q 3 but + ; of is the product o cpa 
tiplied by 33 therefore the product of # multiplied by; is equal to q ; but 
the quotient of x divided by 3 was g, by.” the ſuppoſition; therefore the 


quotient of 2 divided by 3, is x eg to the . of u e by 4 
YE D. 


Co AA v. 


Hence may the rule of diviſion be at any time changed 'imo that of 
multiplication, only by inverting the terms of the diviſor, and then mul - 
tiplying inſtead of dividing. The fame will alſo obtain in whole num- 
bers, if they be conſidered as fractions whoſe denominators are units : 
: thus to divide n by 2, that is, *, will have the fame effect as to multiply 

it by z, as was hinted | in the foregoing article. 


of the arvifion of fractions. 


12. The diviſion of fractions like all other diviſion, is to find AM 
often one fraction called the diviſor, is contained in another called the 
dividend ; and that which ſhews this, is called the quotient, whether it 
be a whole number, a mixt number, or a proper fraction: for in frac- 
tional diviſion the quotient is always intended to be exact, without any 
remainder, and therefore muſt ſometimes be a whole number, ſometimes 

a mixt number, and ſometimes a proper fraction. Thus: if 18 is to be 
divided by 6, the quotient will be 3; becauſe 18 contgins 6 z times: but 
if 21 is to be divided by 6, the quotient will be 3 1; becauſe 21 con- 
tains 6 three times, and half of it over and above: iaftly, if 3 is to be 
divided by 6, the quotient will be 2 ; becauſe here the diviſor being 2 
= an 
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than the dividend, cannot be ſo much as once contained in it, and there- 
fore the quotient in this caſe, muſt be a proper fraction, that is, , ſince 
3 is juſt the half of 6. 25 1 
A fraction may be divided by a whole number two ways; either by 
dividing the numerator by that whole number when poſſible, or elſe by 
multiplying the denominator by the fame: thus the half of 5 may be 
taken, that is, 5 may be divided by 2, either by halving the numerator, 
and the quotient wall be 3, or elſe by doubling the denominator, and then 
the quotient will be , both which amount to the ſame thing, by the 6th 
If the diviſor be a fraction, the quotient may be had by multiplying 
the dividend into the inverted diviſor, according to the rules of multipli- 
cation already laid down: thus if + is to be divided by 3, the quotient 
will be the fame as the product of; multiplied by , that is, 2, or 17; 
the demonſtration whereof is contained in the laſt article. 
And here again, as well as in the eleventh article, we are to obſerve, _ 
that if either the diviſor, or dividend, or both, be mixt numbers, they 
muſt be reduced to improper fractions before the general rule can have 
place; and that if either, or both be whole numbers, they muſt be con- 
ſidered as fractions whoſe denominators are units. 
From the general rule of diviſion before laid down it follows, that 
every fraction may be conſidered as the quotient of the numerator divi- 
_ ded by the denominator, and that, whether the terms vf the fraction un- 
der eonfideration be whole numbers, or (which ſometimes happens) mixt 
numbers, or even pure fractions: a demonſtration of this laſt caſe will 
ſerve for all, ſince mixt numbers may be reduced to fractions, and whole 
numbers may be conſidered as fractions whoſe denominators are units. 


Let the fraction propoſed be 13 I fay, that this fraction is equal to the 


. . 0 -3 , f * g . 
quotient ariſing from the diviſion of the numerator + by the denominator 
: to demonſtrate which, multiply both; the numerator, and; the de- 
nominator, by 3 the inverted denominator, and the fraction will be changed 


into this, 18, or 23, being of the fame value with the former, by the 6th art. 
but the quotient of; divided by 2 is alſo ; as above; therefore the frac- 
tion : is equal to the quotient ariſing from the diviſion of the numerator 
by the denominator : and the ſame way of reaſoning may be uſed in any 
other inſtance. This conſideration is of very great uſe in Algebra, where 
quantities are very often ſo generally expreſſed, that there is no other 
way of repreſenting the quotient, but by a fraction whoſe numerator: is 
the dividend, and denominator the diviſor, Hence alſo we are taught 

| 53 3 
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how to reduce a complicated fraction into a fimple one, whoſe numera- 
tor and denominator are whole numbers, to wit, by dividing the nu- 


merator by the denominator: thus we ſee that : is the ſame as 5. 
7 d —— - * | | i” 7 3 LS | ; f 
Other examples of diviſion in fractions. 


1 divided by 2, or, which is the fam thing, 3 multiplied into 5, 
MAKE 


s %, or 1:; which ſhews, that ; is contained once, and ; part of 


it over and above, in ;: for a further confirmation of this, ; of a pound 
are 16 ſhillings and 8 pence; and 1 of a pound are 15 ſhillings: now 
15 ſhillings are once contained in. 16 ſhillings and 8 pence, and there is 
1 ſhilling and 8 pence over; which 1 ſhilling and 8 pence is juſt ; of 
I 5 ſhillings. To prevent overſights, the learner is to remember, that it 


is the terms of the diviſor only that are to be inverted, and not thoſe. 
of the dividend : thus to divide 5 by ; is the fame as to multiply 4.into +, 


but not the ſame as to multiply; into 3. 


2dy, & divided by , or multiplied into 3, make 23, or 22;, which 
may be confirmed like the former: for 3 of a pound are 18 ſhillings; 
and 3 of a pound is 6 ſhillings and 8 pence : now 6 ſhillings and 8 pence 
are twice contained in 18 ſhillings, and there are 4 ſhillings and 8 pence 
over; which 4 ſhillings and 8 pence will be found by the 5th art, to be. 
juſt 3 of 6 ſhillings and 8 pence. VV 15 
© 3dly, The. whole number 10 divided by 23, that is 2 divided by 3, 


or multiplied into 3, makes , or 31. 
399 


k 294 ; 
makes, or 14. 


4 
Further obſervations concerning multiplication and: 
diviſion in fractions. | 


14. When two fractions are multiplied together, or ohe is divided 
by the other, it often happens, that though the original fractions be 
both in their leaſt terms, yet the product, or quotient from them, ſhall' 

be otherwiſe, and require a further reduction: as for inſtance, the frac- 
tions 3; and 8 are both in their leaſt terms; and yet if they be multiplied 
together, their product £ is fo far from being in it's leaſt terms, that it 
may be reduced to ;: fo again in diviſion, 2 and ig are fractions both 
. 2 


47h, 2 ; divided by 2, or 5 divided by 2, or multiplied into makes: 
% - - | | 5 „ 
«thly, 165 divided by 15, that is, 5 divided by 3 or multiplied into? 
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in their leaſt terms; and yet if the latter be divided by the former, the 
quotient - 127 is reducible to 3. It may not be amiſs am to en- 


quire into the cauſe of this, ze ſee whether the original fractions m may | 
not be ſo prepared beforehand, as that the e or quotient, 
always come out in it's leaſt terms. Firſt then, as to the multiplicati- 
on of; and 2; here it is eaſy to ſee, that the product of 5 and ñ mul- 
tiplied together, will juſt rf to the ſame, as that of & into 9, the 
denominators of the fractions being interchanged; this T fay i is certain 
from the tion itſelf; for the fame numbers are multiplied together 
in both ; but theſe laſt fractions are far from being in their leaſt 
terms, the . 5 being reducible to , and the latter ; to 7; but af- 
ter theſe new fractions 8 * and 2 are reduced to their leaſt terms: and 3; 
their product; will be the fame in value with that of the original "ag 
tions, and at the fame time will be in it's leaſt terms. Thus then we 
ſee, that to have the product in it's leaſt terms, care muſt be taken, 
not only to reduce the original fractions as low as poſſible, but after 
that, to interchange their denominators, and then again to reduce theſe 
new fractions to their leaſt terms, and laſtly, to multiply theſe reduced 
fractions one into another. 5 
The ſame manner of practice will alſo ſerve for diviſion, after it is 
reduced to the rule of multiplication : as for example; the quotient of 
divided by 2, is the fame with the product of ; multiplied into 7; and 
this again, is the fame with the prod uct of ; multiplied into ;, as above; ; 
but becauſe the fractions & and 13 18, are not in their loweſt terms, they 
muſt be reduced to 5 and | before it can be expected that their product 
2 ſhould be in it's Teaſt terms. Thus we have reduced the two com- 
pendiums of multiplication and diviſion, not only to one rule inſtead of 
two, as they are commonly given out, but alſo to ſuch a rule as car- 
ries it's own evidence along with it. ” 
N. B. What was here done by interchanging the denominators, and 
keeping the numerators in their places, may as well be done by inter- 
changing the numerators, and keeping the denominators in their places, 
the reaſon of both being the fame. 


Of the rule of proporti on in fraftions. 
1 5. mu rule of proportion in fractions, is ſo much the * with 
the rule of proportion in whole numbers, that nothing more needs 
W except to illuſtrate it by an example or two. | 


Examples 


Art. 15, 16. 1N FRACTIONS. 


Examples of the rul of proportion in 2 


1ft, 1 A e. ive? Here : and ; ; multiplied together 

25 Aae divided by 5, (or 7 multiplied by 7 quotes $ . or 5, which 
is an anſwer to the queſtion. | 

2d, If 2 * give 3 ©, what will 4 * give? Theſe mixt numbers being 
2 the 3d art. beds to improper fractions, will ſtand thus: ; give 


2, what will + give? Here & and ? multiplied together give — or 1 8; 


and br divided by £ Þ quotes 6 3, , hich wh an 1 of to he queſtion 
„F a yard coft * of a „ what will * of an e Here 
| on 3 15 1 is 5 of a yard, and HRT that 
: of an ell is: of 5, or 4 of a yard ; * ſo that the queſtion may hg ſtated 
thus: If of a yard c of a pound, what ail 5, of a yard coſt? Here 
and 4 multiplied together make z, and this divided by + quotes & of a 
pound, or 4 ſhillings and tWoPence ; 3 which therefore is an anfiwes 
to the queſtion, 


Te reduftion of proportic 071 | from fraf hat” 70 integral 


Fer ms. 


een two Sachen are propoſed, as; and? , whoſe proportion i is 
defired in whole numbers, reduce the fractions firſt to the ſame deno- 
mination by the 8th art. that is, in the preſent caſe, to ; and ;; then 
you will have; to; as2 is to ;; but 2 is to as 10 to 12, or as 5 
to 6; therefore is to 5 a5 5 to 6: here we may obferve, that though 
the finding f the common denominator be neceſlary for underſtand- 

ing rags. 9 of the rule, yet it is not at all neceſſary for the practice 
of it; for to what purpoſe is it to find the common denominator, to 
throw it away again when we have done? In practice therefore, multiply 


the numerator of the fraction which is the firit in the proportion, by the 


N denominator of the ſecond, and then the numerator of the fecond frac- 


tion, by the denominator of the firſt, and the two products will exhi- 
bit reſpectively, the proportion of the firſt fraction to the ſecond in 
whole ane as was evident 1 in the foregoing example. 


Of the extradtion of 1 roots. in Fract ions. 


16. * every fraction is ſ vared, or mu Itiplied into itſelf, by ſquar- 


| ing both the numerator and denominator, (ſee ar art. 11.) ſo e N the 
4 quare 


4 Or DECIMALFRACTIONS '  Introd. 
' ſquare root of every fraction will be obtained by extracting the ſquare 


root both of the numerator and denominator : thus the ſquare of is 2, 
and the ſquare root of 4 is 3. But here care muſt be taken, when- 
ever the ſquare root of a fraction is to be extracted, that the fraction 
jtſelf be firſt reduced to it's ſimpleſt terms, by the 7th art. otherwiſe 
the fraction may admit of a ſquare root, and yet this root may not be 
diſcovered: thus if it was required to extract the ſquare root of the 
fraction 2, it would be impoſſible to obtain the root either of 18 or 
32 ; and yet when this fraction is reduced to it's leaſt terms Z, it's ſquare 
root will be found to be i WE a | 
When the ſquare root of a number cannot be extracted exactly, it is 
uſual to make an approximation by the help of decimals, or otherwiſe, 
and ſo to approach as near to the value of the true root as occaſion re- 
quires. Now in the caſe of a fraction, if the ſquare root of neither 
| a numerator nor denominator can be exactly obtained, there will be 
no neceſſity however, for two approximations, becauſe ſuch a fraction 
may be eaſily reduced to another of the fame value, whoſe denominator 


is a known ſquare : as for inſtance ; ſuppoſe the ſquare root of 466. 


or = was required: I multiply both the numerator and denominator 
of this fraction by 5, and fo reduce it to — : Here the denominator 
25 is a known ſquare number, whoſe root is 5; and the ſquare root 
1155 is 34 nearly; therefore, the ſquare root of the fraction propoſed 
is nearly , or 6 f. But after all, the beſt way of extracting the ſquare 
root of a vulgar fraction, is by throwing it into a decimal fraction, as 
will be ſhewn hereafter. * 7 þ 
Note. That whatever has here been ſaid concerning the extraction 
of the ſquare root in fractions, may eaſily be applied, mutatis mutandis, 
to the extraction of the cube root, Cc. e opts 9 


07 decimal fraction: . 
And firſt of their notation. 


* 


17. A decimal fraction is a fraction whoſe denominator is 10, or 
100, or 1000, or 10000, Cc. and this denominator is never expreſſed, 
but always underſtood by the place of the figure it belongs to: for as 
all figures on the left hand of the place of units, riſe in their value, ac- 
cording to their diſtances from it, in a decuple proportion; ſo all figures 
on the right hand of the place of units, ſink in their value in a ſubdecu- 
ple: proportion: as for inſtance; the number 345.6789, where 5 ſtands 
5 — in 


* 


* 


Art. 17, 18. Or DECIMAL FRACTIONS, _ 41 
in the place of units, is to be read thus; three hundred forty five, fix 
tenths, ſeven hundredth parts, eight thouſandth parts, nine tenthouſandth. 
parts: or the decimal parts may be read thus; fx thouſand ſeven hun- 
dred eighty nine tenthouſandth parts ; the denominator being ten thou- 
fand, becauſe the laſt figure 9, according to the former way of reckon- 


ing, ſtands in the place of tenthouſandth parts. The reaſon of this lat- 


. . _ ö 600 | 8 
ter way of reading is plain; for £ are —, and © are =, and — 


are 1088, and on 18858) eg and —2—, all added together, make 
6789 f | BE | | . 7 ; 
Cyphers are uſed in the expreſſion of decimals as well as whole num. 
bers, and for the ſame reaſon, Thus .067 may be read either no tenths, 
fix hundredth parts, ſeven thouſandth parts; or ſixty ſeven thouſandth 
parts. But cyphers on the right hand of a decimal number (if nothing 
follows them) are as inſignificant as cyphers an the left hand of a whole 
number; and yet cyphers are ſometimes placed after decimals, for the 
_ of regularity, or when we want to increaſe the number of decimal 
aces. 5 ; | 
l From what has here been ſaid, it will be eaſy to multiply or divide 
any number by 10, 100, 1000, Ge only by removing the ſeparating 
int towards the right or left hand. Thus the number 345.6789 
eing multiplied by 10, becomes 3456. 789; and being multiplied by 
100, becomes 34567. 89: and the fame number 345. 6789 being divi- 
ded by 10, becomes 34. 56789; and being divided by 100, becomes 
3- 456789 : thus again, the number 345 being divided by 10000, be- 
comes .0345; for to divide by 10000, is the fame thing as to remove 
the ſeparating point 4 degrees towards the left hand, if there be any ſe- 
2 point in the number given; but if there be none, as in the pre- 
ent caſe, then to put a ſeparating point four degrees towards the left hand, 
which in this example cannot be done, but by the help of a cypher in 
the firſt decimal place. „CC I Oe | 


Of the addition and ſubtraction of decimal fractions. 


18. The chief advantage of decimal arithmetic above that of common 
fractions, conſiſts in this, that in decimals, all operations are performed 
as in whole numbers: this will preſently appear E the ſeveral parts of 
decimal arithmetic, as they come now to be treated of in order; and 
firſt of addition and ſubtraction. 
Addition and ſubtraction in decimals are performed after the ſame man- 
ner as in whole numbers, care being taken, that like parts be placed oy 
NT 47 
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der one another: as for example, .567 are added to. 89 thus; 


WH: EE Re Bo IS 
07 ſubtracted thus; .567 or thus; 22 
1.43577 eee 323. 


Of the multipliation of decimal fraftions. 


10. Multiplication in decimals.is alſo performed as in whole numbers, 

no regard being had to the decimals as ſuch, till the product is obtained; 
but then, ſo many decimal places muſt be cut off from the right hand of 
the product, as are contained both in the pron: wrap and multipli- 
cand :. as for inſtance; let it be required to multiply 4 .56 by 2.3: here 
conſidering both factors as whole numbers, I multiply 4.56 by 23, and. 
find the product to be 10488; hut then conſidering that there was one 
decimal in the multiplicator, and two in the multiplicand, E cut off three 
decimal places from the right hand: of the product, and the true product 
Rands thus; 20. 488. F „ 

To ſhew the reaſon ef this operation, let the two factors be reduced 
to ſimple fractions according to the A way, and. we. ſhall. have 


2..3 equal to 2, and 4. 50 equal. to , and. theſe twa, fractions multi- 
plied together make 5 — divide by 1000, Which is done by cutting 
off the three laſt figures, according to art. the 15th, and the quotient 
will be 10.488. Another example may be this: let it be required to 
multiply 4 5606 by .23 :. the product of 45600. multiplied by 23 is 
1048800: but as there were two decimals in the given multiplicator, 
and none in the mukiplicand.; I; cut off two decimal. places from the laſt 
e and the true product will be found to he 10488. oo, or 10488. 
Laſtly, let it be required to multiply. oo04 56 by. 23: here neglecting 
the initial. cyphers in the multiplicand, I multiply 456 by 23, and the 
product is 10488: then I conſider, that there were two decimal places 
in the multiplicator, and ſix in the multiplicand, and conſequently that 
eight decimal places are to be cut off from the laſt product: hut the laſt 
2 1 05 conſiſts of only 5 places; therefore I place three cyphers to the 
eft hand, with the ſeparating point before them, and fo. make the true 
product. Oo 10488. oe * 4 
There are various campendiums of this ſort, of multiplication to be met 
with in Ozghtred and Ars; but they are ſuch, as by a little exerciſe, 
any one tolerably well grounded in this part of Arithmetic will. cafily. | 
diſcover of himſelf as they lie in his way. ; : 


of 


Art. 20, 21. O r DECIMAL FRACTIONS. 43 
Of the diviſion of decimal fraftions. P 

20. Diviſion in decimal fractions is performed, firſt by conſidering 

them as whole numbers, and dividing accordingly ; and then cutting off 


from the right hand of the quotient, as many decimal places as the di- 
vidend hath more than the diviſor. 'The reaſon whereof is manifeſt from 


the 19th article: for ſince the diviſor and quotient multiplied together 


are to make the dividend, the diviſor and quotient ought to have as man 


decimal places between them, as there are in the dividend ; therefore the 


quotient alone ought to have as many decimal places as the dividend hath 
more than the diviſor, __ 5 

Example the 1½; Let it be propoſed to divide 10.488 by 2.3: here 
dividing the whole number 10488 by the whole number 23, I find the 


quotient to be 456 : but then conſidering that there were 3 decimal pla- 


ces in the dividend, and but one in the diviſor, I cut off two places from 


the right hand of the quotient, and ſo make the true quotient 4. 50. Cs 
Example 24; Let it be propoſed to divide 5678.9 by .06 : here be- 


cauſe there are two decimal places in the diviſor, and but one in the di- 
vidend, I ſupply the deficient place by putting a cypher after the divi- 


dend, thus, 508. 90; then dividing the whole number 567890, by the 


whole number 6, (for ſince 6 is now conſidered as a whole number, the 
pher before it may be neglected ;) I find the quotient to be 9464?, 
which is not to be ſunk, becauſe the dividend was made to have as many 
decimal places as the diviſor ; but as this quotient is not exact, if for a 
greater degree of exactneſs I would continue it to any number of decimal 
places, ſuppoſe 2, inſtead of one cypher after the diviſor, I would have 
put three, and then the quotient would haye come out 94648. 33, and 
this quotient is much more exact than the former, as lying between 
94648 .33 and 94643 .34 : but it ought further to be obſerved concern- 
ing this quotient, that if the diviſion was to be continued in 7nfinitum, 


the figures in the decimal places would be all 3's: this is evident from 


the work; for the two laſt dividuals are the ſame, and therefore they 
muſt all be the fame. f A . 


Jo reduce @ vulgar fraction to a decimal fraftion. 


21. Since every fraction may be conſidered as the) quotient of the 
numerator divided by the denominator, (ſee art. 13th,) we have an ea- 
ſy rule for reducing a vulgar fraction to a decimal fraction, which is as 
follows: put as many cyphers after the numerator, as are equal in 
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44 Or DzciMal FE ACTIONS. Introd. 
number, to the number of decimal places whereof you intend your 
reduced fraction to conſiſt, and call theſe cyphers decimal; and then 
dividing the numerator by the denominator, the quotient will be a 
decimaſ number equal to the fraction firſt propoſed, or perhaps a mixt 
number, if the fraction propoſed was an improper one. 1 

* Example ½; Let this fraction 3 be propoſed to be reduced to a de- 


mal one conſiſting of four decimal places: here putting 4 decimal 


_ cyphers after the numerator 3, I divide 3. 0000 by 49, and the quoti- 
ent uncorrected is 612: but now conſidering that there were 4 decimal 
places in the dividend, and none in the diviſor, and conſequently that 
| tour decimal places are to be cut off from the quotient, whereas it con- 
fiſts but of three; I ſupply this defect of places by a cypher at the left 
hand, and ſo make the quotient. 6 1 2. 2 S: 
Example 24; Let this fraction ; be propoſed to be reduced to a deci- 
mal fraction conſiſting, if poſſible, of ſix places: here dividing 7.000000 
by 16, I find the true quotient to be. 437 5 the two laſt cyphers in the 
dividend being uſeleſs. ; Sion: ag 2 Gent 26hts is 
_ - Note. When this diviſion runs ad infinitum, it will be' impoſſible for 
the reduction to be exact in a finite number of terms; but an ap- 
proximation may be made that ſhall come nearer to the quotient than 
the leaſt aſſignable difference, by taking more and more terms. 


To reduce the decimal parts of any integer to ſuch other _ 
parts as that integer is uſually divided into. 


22, To explain this rule, and to give an example of it at the fame 
time; let .345 of a pound ſterling, that is, three hundred forty five 
thouſandth parts of a pound be given to be reduced into ſhillings, pence 
and farthings : here then I obſerve, that as any number of pounds 
multiphed by 20 will give as many ſhillings as are equal to the pounds, 
ſo any decimal parts of a pound multiplyed by 20, will give as many 
ſhillings, and decimal parts of a ſhilling, as are equivalent to the deci- 
mal parts of a pound; and fo on as to pence and kuthin gs: multiplying 
therefore . 345 by 20, the product is 6 and . 9oo, or 6.9, which ſigni- 
fies, that . 345 of a pound are equivalent to fix ſhillings and nine tenths 
of a ſhilling, which is uſually written thus; 6 .9 ſhillings: again, mul- 
. tiplying this laſt decimal .g by 12 for pence, I find that.. g of a ſhill- 

ing are equivalent to 10.8 pence: laſtly, multiplying .8 by 4 for far- 
things, I find that .8 of a penny are equivalent to 3.2 farthings; as for 
the .2 of a farthing, I negle& it, there being no lower denomination, 


or 


* 


nutes, 56 ſeconds, are equivalent to . 107 5 of one day. But there is 
one article ſtill. remains to be adjuſted, and that is, to how many de- 


cant . and find it to be. ooo; whence I conclude, that to ex- 


— 
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pound to amount to ſix ſhillings and tenpence thres 


To reduce the common parts of any int br dro » eas 
Kong be decimal parts of the 7 8 


* 


23. This edition: being the reverſe of the deine, it might be pi 


formed by diviſion, as that was by multiplication, but when all thing | 


are conſidered, I do not know tr one the following method may n 


be thought as ealy, and as intelligible ' an any: let 4 then be dives 
to — 2 hours, 34 minutes, 56 ſeconds, into equivalent decimal 
parts of a day. Now in one day there are $6: 400 ſeconds; and. in two: 
hours, 34 minutes, 56 ſeconds, there are 92 — ſeconds; therefore two 


hours, 34 minutes, 56 ſeconds, are equivalent to 2 of one day: re- 


duce this vulgar fraction to an equivalent decimal, by the laſt article but 
one, and you will find it to be . 107 593 therefore 2 hours, 34 mi- 


eimal places the foregoing fraction muſt be reduced, ſo as to expreſs ac- 


— enough, the parts of a day to a e of time. Now to know 
this, I _— that one ſecond of time is es of one day; therefore I 


reduce —— to a decimal fraction, at leaſt as far as to the firſt ſignifi- 


= 


preſs the parts of a day to a ſecond of time by any decimal, that de- 


mal muſt not conſiſt of fewer than 5 places, becauſe there were 5 pla- 


ces in the decimal fraction . 0000 I. Now to ſhew that the decimal 


fraction above found, to wit, .10759 expreſſes the time propoſed to a 
ſecond, reduce it back, again, by the laſt art. and you will find it a- 
mount to 2 hours, 34 minutes, 5 5. 8 ſeconds, 


For another example, let us take the reverſe of that in. the laſt art. 
that is, let it be propoſed to reduce {ix ſhillings ten pence 3 .2 farthings, 
into equiyalent decimal parts of a pound : one pound contains 960 far- 
things, or 9600 tenths of a farthing; and 6 ſhillings, 10 pence 3.2 
ferthings, contain 3312 tenths of a kali: ; OAK — 6 line, 10 


pence 3. 2 farthings, are eqvivalent 0 5655 5 of a pound; but * being 
reduced to a decimal, is. 0001 &c. eta the Ard ſignificant figure 


is in the 4th place; therefore I reduce the fraction 3322, to four decimal 
9600 


places, and they amount to .3450, that is, .345 of a pound; fo that 


or at leaſt, not intending to deſoend any lower; and fo I find 4345. of a 
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try this root 48.43, multiply it into itſelf, and the 4 firſt 
the ſquare will be 2345, which are all true, nor can it be expetied any 
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in this particular caſe, three decimal W ere NORD 3 =" 


* the ſum propoted:: 


. Of the extration 1 uh E. root in decimal | 
Nan F 7 : 


24. Having _ of the a and divide of decimal 


fractions, it would = altogether needleſs to ſay any thing concerning 


the rule of pr which is but a particular application: of both : 
therefore I ſhall mw paſs on to the extraction of the ſquare root, at 
leaſt ſo far as it concerns decimal fractions. There are but few ſquare 
numbers, or ſuch as will admit of an exact ſquare root, in compariſon 


of the reſt ; and therefore, whenever a number is propoſed to have it's 


ſquare root 2 the artiſt muſt firſt determine with himſelf, to 


how many decimal places it is proper the root ſhould be continued; and 


then by Lake ecimal cyphers, if need be, to the right hand of 
the number projolet he muſt 2 twice as many decimal places there, 

as the root is to conſiſt of; after this, he muſt put a point over the place 
of units, and then paſſing by every other figure, he muſt point in like 


manner all the reſt, both to the right hand, and to the left: by this 


means, the number will be prepared, and the ſquare root may be ex- 
tracted as in whole numbers, provided that ſo many decimal places be 
cut off from the root when obtained, as were firſt deſigned. 


Example 1½; Let the root of 2345 .6 be required to two decimal 14 
ces. The number When prepared, ſtands thus, 2345. 6000, or as a 


whole number, thus, 23456000; and it's ſquare root, when extracted, will 
be 4843 nearly ; and therefore 48 .43 will be the root ſou [56 To 


res of 


more ſhould be ſo, becauſe there were but Bur places true in the root, 


no notice being taken of the reſt: but had the root been extracted true 
to 5 places, that is, to as many places as the original ſquare conſiſted of, 


it would then have been 48.431; multiply this number into itſelf, and 
5 of the firſt figures of the product, taken with the leaſt error, will be 


2345.6, which is the original ſquare itſelf. 


Example 2d; Let the root of .00234.56 be required to 5 ak 
places. Here putting a cypher in the place of units to direct the punc- 


tation, thus, o. 00234 56000, I extract the ſquare root of 23456000 as 
of a whole number; and find. it to be 4843, as above: but conſidering 


that 


Art. 244 Or DEcimart FrRaAcTiIons 47 
that this root is to be ſunk 5 places, I put a cypher to the left hand, and 
ſo make the true root . 04843. 5 
That the ſuppoſed ſquare ought to have twice as many decimal places 
as the root, is evident, both à priori, and à poſteriori : d priori, becauſe 
in extracting the ſquare root, two figures are brought down from the 
ſquare for every ſingle figure gained in the root; and d pſteriori, becauſe 
the root multiplied into itſelf is to produce the ſquare; and therefore, 
from the nature of multiplication, the ſquare ought to have twice as ma- 
ny decimal places as the root. 85 | 
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ELEMENTS of ALGEBRA 


——_ 
— 


The Definition of Algebra. 


SHALL not here detain the young ſtudent with a long 
hiſtorical account of the riſe and progreſs of Algebra; nor 
even fo much as with either the etymology or ſignifica- 
tion of the word, which would contribute but very little 
to his information, till he has made a further progreſs in the ſcience it- 
ſelf, and whereof he will find enough in Dr. Walls and others. Nor in- 
| deed is it a ſubject altogether ſo proper at this time to be inſiſted upon; 
this art, like many others, having now conſiderably outgrown it's name, 
and being often employed in aithmetical operations very different from 
what it's name imports, All I ſhall advance then, by way of definition 
is, that Algebra, in the modern ſenſe of the word, 7s the art of comput- 
ing 9 ſymbols, that is, generally ſpeaking, by letters of the alphabet; 
which for the ſimplicity and diſtinctneſs both of their ſounds and cha- 
racers, are much more commodious for this purpoſe than any other 
ſymbols or marks whatever. : Tags 
In this way of notation, it is uſual to ſubſtitute letters not only for 
ſuch quantities as are unknown, and conſequently, ſuch as cannot well 
be repreſented otherwiſe, but alſo for known quantities themſelves, in 
order to keep them diſtinct one from another, and to form general con- 
clufions. As for inſtance ; ſuppoſe it was demanded of me, what two 
numbers are thoſe, whoſe ſum is 48, and whoſe difference is 14: here, 
if I only put x, or ſome other letter for one of the unknown quantities, 
and uſe the known ones 48 and 14 as I find them in the problem, Tho 
* —8 . only 


Article 1. 
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only come to this particular concluſion, to wit, that the greater number 
is 31, and the leſs 17, which numbers will anſwer both the conditions 
of the problem. But if inſtead of the known numbers 48 and 14, I ſub- 
ſtitute the general quantities à and 6 reſpectively, and ſo propoſe the = 


blem thus; What two numbers are thoſe, whoſe ſum it a, and whoſe 


* 


72 
rence is b? I ſhall then come to this general concluſion, viz. that Hor 
the ſum of a and b will be the greater number, and half their difference 
doi be the leſs: which general theorem will ſuit not only the particu- 
lar caſe abovementioned, but alſo all other caſes of this problem that can 
poſſibly be propoſed. How I come by theſe two concluſions, will be 
ſufficiently ſhewn in the courſe of this work; as alſo many other advan- 
tages attending this way of ſubſtituting letters for known quantities, be- 
ſides thoſe already mentioned. 1 Erie | Oh. 

What I have ſaid, was only to illuſtrate in ſome meaſure, the de- 
finition already given of Algebra, and to ſhew, that letters are there 
uſed, not fo —_ to ſignify. particular quantities as ſuch,” as to ſignify the 
relation they have to one another in any problem or computation. From 
all which it may be obſerved, that letters repreſent quantities in Algebra 


| juſt in the fame manner as they do perſons in common life, when two or 


more perſons are diſtinctly to be conſidered with regard to any compact, 
hkw-ſut, or in any other relation whatever. — 

N. B. A ſingle quantity is fometimes repreſented by two or more let- 
ters, when it is conſidered as the product of the quantities fignified by 
thoſe letters ſingly : thus @ is the product of the multiplication of 2 and 5; 
and abc is the product ariſing Gow the continual multiplication of @, þ 
and c, But of this more particularly under the head of multiplication. 


Of affirmative and negative quantities in Algebra. 


2. Algebraic quantities are of two forts, affirmative and negative: an 


affirmative quantity is a quantity greater than nothing, and is known by 


this ſign + ; a negative quantity is a quantity leſs than nothing, and is 


known by this fign —: thus ＋ 2 ſignifies that the quantity 4 is affir- 
mative, and is to be read thus, plus a, or more a: — 6 ſignifies that the 


quantity 6 is negative, and muſt be read thus, minus b, or leſs b. | 
The poſſibility of any quantitie's being leſs than nothing is to ſome a 
very great paradox, if not a downright abſurdity; and truly ſo it would 


be, if we ſhould ſuppoſe it poſſible for a body or ſubſtance to be leſs 


than nothing. But quantities, whereby the different degrees of _ 
are eſtimated, may be eaſily conceived to paſs from affirmation through 


nothing into negation, Thus a perſon in his fortunes may be ſaid to be 


worth 2000 pounds, or 1000, or nothing, or — 1000, or — 2000; 
| _ * | a . in 
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in which two laſt caſes he is ſaid to be 1000 or 2000 pounds worſe than 

nothing: thus a body may be ſaid to have 2 degrees of heat, or one de- 
gree, or no degree, or — one degree, or — two degrees: thus a body 
may be ſaid to have two degrees of motion downwards, or one degree, 
or no degree, or — one degree, or — two degrees, &c. Certain it is, 


that all contrary quantities do neceſſarily admit of an intermediate ſtate, 


which alike partakes of both extremes, and is beſt repreſented by a cy- 
pher or O: and if it is proper to ſay, that the degrees on either ſide this 
common limit are greater than nothing; I do not fee why it ſhould not 
be as proper to fay of the other fide, that the degrees are leſs than no- 
thing; at leaſt in compariſon to the former. That which moſt perplexes 
narrow minds in this way of thinking, is, that in common life, moſt 
quantities loſe their names when they ceaſe to be affirmative, and acquire 


new ones ſo ſoon as they begin to be negative: thus we call negative” 


goods, debts ; nepative gain, loſs ; negative heat, cold; negative deſcent, 
aſcent, G c: and in this ſenſe indeed, it may not be fo eaſy to conceive, 
how a quantity can be leſs than nothing, that is, how a quantity under 
any particular denomination, can be faid to be leſs than nothing, ſo long 
as it retains that denomination. But the queſtion is, whether, of two 
contrary quantities under two different names, one quantity under one 
name may not be faid to be leſs than nothing, when compared with the 
other quantity, though under a different name ; whether any degree of 
cold may not be faid to be further from any degree of heat, than is luke- 
warmth, or no heat at all. Difficulties that ariſe from the impoſition 
of ſcanty and limited names, upon quantities which in themſelves are 
actually unlimited, ought to be charged upon thoſe names, and not upon 
the things themſelves, as 1 have formerly obſerved upon another occa- 
ſion ; ſee introduction, art. 11. In Algebra, where quantities are abſtract- 
edly conſidered, without any regard to degrees of magnitude, the names 
of quantities are as extenſive as the quantities themſelves ; fo that all 
quantities that differ only in degree one from another, how contrary ſo- 
ever they may be one to another, paſs under the fame name; and affir- 
mative and negative quantities are only diſtinguiſhed by their ſigns, as 
was obſerved before, and not by their names; the fame letter repreſent- 
ing both: theſe ſigns therefore in Algebra carry the fame diſtinction along 
with them as do particles and adjectives ſometimes in common language, 
as in the words convenient and inconvenient, happy and unhappy, good 
health and bad health, &c. h £ 
Theſe affirmative and negative quantities, as they are contrary to one 
another in their own natures, fo likewiſe are they in their effects, a con- 
ſideration which if duly attended to, would remove all difficulties con- 
cerning the ſigns of quantities ariſing from addition, ſubtraction, multi- 
15 9 plication, 
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plication, ae, Ge ſor the reſult of working by affirmative quanti- 
ties in all theſe operations is known; and . like operations in 
negative 5 may be known by the rule of contraries. 
Before we any further, it may not be amiſs to advertiſe, chat 
if a quanti . no ſign —— it, it muſt always be taken to be affirma- 
tive; and that if it has no numeral coefficient before it, unity muſt al- 
ways be underſtood: thus 2 2 ſignifies ++ 2 4, and a ſignifies 140r +18. 
By the numeral coefficient of a quantity, I mean the number or frac- 
tion by which that quantity is multiplied : thus 2 @ ſignifies twice a, or 


à taken twice, and the coefficient is 2: 44, or F lignifies } of the quan- 


tity a, and the coefficient is 3. 7 5 
N. B. The ſign of a negative quantity is never omitted, nor the fign 

of an affirmative one, except when ſuch an affirmative quantity is con- 

ſidered by itſelf, or happens to be the firſt in a ſeries of quantities ſuc- 

ceeding one another : thus we do not often mention the quantity + a, 

but the We) 4; nor the ſeries +a — 6 — +94, but the ſeries 

. a—b—c+4d. We ſhall now conſider the ſeveral operations of AP: | 
draic quantities, 


of the addition of ahbrei quantities. : 


2 This article I ſhall divide into ſeveral paragraphs : as 
1/t, Whenever two or more quantities 0 the 2 denomination, and 

which have the ſame ſign before them, are to be added together, put 

down the ſum of their numeral coefficients with the common ſign be- 
fore it, and the common denominator after it: thus ＋ 2 4 and -+ 3 4 
added together make + 54, for the fame reaſon as 2 dozen and 3 do- 
zen added together make 5 dozen: thus again, — 346, — 4 918 
— 54 when added — oh make — 1246; for the fame reaſon as 
ſeveral debts added together make a greater debt. 

24, If two quantities of the ſame denomination which have different 
figns before.them are to be added together, put down only the difference 
of their numeral coefficients with the common denominator after it, and - 
the ſign of the greater quantity before it : for in this caſe, the quanti- 
ties to be added being contrary one to another, the leſs quantity, on 
which {ide ſoever it lies, will always deſtroy ſo much of the other, as is 
equal to itſelf, Thus + 5 4 added to — 2 @ makes +3 @; as if a per- 
fon owes me 5000 3 upon one account, to whom I owe 2000 
upon another, the balance upon the whole will be 3000 pounds on my 
_ fide. If it be objected, that this is ſubtraction, and not addition; I anſwer, 
that the addition of — 2 4 will at any time have the ſame effect as the 
ſubtraction 


Art. 3; ALGEBRAIC QUANTITIES. $1 


ſubtraction of -+ 2 a: but I deny that the addition of — 2 a is the fame, 
or will have the ſame effect as the ſubtraction of — 2 a; Other exam- 
| ples of this caſe may be theſe; +74 added to —74 gives o; ＋3 2 
added — 12.4 gives — 94; ＋ 4 added to — 5 4 gives — 44; +524 
added to —a gives E44; ＋ ; added to —14 gives ＋ a, &c. 

34, When many quantities of the ſame denomination are to be added 
together, whereof ſome are affirmative and ſome negative, reduce them 
firſt to two, by adding all the affirmative quantities together, and all the 
negative ones, and then to one by the laſt paragraph. Thus ＋ 104-94 
+ 84—7 @ when added together make 2 4; for ++ 104 and +8 a make 
＋ 18a, and — 94 and —7@ make —164; and +184 and —1 64 
make ＋ 2 4. 1 5 ; EY 

4th, Quantities of different denominations will not incorporate, and 
therefore cannot otherwiſe be added together, than by placing them in 
any order one after another with their proper ſigns before them, except 
the firſt, whoſe ſign, if affirmative, may be omitted. Thus +24 and 


 —3band ＋ 4 and — 5d, when added together, make 24—34-+ 4c 


— 54: thus a and þ added together make 4-5; and hence it is, that 
whenever two quantities are found with this ſign + betwixt them, it 
ſignifies the ſum ariſing from the addition of thoſe two quantities toge- 
ther: thus if à ſtands for 7, and 6 ſtands for 3, a ＋ “ will ſtand for 10, 
and fo of the reſt: but if —b is to be added to a, the ſum muſt be writ- 
ten down thus, a—b; for to add —5, is the fame as to ſubtract +6. 

th, Compound quantities, whoſe members are all of different denomi- 
nations, are likewiſe incapable of being added any other way, than by be- 
ing placed one after 2, 25 without altering their ſigns : thus 34 ＋ 46 
added to 5c—64d can only make 34 ＋ 4 ＋ 5-64. But if the mem 
bers are not all of different denominations, it may then be convenient to 
place one compound quantity under another, with like parts under like, 
as far as it can be done, as in the following example:: 


a- 1 For a and a added together make 2 4; and ＋ and 
a—b Es added together deſtroy one another, and ſo make 
2a *. 1 o or *; Which character in Algebra is always. uſed to 
ſignifie a vacant place. x | 


2x—Ja+4b —;c+6d—7e * 
10x+ga—8b - -t - 


| 12*p+6@a—4b—12c #=——7e—g5f. 


4 


Note, That in the addition, ſubtraction and multiplication of com- 
pound algebraic quantities, it matters little which way the work is carri- 


ed 
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ed on, whether from right to leſt, or from leſt to right, becauſe here 
are no reſerves made for higher places. 


3 


4. Whenever a ſimple algebraic quantity is to be ſubtracted from ano- 
ther quantity, whether ſimple or compound, firſt change the ſign of 
the quantity to be ſubtracted, that is, if it it be affirmative, make it, 
or at leaſt call it negative, and vice verſa, and then add it fo changed to 
the other: for ſince (as was before hinted) the ſubtracting of any one 
quantity from another, is the ſame in effect as adding the contrary, and 
ince ging the ſign of the quantity to be ſubtracted, renders that 
quantity juſt contrary to what it was before, it is evident, that after ſuch 
a change it may be added to the other, and that the reſult of this additi- 
on will be the ſame with that of the intended ſubtraction. Thus may 
the rule of ſubtraction, by ging the ſign of the quantity to be ſub- 
tracted, be at any time changed into that of addition, juſt as the rule of 
diviſion in fractions by inverting the terms of the diviſor, was changed 
into that of multiplication. As for example, - ſubtracted from à leaves 
2, becauſe —b added to à makes a—6b; ſo that 2— may be con- 
| ſidered either as the ſum of a and — added together, or as the remaind- 
er of +b ſubtracted from a, or as the difference between a and 5, or as 
the exceſs of a above h, all which amount to the fame thing: as if a ſig- 
nifies 7, and þ 3, a—6 muſt ſtand for 4, and fo of the reſt, 
Ihe rule of ſubtraction here given is univerſal, though there will not 
be always occaſion to have recourſe to it: for ſuppoſe 4 à is to be ſubtract- 
ed from 79, every ones common ſenſe will inform him, that here muſt 
remain 4, juſt as threeſcore ſubtracted from ſevenſcore leaves fourſcore. 


Other examples of algebraic ſubtraction may be theſe. that 
1 3 follow. 7 1 


ih if, 7 a ſubtracted from 5a leaves — 2 a, becauſe —7 @ added to -+ 5a : 
es — 24a, by the 2d paragraph of the laſt article. 
24, 94 ſubtracted from o leaves 9a, becauſe - a added to o makes 
—93. | 1 | 
34, 12a ſubtracted from — 3 a leaves — 15 a, becauſe — 12 à added to 
— 3a makes — 154, by the firſt paragraph of the laſt article. 


4th, — 3a ſubtracted from —8g leaves — 5a, becauſe +3 a added 


* 
* 


5155 
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tb, 7a ſubtracted from 3 @ leaves 4a, becauſe +7 added to 
— 3 a makes +40, 

6th, — 64 ſubtracted from o leaves +68, becauſe +64 added to 
o makes +64. 


mth, — 5a ſubtracted from +50 leaves + 109, becauſe ＋ 54 add- 
ed to ＋ 5 makes ＋ 104. 

8th, s ſubtracted from à leaves a-+b, bechüſe +6 added to a makes 
a ＋ , by the 4th paragraph of the laſt article. 

oth, —2 ſubtracted from 7 leaves 9 ; becauſe -+ 2 added to 7 makes 9. 

From the firſt of theſe examples 4 a „that a greater quantit 7 
may be taken out of a leſs, but then the remainder will be negative; 
juſt as a gameſter that has but 5,80 guineas dns him may looſe 7, but 
then there will remain a debt of 2 guineas upon him. By the laſt ex- 
ample it appears, that — 2 ſubtracted from 7 leaves q, that is, that 

if a negative quantity be ſubtracted from an affirmative one, the affir- 
mative quantity will be ſo far from being diminiſhed thereby, that it 
will be increaſed; a principle which I fear will be found ſomewhat 
hard of digeſtion, eſpecially by weak conſtitutions: therefore to ſtrength- 
en my patient as far as lies in my p. I ſhall ſuggeſt to him the fol- 
lowing conſiderations: 

1/t, In any ſubtraction, if the remainder and the leſs number added 
together, make the greater, the ſubtraction is juſt: but in our caſe, the 
remainder ꝙ added to the leſs number —2 makes the greater number 75 
therefore 2 ſubtracted from 7 leaves . 

2dly, In all ſubtraction whatever, the remainder is the difference be- 
twixt the greater number and the leſs: but the difference between -+ 7 
and — 2 is 9; therefore — 2 ſubtracted from +7 leaves . 


dly, 7 is equal to 9 — 2 by the ſecond graph of the laſt article ; 
n th 1 from 7 will naß ea. 1 ame remainder as — 2 
ſubtracted from 9 — 2: but 2 ſubtracted from 9 — 2 leaves q; there- 
fore — 2 ſubtracted from 7 leaves 9. In ſhort, the taking away a defect 
in any caſe whatever, will amount to the ſame, as adding ſomething 
real: as if an eſtate be- incumbered with a mortgage or a rent-charge u 
on it, whoever takes off the incumberance, juſt fo much increaſes 
value of the eſtate. 
4thly, The leſs there is taken from 7, the more will be left: if no- 
thing be taken, there will remain 7; therefore if leſs than nothing be 
taken, there ought to remain more VAL 2 
thly, If after all that has been faid, or perhaps all that can be ſaid in 
this abſtracted way, ſome ſeruples Ril remain, let us apply the principle 
we have already advanced, and try whether we ſhall meet with any bet- 
— 
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ter ſucceſs that way. Let it then be required to ſubtract the compound 


quantity a— 2 from the compound quantity 64 ＋ 7; in order to this, 
I place 4 under 64, and — 2 under 7, and then ſubtract as follows; 4 
from 64 and there remains 3 2, — 2 from 7 and (if our aſſertion be true) 
there remains 9; therefore the whole remainder is 54 ＋ 9. Now I 
dare appeal to every ones common ſenſe, whether this ſubtraction be not 
juſt : for certain it is, that if à be ſubtracted from 62 7, the remain- 
der will be 5a-+7 ; and if ſo, then it is as certain, that if 2 — 2 be ſub- 
tracted, which is leſs than the former by 2, the remainder will be great- 
er by 2, chat is, 5a-+9, But to proceed: o 


Other examples of the ſubtraction of compound algebraic 


quantities may be theſe. = 
a+b © Thus 7 —3, or 4, ſubtracted from y #+ 12 
ab +3, or 10, leaves twice 3, or 6. 34 +7 
r 9 N . 


From 12 * 64 —-46— 2c --, -r poke 
Tho „r 


Remains 10+ ga—86 —7r—bd, #— of 
Proof 12x+6@a—4b—12 „— 57e — 


If never a member of the ſubtrahend be found to be of the fame de- 
nomination with any member of the number from whence the ſubtracti- 
on is to be made, change the ſign of every member of the ſubtrahend, 

and then add it to the other. As if 5c—64 is to be ſubtracted from 
34-46, firſt change the ſign of 5;—64, and make it —5c-+64, 
and then add it to the other, and you will have 34 —46— 5c 64 
for a remainder. | 


Of ;be multiplication of algebraic quantities. 


And firſt, how to find the fign of the product in enuleiblication, 
from thoſe of the multiplicator and multiplicand given. 


| 5. Before we can proceed to the multiplication of algebraic quanti- 
ties, we are to take notice, that if the ſigns of the multiplicator and mul- 
tiplicand be both alike, that is, both affirmative, or both negative, the 
product will be affirmative, otherwiſe - it will be negative: thus -+ 4 
multiphed into ＋ 3, or — 4 into —3 produces in either caſe ＋ 12: 
| but 
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but — 4 multiplied into +3, or +4 into 3 produces in either cai 
If the reader expects a demonſtration of this rule, he muſt firſt be 
advertiſed of two things: firf, that numbers are ſaid to be in arithmeti- 
cal progreſſion, when they increaſe or decreaſe with equal differences, 
as ©, 2, 4, 6; or 6, 4, 2, o; alſo as 3, o, — 33 4, 0, —4; 12, 0,12 ; 
or — 12, o, ＋ 12: Whence it follows, that three terms are the feweſt 
that can form an arithmetical progreſſion ; and that of theſe, if the two 
firſt terms be known; the third will eaſily be had: thus if the two firſt - 
terms be 4 and 2, the next will be o; if the two firſt be 12 and o, the 
next will be. — 12; if the two firſt be —12 and o, the next will be 
＋ 12, Ce. EO N VV 

2dly, If a ſet of numbers in arithmetical 5 as 3, 2 and 1; 
de ſucceſſively multiplied into one common multiplicator, as 4, or if a 
ſingle number, as 4, be ſucceſſively multiplied into a ſet of numbers in 
arithmetical progreſſion, as 3, 2 and 1, the products 12, 8 and 4, in 
either caſe, will be in arithmetical progreſſion. „ 
This being allowed, (which is in a manner ſelf- evident, ) the rule to be 
demonſtrated reſolves itſelf into four caſes: s? EO OP 
' 1/7, That +4 multiplied into + 3 produces -+ 12. 

2dly, That — 4 multiplied into + 3 produces — 12, 
Zah, That +4 multiplied into — 3 produces — 12. bl 
And /aftly, that —4 multiplied into — 3 produces ＋ 12. Theſe 
caſes are generally expreſſed in ſhort thus: firſt + into + gives + ; ſe- 

condly — into + gives —; thirdly ＋ into — gives —; fourthly — 
into — gives +. _ T . 5 

Caſe 1ſt, That + 4 multiplied into + 3 produces ＋ 12, is ſelf- evi- 
dent, and needs no demonſtration; or if it wanted one, it might receive 
it from the firſt paragraph of the 3d article; for to multiply + 4 by + 3 


is the fame thing as to add 4 ＋ 4 + 4 into one ſum; but 4+4 +4 
added into one ſum give ＋ 12, therefore + 4 multiplied into ＋ 3, gives 
„„ ER Ok , | 

Cafe 2d. And from the ſecond paragraph of the zd art. it might in like 
manner be demonſtrated, that — 4 multiplied into ＋ 3 produces — 12: 
but I ſhall here demonſtrate it another way, thus: multiply the terms 
of this arithmetical progreſſion 4, o, — 4, into ++ 3, and the products 
will be in arithmetical progreſſion, as above; but the two firſt products 
are 12 and o; therefore the third will be — 12 ; therefore — 4 multi- 
plied into ＋ 3, produces — 12. 

: Caſe zd. To prove that ＋ 4 multiplied into — 3 produces — 12 ; mul- 
tiply ＋ 4 into + 3, o, and — 3 ſucceſſively, and the products will be in 
arithmetical progreſſion ; but the two firſt products are 12 and o, 3 
WS : H 5 tore 


ew. 
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fors a0 i Nn la- therefore, —+ 4 mukiplied into m3. pro- 


duces — 12. 
-- Caſe 4th. Laſtly, to demonſtrate, that —4 erte * 28 
duces . 12, multiply — 4 into 3, o, and — 3 ſucceſſi 

produds will be in arithmetical progreſſion; but the two wr. ve 

are — 12 and o, by the ſecond 2/5 therefore the third . eit de 
15 eee W 1 produces . 13. . 4 kg 


d binds wh; c 4 1 air #46: 
PIR 8 E N e +35 — 2 | 


* 1 


| oF * . . *} 8 ee ee 


. * * +. 
* * 2 * 
„„ 
* ** * i 


ad 13. „ + 12. 4 - ö £ 3 py A > 


| -Thek: 4. 5 may be „ 00 more lic Ee FTA = 4 mal 
| Gb into o 3 produces + 123 therefore 4 into +3, or +- 4. into 
— 3 ought to produce ſomething contrary to + 12, that is, —12; but 
if — 4 multiplied into + 3 produces — 12, then — 4 multiplied into 
z ought to produce ſomething contrary to — 12, that is, +12; ſo 
that this laſt caſe, ſo very formidable. to young beginners, appears at laſt 
to amount to no more Doc a common principle in Grammar, to wit, 
that two negatives make an affirmative; which is undoubtedly true in 
Grammar, though perhaps it may not always be obſerved in lugueges | 


Of the multiplication of fonple algebraic quantiti 26. 

6. Theſe things premiſed, the multi plication of Smple algebraic quan- 
tities is beret, firſt by multiplying he numeral coefficients together, 
and then putting down, after the product, all the letters in both factors, 
the ſign (when occaſion requires) being prefixed as above directed. T bus 

4 6 multiplied into 3 4 produces 12 4b. 
Though this kind of language (for it is no more) like all others, be 
purely arbitrary, yet that a more rational one could not have been in- 
vented for this purpole will by the following conſideration. If 
any quantity, as 6, is to be multiplied by any number, as 2, 3, or 4, 
the product cannot 'be better . — 5 — 4 2 6, 3 b, 46, Ge; there- 
fore if 6 1s to be multiplied b hes product ought to be called 26: 
but if 5 multiplied into 4 produces ab, then 46- mokinked. into 4 ought 
to * 4 times as much, that is, 4ab; kſtly, if 46 multiplied into 


a 
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produces 44 5, then ed 7 ought to produce 3/times 
hy much, that is, 12 33. 1e Met e 0 Ho 


Hlenee it is, that whenover in Algebra two or more W 
together, as they ſtand in a word without a between them, they 


ſignifie the product ariſing from a continual maliplicetion of the quam 
tities repreſented by them : thus @ þ ſrgnifies the product of à and 6 mul- 
tiplied together; and a5 ſignifies the product of the quantity a4 multi- 
plied into 7 thus aa ſignifies the product of à multiplied into itſelf, or 
the ſquare of a, and not 2 43 and therefore whoever ſhews himſelf un- 
able to diſtinguiſh betwixt 2 4 and aa, diſcovers as great a weakneſs as 


one that is not able to — betwixt 2 8 r donen or 
12 times 1 | 


It is a matter of no great conſequence in bat order the letters are 
placed i in a product; for ' ab and 34 differ no more from one another 
. and 4 times 3. and yet 1t is convenient that a method be 
obſerved, Ic like quantities be ſometimes taken for unlike ; therefore 
the beſt way will be, to give thoſe letters the precedency in a product, 
that have it in the alphabet; except when an unknown * is mul- 


tiplied by ſome r one, then it is uſual to the known 
quantity before it. 
Note. For the ſignificatio of this 1 * FA introdoe; at the cloſe 


of the 7th article. Note alſo, that this mark = is a mark of equality, 
ſhewing that the quantities between which it ſtands, are equal to each o- 
ther, and muſt be read as the fenſe requires: thus 2x6 =3x4=12 


be read thus; 2x6 equals 3x4 equal to 12: or r thus; 2x6 is o. 
qual to 3*4, which is equal to 12. | 


Examples of ſimple E multipli cation. 


5 ift, aN (45220548, 2d, — Sabre =-gobbe. 
3G, barx—7bd=—42abcd. AꝗFth, —pax—b==+7a6, 
"a, Ry xm=IxXx;" 6th, —xx—x=—+xx. 


7th, —gabx+3=—1546, "8h, 1b Bab. 


Diſftinions 20 be obſerved berwixt addition and 
multiplication. 


That the young algebriſt may not confound the operations of addition 
and multiplication, as is frequently done; I ſhall here ſet down ſome 
marks of nn, which he ought to attend to x 


H 2 — | As 


* 
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f f As ft, a added to a makes 2a, but a multiplied into a i 
25 a added to o makes a, but à multiplied into o makes o. 


Jah, a added to 4 makes o, but a multiplied into 4 makes 242. 
44. - added to 2 makes — 24, but —_— multiplied into — 2 
makes -+ a0. _ edt io ee ir Defoe: ants 
thy, à added to 1 makes a+ 1, but @ multiplied into 1 makes 4. 
Stb, 24 added to —36b makes 24—36, but 24 multiplied into 
For a further confirmation. of the learner, I have added, by way of 
. exerciſe in his algebraic language, the following equations; which I de- 
fire he would compute after me. Suppoſe a=7, and ö =: then we 
ſhall have 1ſt, a+b==10, 2dly, a—b==4. 3dly, 4a+5b=43. 
4thly, 44— 5 = 13. 5thiy, aa==49. 6thly, 26 r 21. 7thly, 4b==g.. 
$thly, aaa = 343. gthly, aab=147. 1othly, abb==63,  rithly, 
bbb==27. 12thly, aa+2ab+bb=49442-+F9=100. 13thly, ag 
—286+bb=49—424+9==16.  14thly, aaa+300b+3abb+bbb 
2=343+441+189-+-27= 1000. 15thly, aaa0—3aab3abb—bbb 
=343=—441 +18g9—27==64 . 
O powers and their indexes. 

7. Whenever in multiplication a letter is to be repeated oftener than 
once, it is uſual by way of compendium, to write down the letter with 
a ſmall figure after it, ſhewing how often that letter is to be repeated: 
thus inſtead of xx we write x*, inſtead of xxx we write x, inſtead. 
of xxxx we write x*, Cc. Theſe products are called powers of x ; the 
figures repreſenting the number of repetitions, are called the indexes of 
thoſe powers; and the quantity x from whence all theſe powers ariſe, 
is called the root of theſe powers, or the firſt power of x; & is called the 
ſecond power of x, xi the third power, x the fourth power, &c. Vieta, 
Oughtred, and ſome other analyſts, inſtead of ſmall letters uſed capitals, 
4 inſtead of numeral indexes, diſtinguiſhed theſe powers by names: thus 
Vieta in particular, called x*, X ſquare; x, X cube; x., X ſquare-ſquare ; 
xs, & ſquare- cube; x, & cube-cube; x", X ſquare-ſquare-cube, &c : which 
names Oughtred contracted, and wrote them thus; Xq, Xc, Xqq, Xqc, 
Kee, Xqge, &c. but now theſe names are pretty much out of uſe, ex- 
cept the two firſt, when applied to a line ſquared or cubed. 

If we ſuppoſe. x== 5, we ſhall have 2x==10, x*=25, 3x=15; 
X'= 125, 4X==20, x*==625, Cc. 4 WP £2 Ns 
Ihe multiplication of theſe powers is eaſy: thus & Xx , becauſe 
XXXXXXEXXXXX: whence it may be obſerved, that the addition of 
indexes will always anſwer to the multiplication of powers, provided they 
be powers of the fame quantity; for as 24+3=5, fo * = , Ce: 


but 
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be 


but if they be powers of different quantities, their indexes muſt not be 
added 9 — * R ,, and & R . And here it muſt be 
obſerved, that if a number be found between two letters, it muſt always 
be referred to the former letter: thus a* x? does not ſigniſie ax 2 *, but 
a | 7 


The multiplication of furds. 


8, This mark \/ ſignifies the ſquare root of the number to which 
it is prefixed, and is generally ' prefixed to numbers whoſe ſquare root 
cannot be otherwiſe, expreſſed, either by whole numbers or fractions: 
thus 2 ſignifies the ſquare root of 2; Va the ſquare root of a, &c. 
Theſe roots are commonly called ſurd roots, or irrational roots, becauſe 
their proportion to unity cannot be expreſſed in numbers. N 

. Whenever two ſurd numbers are to be multiplied together, the ffiort- 
eſt way will be, to multiply the numbers themſelves one into the other 
without any regard to the radical ſign, and then to prefix the radical ſign 
to the product. Thus if /a is to be multiplied into /, the product 
will be Hab; which I thus demonſtrate : let Hax, and /b==y; 
then will a, and b, and x = ab, and xy=\/ab; but xy, or 
xxy=4/ax/b by the ſuppoſition; therefore, ax NVab. Thus: 
V2xV/3=/ 6. ARE ac | 2 775 
Theſe multiplications are of conſiderable uſe not only in matters of ſpe- 
culation, but alſo in practice: for ſuppoſe I had occaſion to multiply the 
ſquare root of 2 into the ſquare root of 3, if I had not this rule, i muſt. 
firſt extract the root of 2, to what degree of exactneſs I think proper 
for my purpoſe ; then again I muſt extract the root of 3 to the ſame de- 
gree of exactneſs; and laſtly I muſt multiply theſe two roots together, 
before I can obtain the number wanted: but after it is known that 


Lax = -b, the whole operation will then be reduced to the ex- 


traction of the root of 6 only: nay it ſometimes happens, that two roots, 
though both irrational, ſhall have a rational product: thus /2x4/8: 
==i#16==4q, and Vabx VaC==/OfE==8dc. e 


Of the multiplication of compound algebraic quantities. 


. The multiplication of compound algebraic quantities is performed, 
firſt by multiplying the multiplicand into every particular member of 
the multiplicator, and then reducing the whole product into the leaſt 
compaſs poſſible. VF | | 

As for example; let it be required to multiply this compound quan- 
tity 6x 74 — 86 into this compound quantity. 2 x— 3 4-46 £ here 
I | aving 
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baving put down the multiplicand, and the multiplicator under it, and be- 
ginning at the left hand, (for it is all one which way the operation is 
carried on,) I multiply the whole multiplicand into 2 &, the firſt mem- 
ber of my multiplicator, and the product is 12 ** 14@x— 16bx, which 
I put down: then I multiply the multiplicand into — 3 a, the next mem- 
ber of the multiplicator, and the product is — 18 «“ 2144 ＋24 4; 
whereof the firſt member — 184K, I place under — 14 ax before found, 
; being of the ſame denomination, for the conveniency of adding; the reſt, 
to wit, +214a4-+2446, I place in the firſt line: this done, I now mul- 
tiply by 45, the laſt member of the multiplicator, and the product is 
24x —2846— 3265; whereof I place 24 under — 165, and 
—2846 under +2446, and the laſt member —32 66 place in the firſt 
line, as having no quantity of the fame denomination to join with it: laſt- 
ly I reduce the whole product into the leaſt compaſs poſſible; and it 


2 thus: 12xx—=32a4x+8bx+2144—4ab—32bb, See the 


Z „ 4Seb841 wn 1, | 
12xx — 144ax—16bx+21aa4+240b—326b | 
Lil — 28 . 


Sum 12xx —3zar +8bx+2raa —446— 32 00. | 


Example 2d. 


3x +42 —56 
3x—42 +56 _ 


9 +12 ax—15bx—16aa+20ab—250b 
—124x x 2046 


e * —1649+40ab—2588. 


Example zd. 
bxx—7ax+8aa 
2 34 $444 


12K — 14. 16 Bax — 24% 4. 32 as 
—IaXxþ21 6 X*——28 G*x 
＋ 24m 


i232 4 ατ - 20x 32 c. 


Example 
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Example 4th, Example ʒ th. Fe 
225. LS: ä 
aa ab- b  aacab+bb 
| mb 5 ab 
aa bl. a4 100. 
Example 6th, 
gb 
23 
aa—aby4bb 
a e mo ll | 
* . I aa——2ab+bb. ; | 


NV. B. A daſh over two or more quantities, fignifies that all thoſe 
quantities are to be taken into one conception, or to be conſidered as 
making up but one compound quantity: thus a Tb A does not ſigni- 
fy that which ariſes from multiplying ö uc, and then adding a—4 to 
the product, as it might be miſtaken without the daſh ; but it ſignifies 
the product of the whole quantity ao+b multiplied into the whole quan- 
tity Cd, 5 


e proof of compound multiplication. 


* 


10. In the third example we multiplied 6xx—7ax+8aa into 
2xx—3ax-+48a, and the product amounted to 12* — 32 2 + 
bra x*— 527x+324*; let us try this in numbers, and ſee how it will 

anſwer. In order to which, we may ſuppoſe @ and x equal to any two 
numbers whatever, but the ſimpleſt way of tryal will be to make 4 e- 
qual 1, and x I; and then we ſhall have in the multiplicand 6 xx=6, 
-R =, and +8aaz=+8, and b—7-+8=7; therefore the 
multiplicand is 7 : again, in the multiplicator we have 2xx=2, —3ax 
=—3}, +440=+4, and 2.3+4=3 ; therefore the multiplicator 
is 3: and 7 the multiplicand, - multiplied into 3 the multiplicator, gives 
$7.7 1 
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21 for the product. Let us now examine the ſeveral parts of the product, 
as they are * repreſented in letters, and fee whether they will amount 
to that number: 12x*=12, — 32 ¹— 3a, +614x%*=+61, 
—20 x =— 52, +324*==32; and 12— 32461 — 52 ＋ 32 a- 
mount to juſt 21. This may ſerve as a proof to the work, though not 
a neceſſary one; for it is not impoſſible but there may be a conſiſtency 
this way, and yet the work be falſe; but this will rarely happen, unleſs 
it be deſigned. But the work may ſtill be confirmed by making a = 1, 
and x =—1 ; for then the multiplicand will be 64-7 +8=21 ; and 
the multiplicator 243 4+4==9 ; and the product 12+32+61+52 
-+32=189, which is the ſame with the product of 21 the multiplicand, 
multiplied into ꝙ the multiplicator. 8 


How general theorems may be obtained by multipli- 
cation in Algebra. 


11. From theſe algebraic multiplications are derived and demon- 
ſtrated many very uſeful theorems in all the parts of Mathematics; where- 
of I ſhall juſt give the learner a taſte, and then proceed to another ſubject. 
In the fourth example of compound multiplication we found, that 
 a+b multiplied into a—b produced aa—b6b; whence I infer, that 
The fum = difference of any two numbers multiplied together will give the 
difference of their 2 and vice vers : for a and þ will repreſent any 
two numbers at pleaſure ; a +6 their ſum, a—# their — and 
aa— bb the difference of their ſquares: thus if we aſſume any two num- 
bers whatever, ſuppoſe 7 and 3, the difference of their ſquares is 49— q, 
or 40; and 10 their ſum, multiplied into 4 their difference, —.— al- 
fo 40. . © | 
But here I am to give notice once for all, that inſtances in numbers 
ſerve well enough to illuſtrate a general theorem, but they muſt not by 
any means be looked upon as a proof of it; becauſe a propoſition may 
be true in ſome particular caſes inſtanced in, and yet fail in others; but 
whenever a propoſition is found to be true in ſheciebus, that is, in letters 
or ſymbols, it is a ſufficient demonſtration of it, becauſe theſe are uni- 
verſal repreſentations. | | N 
In the ʒͤth example it was ſhewn, that a6 multiplied into itſelf pro- 
duced aa24ab-+6b; whence I infer, that Ja number be bed nw 
any two parts whatever, the Ln of the ꝛubole will be equal to the ſquare 
of each part, and the double reftangle, or product of the multiplication of 
7hoſe parts, added together: thus if the number 10 be reſolved into 7 and 
3 3 100 the ſquare of 10, the whole, will be equal to 49 the ſquare of y, 
a 9 9 _—_ 
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and ꝙ the ſquare of 3, and 42 the double product of 7 and 3 multi- 
plied together: for 49 +942 = 100. 1 

In the 6th example we found, that a—6 multiplied into itſelf, pro- 
duced 424 — 2 4b; whence I infer, that F from the en of the ſquares 
of any two numbers, be ſubtracted the double product of thoſe numbers, there 
will remain the ſquare of their difference : for aa +66 is the ſum of the 
ſquares of a and h, and 246 is their double product, and aa— 246 +bb 
was found to be the ſquare of 2—6, that is, the ſquare of the diffe- 
rence of a and 5: thus in the numbers 7 and 3, the ſquare of 7 is 49, 
the ſquare of 3 is 9, and the ſum of their ſquares is 58; and if from this 
be ſubtracted the double product 42, the remainder will be 16, the ſquare 
of 4, that is, the ſquare of the difference of the numbers 7 and 3. 

_ Theſe two laſt theorems are in ſubſtance the fourth ad ſeventh pro- 

poſitions of the ſecond book of Euclid, Oy 


Hao to expreſs the three ſides of a right-angled triangle 
7 in rational numbers. 
12. From theſe two laſt theorems may be ſolved a problem of no ſmall 
eſtimation among Algebriſts ; which is, to find three numbers, that ſhall 
repreſent the three ſides of a right-angled triangle; or rather, to find as 
many ſets as we pleaſe of ſuch numbers; that is, in other words, To. fin4 
three numbers of ſuch a nature, that the ſum of the ſquares of two of 
them may be equal to the ſquare of the third, Now it is plain that 
_ theſe three numbers aa—2ab+6bb, and 446, and aa+2ab+6bb are 
ſuch, that the two firſt added together, are equal to the third: it is cer- 
tain alſo, that of theſe three numbers, the two extremes are ſquare num- 
bers, that is, are ſuch as will admit of an exact ſquare root; for a2— 
2ab+bb, is the ſquare of a—5$; and aa4+24ab+66 is the ſquare of 
a+db; therefore, if the middle number 4ab was a ſquare number like 
the reſt, we ſhould have 3 ſquare numbers, whereof the two firſt added 
together would be equal to the third; and conſequently, the roots of 
theſe three ſquares, would be three numbers that would anſwer the con- 
dition of the problem. But the middle number 44 will be a ſquare, 
if a and b be ſquare numbers: for if we ſuppoſe a rr, and Os, we 
| ſhall have 4ab=4r 75s, which is a ſquare number whoſe root is 275: 
but the root of the firſt ſquare a9—2 4b b, was a—b, which in this 
caſe is rr —5s; and the root of the third ſquare, a , 24646565 was 
a, which is rr +55; therefore theſe three numbers, rr —ss, 275 
and r*-+5* are ſuch, that the ſquare of the firſt added to the ſquare of 
the ſecond will make the ſquare of the third; and this will be the caſe, 


I What- 
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whatever numbers » and s are made to ſtand for. But r is the dif- 
ference of the ſquares of r and 5, and 27 is the double product of their 
multiplication, and laſtly rs is the fum of the ſquares of 7 and s. 
Since then we are at liberty to aſſume what numbers we pleaſe for r and c, 
the problem will receive the following ſolution : Take any tus numbers 
at ies and from theſe two numbers thus taken, derive three others 
thus : take the difference of their ſquares, the double product of their multi- 
plication, and the ſum of their ſquares, and the three numbers thus found will 
an the condition of the problem. As for example, let the numbers 
taken be 2 and 1: now the difference of the ſquares of theſe numbers is 
| 4—1==3; the double product of their multiplication is 2x2 x1==4 ; 
and the ſum of their ſquares is 4+ 1=5; therefore the numbers 3, 4 
and 5 are ſuch as will anſwer the condition propoſed : and ſo we find 
them; for 3x3+4x4=5x5, that is, 9416==25. Again, let the 
numbers aſſumed be 3 and 2 ; and the difference of their ſquares will be 
' 9—4=x5 their double product 2x 3x2==12, and the ſum of their 
ſquares 9 +4==13 ; therefore 5, 12 and 13 is another ſet of numbers 
that will anſwer the condition of the problem: for 5x 5+12x12=13 
x 17, that is, 25 ＋ 144 == 169. Laſtly, kt 4 and 1 be the numbers aſſum- 


_ ed; and the difference of their ſquares will be 16—1 = 1 5, their dou- 


ble product 2x4x1==8, and the ſum of their ſquares 16+1=17; 
therefore 8, 15 and 17, will alſo anſwer the condition of the problem: 
for 8x8 +15x15==17x17, that is, 64+225=289. 


, bz di vi on of femple algebraic quantities. 


13. The diviſion of ſimple algebraic quantities, where it is poſſible 
in integral terms, is performed, firſt by dividing the numeral coefficient 
of the dividend by the numeral coefficient of the diviſor, and then putting 
down after the quotient, all the letters in the dividend, that are not in 
the diviſor; the ſign of the quotient in diviſion being determined by thoſe 
of the diviſor and dividend, juſt in the fame manner as the ſign of the 
product in multiplication is determined by thoſe of the multiplicator and 
multiplicand; that is, if the ſigns of the diviſor and dividend be both a- 
hke, whether they be both affirmative, or both negative, the quotient 
will be affirmative, otherwiſe it will be negative: = if the quantity 
— 1246 is divided by — 3 a, the quotient will be +44; which I thus 
demonſtrate : In all diviſion whatever, the quotient ought to be ſuch 
a quantity, as being multiplied by the diviſor, will make the divi- 
dend ; therefore, to enquire br the quotient in our caſe, is nothing elſe, 
but to enquire what number, or quantity, multiplied into — 3 a, the M- 

| 955 viſor, 
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viſor, will produce — 1246, the dividend. Firſt then I aſk, what fi 

multiplied into —, the ſign of the diviſor, will give — the ſign of the 
dividend, and the anſwer is +; therefore ++ is the ſign of the quotient : 
in the next place I enquire, what number multiplied into 3, the coeffi- 
cient of the diviſor, will give 12, the coefficient of the dividend, and 
the anſwer is 4; therefore 4 is the coefficient of the quotient : laſtly 


I enquire, what letter multiplied into a, the letter of the diviſor, will pro- 


duce ab, the denominator, or literal part of the dividend, and the anſwer 
is b; therefore 4 is the letter of the quotient: and thus at laſt we have 
the whole quotient, which is + 4 5. And this way of reaſoning will carry 
the learner through all the other caſes, 255 | 


Examples of fimple divifion in Algebra. 


Example 1ſt, 445) 24abbec ( bbc. 

2d, +7) 354 (—546. 

3d, —x) —3xx (+3x*. 

4th, —gab) +7246 ( —8. 

5th, —44) —bod (+154, 
6th, 4x*) 60x? (+15%x". Ts 
7th, +40x*) —bowx? ( —1505%, 
8th, 4) 146 (3a, | 
gth, ) 56 (56. 


| 0 F the notation of algebraic fractions 


Whenever a diviſion according to the foregoing method is found im- 
poſſible, the quotient cannot be otherwiſe expreſſed than by a fraction, 
whoſe numerator is the dividend, and denominator the diviſor ; ſee the 
introduction, art. 13. As if it was required to divide a by 5, which di- 
viſion is impoſſible according to the foregoing rule, the quotient muſt be 


expreſſed by this fraction —, Which is uſually read thus @ by 5, that is, 


a divided by 5, or the quotient of à divided by 5: for in Algebra the 
word by, is generally ſpeaking, appropriated to diviſion, as the word into 
is to multiplication, | : 
If the numerator, or denominator, or both, be compound quantities, 
| pr da BY + a+b a amb 
the reſpective fractions muſt be written thus; ——, Fre 
If a diviſion be partly poſſible according to the foregoing rules, and 
partly impoſſible, it muſt be 1 as far as it is poſſible, and the 15 
| 2 mul 
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muſt be repreſented by a fraction, as in common diviſion: thus if d- 
bd c was to be divided by d, the quotient would be a+ b+>: 


| Of the divifion of compound algebraic quantities. 


14. The diviſion of compound algebraic quantities is performed, firſt, 
by ranging the ſeveral members both of the diviſor and dividend accord- 
ing to the dimenſions of ſome letter common to them both, and then pro- 
ceeding as in common arithmetick, 

Noa A 2 is ſaid to be diſpoſed according to the dimenſions 
of any letter in it, when the higheſt power of that letter is placed firſt, 
and the next in order, and ſo on, as in the following example; where 
both the diviſor and dividend are ranged according to the dimenſions of 
the letter x. F . | | 

Of this compound diviſion, take the following example: let it be re- 
quired to divide this quantity 48 x*—76ax*— 64 #x+ 105% by this 

uantity 2& - 34. Here, as my diviſor conſiſts of two members, I take 
4 two firſt members of the dividend for a firſt dividual ; then I divide 
the firſt member of the dividual by the firſt member of the diviſor, to 
wit, 48 * by 2x, and the quotient is 24xx, which I put down in the 

quotient : this done, I multiply the diviſor 2#—4 @' by the quotient 
24xx, and the product is 48 **—72 ax*, which I place under my firſt 
dividual 48 K -, and then ſubtracting the former from the latter, 

I find the remainder to be — 44 ; to this remainder I bring down the 
next place of my dividend, which is — 64, and fo have a ſecond di- 
vidual, to wit, — 4ax*— 64x: here again I divide the firſt member 
of this dividual, by the firſt member of the diviſor, v/2. — 4a by 2x, 
and the quotient is —24ax, which I put down in the quotient ; then 
multiplying the diviſor 2x —3 4, by this laſt quotient — 2 ax, the pro- 
duct is —4ax*+6d*x, which being ſubtracted from the ſecond divi- 
dual — 44ax*— 64a leaves — o d& for a remainder ; to this remain- 
der II bring down + 105 the laſt place in the dividend, and fo have a 
third dividual —70#x-+ 1054? ; the firſt member whereof divided by 
the firſt member of the diviſor, quotes — 3 5 aa, which being put down in 
the quotient, and the diviſor multiplied by it, the product is —70 4x 
+ 1054), which being ſubtracted from the laſt dividual leaves no re- 
mainder ; ſo that the whole quotient at laſt amounts to 24 * 24K 
—735aa, See the work: 


Example 
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Example . 


2—34) waa ble +1050 (24x—20x—350 
| 48x —7205* I's 


* 4 - 
—4ax* + 6&x 


* oK 105 45 


—70&x-+ 1050 
* * 
Example 2d. 
qx—50) 48x -%] A 10 f ( ö 
48 *—boax* 
* — 164 64x 
— 164 20e 
* — 84 106% 
— 844*x+ 1054* the 
* * 
Example 3d. 


6 ＋ þ 48 #—760x* — 64 x 109 ( 8x*—22ax+ 15 
: 48 x* + 56ax* 
4 —132ax* —b4dx 
1322 - 154K 
* + god'x+1056' 
+ 904"x-+ 10547 


" Wa * 


Example 
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Example 4th. 


2 ) ($%—4550 +823%—b7x+40 ( b - s 


18K.—24 LC 
* —21%-þ 52K —67 
21K ＋ 28K — 35 
* ＋24* — 32K ＋ 40 
24 — 32K ＋ 40 
e — * 


= This, as I take i it, is the _ intelligible way of - thee divi- 

" . ſions, as being the neareſt of kin to common diviſion; but it may be 

4 ſomewhat contracted, as will _ be ſeen ”7 working the — 
N | — over again thus : : 


Example I ſt, 


2X— 34 ) 48 x*—76ax*— 64 4: x+ 10 ach ( 5 ax — 35a 
48 —722. ä 


4 — 40x 
—4 . + 6 &x 


, 
—70dx+ 1054 


* „ 
E 2d. 
| 4X=— 5a ) 18x76 ax%—=640x+ 1050 ( IL 4ex—21 


48x%*—boax 


* ——JO0ax* 
1x + 204"X 


* — 
| —B4e'x+ 1050 


Ws * 


Example 
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Example zd. L 


6x+704) 48 % 7 —644x + 1050 (8x4*—22ax+1548 
| 48 * + 56a xt þ 
4 — 132 
e eee e. 
"0 + 90x 
+ 90 4x ＋ 105 0? 


— — 


f 9 N 


* * 

Example 4th. 
ax —4x+5) 18 x*— 45 * +82 K - 67 x-+40 (6*—7x +8 
* 18 — 24 * + 30 K e 


E89 * + 52 K 
S 21 K* ＋ 28K — 35 * 


„ 24K 32« 
＋24*K — 32 & ＋ 40 


— cw 


* * * 


This fort of diviſion may be proved the fame way as in common di- 
vifion, to wit, by multiplying the diviſor into the quotient, or the quo- 
tient into the diviſor, and adding the remainder, if there be any; for 
then, if the product, or ſum, be equal to the dividend, the diviſion is 
right, otherwiſe not: thus if inſtead of dividing 48 x* — 76 a x* — 64a 
+ 105 by 2 X — 3 a as in the firſt example, we divide 48 x*— 76a x* 
— 644*x +1104 by 2 x—3 a, the quotient will be the fame as before, 
to wit, 24 *—2ax— 35%, but then there will be a remainder of 
543 ; therefore e converſo, if the quotient 24 * - 2 a x — 35 be mul- 
tiplied into the diviſor 2 x— 3 a, the product together with the remain- 
der 5 4. will make the dividend 48 *—76 ! — M ανͤ + II0O G. See 
the proof: eee eee 


24 
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24K —24ͤ — 354 | | 
2K —34 


48 * — 4 — 70 ax ++ 105 45 
5 Dj D 


***— „ 


48 x* — 76a — 64 ＋IO5 2 
5 +38 
48 * — 76ax*— 64 ax +110, 


If, when the diviſor and dividend are placed according to the dimenſi- 
ons of ſome common letter, there be any places wanting, theſe may be 
ſupplied by ſtars : as if it was required to divide 16 x*—72 a*x*+ 814. 
« 2 x za; there are wanting two places in the dividend, to wit, the 


places where the third and _ powers of x are concerned: theſe there- 


fore being ſu lied, the dividend will ſtand thus; 16 ** * — 72 4e * 
+814, See the work: | | 


2x—34) 16x #8 —20 x* * + 0144 (8K ＋ Iz —1 da 2745 


16K —2 4a * 


* ＋ 24a x . 
＋2 4X —-3 644 x* 


4 


* —J64 x 
E 3Gαοↄ x +5;40x 
* gde 
— — 
ö 


For another example of this kind, let it be required to divide 81 * 
— 256 at by 3 x +44, and the work will ſtand thus: 


3x-+44) 81 «EE „ #=— 2 56 a(27%*—36ax*+ 480*x—640 


$1 x*+108axt 


* — IOS 
— ] 084x*—1 444*x* 
* =ÞI440Xx 
+ 1444" xX*=+-1920X 
EE * —] 924x 
—192 43 2 504 


— 
—_— — 


* _ 
As 
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As diviſion in decimal fractions may be oſten, by the help of 9 ö 


continued at pleaſure, ſo likewiſe may diviſion in Algebra by the help of 
ſtars: as if 1 was to be divided by 1, the quotient would be 1—x 
+ x*=ngxx?4-atnmxt Cc ad infinitum : but if 1 be divided by 1—x, the 
quotient will be IX EAN D + x* + x* &c ad. infimitum, See the 
Work: 80 n 


i+x) 1 * + „ (I- r -H r- Tc, 
3 e : wo 


* — * | 
* + x 
+ * + x 
„* . 
—* — K* 
Sox... 
Xx 


— „ eee ee. 


1— K* 
* -* 
EX — K 
X ＋ x* 
＋ * — 
K -K | 
a xi—xt FE 704 
tb xt 
＋ * — K. 


KR-. 


Quotients ariſing from this ſort of diviſion are for the moſt part fo re- 
gular, that a few terms may be fufficient to diſcover the whole proceſs 
or continuation, as well as if the work was continued ad infinitum. As 


who that ſees this work, and four or five of the firſt members of the quo 
tient, can doubt of the reſt? | 


; pron For 
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For another example of this kind of diviſion, let it be required to di- 
vide unity by the quantity 1—2x-+-xx, and the work will be as follows: 


1-2 Lan 1% # # # (1baxbgixtgntgr Ge. 


+2X=—4xx+2%3 


EEE ES 
+ 3xx—0x%+3x* 


OM +4x3i—3 xt 3 
＋4*—8K· eee at 
* +500 5 
+ 5x, 


1/, By the four ſtars annexed to the dividend unity, is ſhewn, that 
this diviſion, though productive of an infinite ſeries, is not here intended 
to be continued beyond the fourth power of x. 

2dly, By the regularity of the quotient 1 + 2x + 3 xx + 43+ 5 x*, 
none can doubt but that the next ſubſequent terms will be ＋ 6x5 + 7x* 
-+8x" Ec ad infinitum. 1 5 X 

3dly, When quotients are thus regular, the very remainders will be ſo 
too: thus in the preſent caſe, the remainders are 2x - 1:x%, 9x*— 2x, 
4x%—3x*, 5x%—4x*5 ; but of this laſt remainder, the latter part —4* 
is dropped, as being out of the compaſs of the work; and fo muſt all o- 
ther terms be that are ſo, whether it be in multiplication, diviſion, ex- 
traction of roots, or in any other operation whatever. | 

Let us now try the foregoing diviſion by multiplication ; that is, let 
the quotient 1+2x+3x*+ 4x%+ 5x* be multiplied by the diviſor 
1—2x--xx, and let us ſee whether the product will be i *» „ * „; 
for as the quotient is not true to above five places, it muſt not be ex- 
pected that the product ſhould be true to more. See the work, where 
the multiplication is carried on from left to right.;. | 


Ik 2x-+3x*%+4x*+ 5x8 
1—2 ＋ x* 


Ib2x-+3af+4x%+ 5x0 
—2*—4ͤ — - 8K 
K zx -gR&. 


1 „ „ # # 


There 
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There is alſo another way of performing theſe multiplications, which I 
ſhall here put down; not ſo much for any extraordinary uſe it has in theſe 
caſes, as that it may ſerve very well to explain Mr. Oughtred's rule for 
contracting multiplication, which ſee in his Clavis, chap. 4. 

Here then the multiplicator muſt be inverted, wherein the place of 
units muſt be put under that power of the multiplicand which is intended 
to be the laſt in the product; that is, in the preſent caſe, 1 muſt be pla- 
ced under 5 *, thus: 


1 2x TZ AN 
x —2Xx + TI. 


Having thus put down the multiplicand and multiplicator, every term 
of the multiplicator muſt begin to multiply that term of the multipli- 
cand which is next above it, and then muſt proceed to multiply all the 
other terms towards the left hand: thus 1 muſt multiply 5 * ＋ 4 
+3*+2x-+1; but the next term of the multiplicator, to wit, — 2 x 
muſt multiply only 4 x*+ 3 x*+2x + 1 ; and the laſt term of the mul- 
tiplicator, to wit, x x, muſt multiply only 3 xx +2 x + 1, as may be 
ſeen by the work, which follows: is 


Ipb2x+ 3x 4x; xt 
- X"==2X +I 

1 +2 x +3 * + 4 + 5 x 

— 2x —4* - 0 x$*—-8 K 


Re ** * * , 


N. B. In the application of this example to Oughtred s rule, x muſt be 
made equal to Z, xx to — "Oy 5 


I could not well fay leſs than I have done concerning diviſion, to give 
the young Algebriſt a tolerable notion of that operation; but to ſay more, 
and to enter into a detail of all the particular caſes that may happen in 
literal diviſion, would be to fill his head full of abſtracted notions, 
which he is almoſt ſure to forget, before ever he will come to apply 
them. It is for the ſame reaſon that I ſhall at this time paſs by the in- 
vention of diviſors, the doctrine of ſurds, the reduction of radicals, and 
ſome other things of the ſame nature, till we ſhall have a more immedi- 
ate demand for them, and then I ſhall produce and explain them as we 
want them, without obſerving any other method. 


Sx” 07 
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07 Proportion in numbers. 


| 15. The rule of proportion in Algebra is fo very little different from 
the rule of proportion in common arithmetick, that one example of it 
will be ſufficient, Let then the following queſtion be put: a gives 
b, hat aul c give? here the ſecond and third terms multiplied toge- 
ther produce bc, and the quotient of this divided by the firſt term a, can- 
not otherwiſe be expreſſed than by the fraction ot this is evident from 
—_ | LD 
the notation of fractions explained in the 13th article. But as I have hither- 
to purpoſely avoided all conſideration of proportion, chooſing rather to 
appeal upon all occaſions, to the common idea every one has or thinks 
he chas of it, than to be more particular, it may not be improper, now 
we come to reaſon more cloſely upon things, to enter more diſtinctly in- 
to the particular nature of proportion, ſo far at leaſt as it relates to num- 
JJC . ID THE ogy ag 
According to Euclid, four numbers are faid to be proportionable, that 
is, the firſt number is {aid to have the fame proportion to the fecond, that 
the third hath to the fourth; or the firſt is faid to be to the fecond, as the 
the third is to the fourth, when the firſt number is the fame multiple, 
part or parts, of the ſecond, that the third is of the fourth : but it will . 
be aſked perhaps; How can we know, what parts, part, or multiple, a- 
ny one number is of another? To which I anſwer by a fraction, whoſe 
numerator is the former number, and denominator the latter: thus the 
fraction ; expreſſly ſhews, that the numerator 2 is two third parts of the 
denominator 3; for this is certain, that 1 is; part of 3, and therefore 2 
muſt be; of it: for the ſame reaſon the fraftion # ſhews that the num- 
ber 12 is g or 2 of the number 8; and laſtly, the fraction 2 ſhews, that 
the number 12 is * of, or 3 times the number 4, and conſequently, that 
12 is a multiple of 4, as containing it juſt 3 times without any remain- 
der: therefore to any ane who underſtands fractions, Euclid's definition 
of proportion may be more diſtinctly expreſſed thus: Four numbers are 
ſaid to be proportionable, when a fraction whoſe numerator is the firſt number, 
and denominator the ſecond, is equal to a fraction whoſe numerator is the third 
number and denominator the fourth, Thus 2 is to 3 as 4 is to 6, becauſe 
Z is equal to +; thus 12 is to 8 as 15 is to 10, becauſe ; equals 3, both 
being reducible to 3; thus 2 is to 6 as 4 is to 12, becauſe 4} equals 4, for 
each is equal to;; laſtly, 6 is to 2 as 12 is to 4, becauſe S==1, 
From this idea of proportionality may be demonſtrated a very uſeful theo- 
rem in Algebra; which is, that Whenever four numbers are proportionable, 


the 
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the produtt of the extreme terms multiplied together will be equal to the pro- 


duct of the two middle terms ſo multiplied : for let a, ö, c and d, be four 
proportionable numbers in their order; that is, let a be to basc is to d; I 
ſay then that 2d the product of the extremes will be equal to þc the 


product of the two middle terms: for ſince à is to þ as c is to d, it fol- 
tows from what has already been laid down, that che fraction 3 is equal to 


the fraction 7. multiply both the terms of the fraction 7 into 4, and 
both thoſe of the fraction - into ö, (which multiplications may be made 
without altering the values of the fractions, ) and then you will have 
72 755 that is, the quotient of ad divided by 6 d, is equal to the 
quotient of bc divided by 5d; therefore ad muſt be equal to bc, that is, 
the product of the extremes muſt be equal to the nos 1a of the middle 
terms. Q, E. D. a; EO 
The converſe of this propoſition is alſo true, to wit, that Whenever we 
have an equation in numbers, wherein the product of two numbers on one ſide 
is found equal to the product of two numbers on the other, ſuch an equa- 
tion may be reſolved into four propertionals, by making the two numbers on either 
fide, the extremes, and theſe on the other fide, the middle terms: thus if 
ad bc; by making aand d the extremes, and b and c the middle terms, 
we ſhall have à to þ as c to d: if this be denied, let @ be to b as c is to 
e; then we ſhall have ae = bc by the laſt; but ad = bc by the ſup- 


poſition ; therefore ae = ad; therefore e equals d, and à is tobasc is to d. 
6 


n n 
Whence if a, ô and c, be continual proportionals, that is, if @ is to 


b as b is to c, we ſhall have a: and e converſo, if + = ac, ther 
a, b and c will be continual proportionals. | 


The common properties of proportionality in numbers 


demonſtrated. 


16. From what has been delivered in the laſt article, may be demon- 
ſtrated all or moſt of the common properties of 1 numbers 
with a great deal of ceaſe, ſome of the moſt uſeful whereof I ſhall here 


throw 


* þ . 
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throw together into one ſingle article, for the reader to peruſe, either at 
preſent, or hereafter, as he ſhall ſee occaſion. . ROOT | 
Firſt then, from what has been faid, may the rule of three, which con- 
fiſts in finding a fourth proportional, be moſt diſtinctly ' demonſtrated : 
for let a, b and c be three numbers given, in order to find d, a fourth 
proportional; then fince @ is to þ as c is to d, you will have ad the pro- 
duct of the extremes, equal to bc the product of the middle terms; di- 
vide both ſides of the equation by a, and you will have 4 — 3 which 
is as much as to fay, that if three numbers be given, a fourth proportio- 
nal may be obtained by 1 the ſecond and third numbers toge- 
ther, and dividing the product by the firſt, + 1 

In the rule of three inverſe, let the numbers when diſpoſed according 

to form be a, þ and c; then whoſoever attentively conſiders the nature 
of that rule, will eaſily ſee, that the fourth number there ſought for, is 
not to be a fourth proportional to the three numbers given as they are 

diſpoſed in the order a, , c, but as they ſtand in the order c, b, a, or 


ab 
c, a, b, and therefore in this caſe, the fourth number will be — 


| Secondly, if two proportions be equal to a third, they muſt be equal 
to one another, becauſe if two fractions be equal to a third, they muſt be 
equal to one another: thus if à is tobascistod, and is to d as e is to 
½, we ſhall have a to b as e to f. ) — 
Thirdly, if à is to ô as c is to 4; then 4 will be to à as d to c, which 
is called inverſe proportion: for if a is to b as c is to d, we ſhall have 
ad=bc; make 5 and c the extremes, and you will have ô to à as d to c. 
Fourthly, if à is tob as c is to 4; we ſhall have by permutation, à to 
c as 0 to d: for ſince à is to 5 as c is to d, and conſequently ad=bc, 
make à and d the extremes, and c and & the middle terms, and you will 
have à to c as 5 to d. „ | | 
Fifthly, if à is to bas c is to d, and any two multiplicators what- 
ever be aſſumed, as e and /; I fay then, that e is to fb, as ec to d: 
for ſince à is to h as c is to d, and fo ad=bc; multiply both ſides of 
the equation by the product ef, and you will have a dx ef Cx; but 
adxef=eaxfd, and bexef=fbxec; therefore eaxfd=fbxec; 
make ea and fd extremes, and the proportion will ſtand thus; eg is to 
b as ec to fd. In like manner, mutatis mutandis, it may be demon- 


ſtrated, that if à is to þ as c is to d, then — will be 07 as - is 0 f. 


Stxthly, if 4 is to b as c is to 43 then & is to & as c is to di: for 
fance @ is to 5 as c is to d, and ſo ad be; ſquare both ſides of the 
| equation, 


V 
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equation, and you will have & d. = b; make @ and di extremes, and 
you will have @* to & as © to di. And by taking theſe ſteps backwards, 


it will alſo appear, that if & is to & asf is to di; à is to 5 as c is to 


d, and Ja is to b as Ac is to Ad. ; | 
Seventhly, if @ is to þ as c is to 4; then by compoſition (as it is cal- 


led) a+bistobasc+d is to d; or Tb is to a, as c+4 is toc: for 


ſince a is to b as c is to d, and conſequently a d bc add bd to both 
ſides of the equation, and you will have a d ＋ dN; but ad+bd 


is the product of a+b multiplied into d, as is eaſily ſeen; and Cd 
is the product of þ multiplied into +4; therefore a+bxd=b Kd; 
make a +b and d extremes, and you will have a+btobasc+d to d. 
Again, ſince bc a d, add ac to both ſides, and you will have ac be 
=4ac+ad, that is, a +b c a ; make a+Þ and e extremes, 
and you will have a+ to a as c+d to c. 

Eighthly, if a is to þ as c is to d; then by diviſion a—3 is to b as c—2 
is to d;zora—bistoaasc—d toc. This propoſition is demonſtrated 
by ſubtraction, juſt in the ſame manner as the laſt was by addition. 


Ninthly, if to or from two numbers in any given proportion, be added 
or ſubtracted other two numbers in the ſame proportion, the ſums or 


remainders will ſtill be in the fame proportion with the numbers firſt 


propoſed : thus if the numbers c and 4 be in the ſame proportion with 
the numbers à and 5, that is, if as a is to 6 fo is c to d, and if to or 
from the former two numbers, be added or ſubtracted the latter, we ſhall 


have not only a +c to b + d as a to 5, but alſo a—c to b—dasatob: 
for ſince by the ſuppoſition, à is to b as c is to d; it follows by permuta- 


tion, that à is to c as þ is to d; and by compoſition, that 4 ＋ c is to a as 
S ＋r to b; and again by permutation, that a ＋ is to b+d as a is to 
6: in like manner by permutation and diviſion we ſhall have a—c to 
6 - as à to b. 

Tenthly, if there be three numbers @, b and c, and other three num- 
bers d, e and / proportionable to them, and in the fame order, that is, 
if as 4 is to h ſo d is to e, and as b is to c fo e is to /; I fay then, that 
ex aequo, the extremes will be in the fame proportion, (viz.) that à will 
be to c as d is to /f: for ſince by the ſuppoſition, @ is to & as d is to e; by 
permutation we ſhall have 4 to d as b to e; and for the fame reaſon, 


ſince þ is to c as e is to /; we ſhall have 5 to e as c to /: ſince then à is 
| to 


bo 


4 
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to d as btoe, and b to e as c to /; it follows from the ſecond propoſition, 
that a is to d as c to /; and by permutation, that à is to c as d to f. 
Eleventhly, if there be three numbers, a, b and c, and three other 
numbers d, e and F proportionable to them, but in a contrary order, ſo 
that a istob as e to /, and bto c as d to e; I fay, that the extremes will 
{till be proportionable, to wit, that à will be to c as d to /: for ſince à is to 
has e to f, we have af = be; moreover ſince þ is to c as d to e, we have 
cd be; therefore af=cd; make a and F extremes, and you will have 
atocasd to . . 5 | 
N. B. If there be two ſerieſes of numbers as a, b, c, &c; d, e, f, Gc; 
each ſeries conſiſting of the ſame number of terms; and if all the propor- 
tions between contiguous terms in one ſeries, be reſpectively equal to all 
thoſe in the other, that is, each to each, as they ſtand in order ; as if a 
be to bas d toe, and þ to case tof, &c; then the extreme terms of one 
ſeries will be proportionable to the extreme terms of the other: for the 
demonſtration of the tenth propoſition may be extended to as many terms 
as we pleaſe; and this proportionality of the extremes, is ſaid to follow 
ex quo ordinate, or barely ex quo, that is, from a reſpective equality 
of all the proportions in one ſeries to their correſpondents in the other, 
in an orderly manner. But if every proportion in one ſeries, has an e- 
qual proportion to anſwer it in the other, but not in a correſpondent 
part of the ſeries; as if a be to b as e tof, and & to c as d to e, &c; then 
though the extremes will ſtill be proportionable, as will be evident by 
continuing the demonſtration of this eleventh propoſition; yet now the pro- 
portionality of the extremes is ſaid to follow cx æquo perturbate, that is, 
from an equality of all the proportions in one ſeries to all thoſe in the 
other, but in a diſorderly manner. =” 1 
Twelfthly, if a is to b as c is to d; we ſhall have a+6 to a—b as 
c+d is to c—d: for ſincè aistobasc is to d., we ſhall have by com- 
poſition, 4 ＋ 6 to 4 as c＋ dis to c; we ſhall have alſo by diviſion, 
4 6 to a as c toc; and by inverſion, a to a—b as c to c —d: ſince 
then we have a+b to a as c+d to c; and 4 to a—b as c to -a, 
that is, ſince we have three numbers, a+ 6, a, and a — 5, and other 
three numbers proportionable to them in the ſame order, to wit, cd, c, 
and -; it follows ex æquo, that the extremes will be proportionable, 
that is, that 26 will be to a—b as cis to c d. 
Thirteenthly, if there be a ſeries of numbers, E, I, n, u, whereof + is 
to / as 4 to 6, and / to m as c to d, and m to n as e to ; I ſay then 


that 
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that & the firſt term, will be to # the laſt, as ace the product of all 
the other antecedents to h F the product of all the other conſequents: 
for E is to] as à to b, by the ſuppoſition ; and we ſhall find that à is to 
bas ace to bee by multiplying extremes and means; therefore & is to / 
as ace to bce; and for a like reaſon I is to mz as bce to bde, and m is 
to n as bde to YA; therefore ex æquo, & is ton as ace to bdf. 


Of the extraction of the ſquare roots of imple algebraic 
quantities. + Bak For: 

17. The extraction of the ſquare root of fimple algebraic quantities 
is ſo very eaſy, that it needs not to be inſiſted on. Thus the ſquare 
root of a@ is + or — a, the r root of 944 is + or — 3 a, and 
that of 42 abb is + or — 24: this is plain from the definition of 
the ſquare root; for the ſquare root of any quantity, ſuppoſe of 44466, 
is that, which being multiplied into itfelf, wil produce 4 24566: now 
— 2 ab multiplied into itſelf will produce 4 4445, as well as +246, 
and therefore one quantity is as much it's ſquare root as the other. 

When the ſquare root of a quantity cannot be extracted, it is uſual to 
figriifie it by this mark /: thus / 2 aa ſignifies the ſquare root of 299; 
thus Ja- 4b ſignifies the ſquare root of the whole quantity -A; 
thas Vaa—4b 


* ſignifies a fraction whoſe numerator is the ſquare 


root of the whole quantity a a— 4 6b, and whoſe denominator is 24; thus 

44 — _ . wy . 4426 — 4, 
A. 2 ſignifies the ſquare root of the whole fraction 1 
that is, the ſquare root of both the numerator and denominator. 

When the ſquare root of a quantity cannot be extracted, the quantity 
may ſometimes however be reſolved into two factors, whereof the one is 
a ſquare, and the other is not; and whenever this is poſſible, the root 
of the ſquare may be extracted, and the radical ſign may be prefixed to 

the other factor: thus 12 a equals 42 a * 33 therefore / 12aa==2ax\/ 3, 


Of the extraction of the ſquare roots of compound alge- 


braic quantities. 


18, The extraction of the ſquare root of compound algebraic quantities 
is ſo very like that of whole numbers in common Arithmetick, eſpecial- 
ly in the caſe of ſerieſes where it is chiefly required, that one would be 
apt to imagine, a bare inſpection of the work would be ſufficient to ſhew 
the proceſs to any one tolerably well ſkilled in the latter ; but if that be 
not thought ſufficient, take the following directions, with an example. 

L Let 
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Let it be required to extract the ſquare root of this quantity x*+ 4 x* 
+ 10x*+20x*+25x*+24x+ 16: here, pointing every other place 
from the place of units, that is, from 16, I demand the ſquare root of 
the member belonging to the firſt point to the left hand, that is, of 
x* and the anfwer is &, which I put dawn in the quotient ; then I 
Square , and ſubtract the product x*, from x*, the member belonging 
| to the firſt point, and there remains.nothing : then I bring down the 
] N two next members belonging to the next point, to wit, 47 Io for a 
| reſolvend, and divide it by 2 x*, the double of the root in the quotient, - 
| that is, 1 divide 4 * the firſt member of the reſolvend, by 2 M, and the 
otient is 2 x*, which I put down in the quotient, as likewiſe after 
the diviſor 2 x?; then I multiply the N 2 * +2 K by it's laſt mem 
ber 2 *, and the product 4 ＋ A4 I ſubtract from the reſolvend 
4 * + lo, and 0 remains 6 x+ ; to this remainder I bring down 
the next two places 2 0x*+25 x*, and fo have a new reſolvend, 6 x++ 
20 5; this reſolvend I divide by the double of the root already 
found, that is, by 2 & + 4 *, dividing the firſt member of the reſolvend 
by the firſt member of this double root, and the quotient is + 3 x, 
which I put down in the quotient, and alſo after the diviſor 2 x*+4 x* ; 
then multiplying this laſt quantity 2 B+ 4 x* + 3 x by it's laſt member 
+ 7x, the product is G IZ +9 x*, which being ſubtracted from the 
laſt reſolvend, leaves 8 x? + 16 x*; to this remainder I bring down the 
two laſt places 24 x + 16, and fo have a new reſolvend 8 x* + 16 x* + 
24K ＋ 16; this 1 divide by the double of the root already found, that 
is, by 2x*4+4x*+6x, and the quotient is + 4; this being put down in 
the quotient, and alſo after the diviſor 2844 x*-+6x gives 2 K* + 4x* 
6 x + 4; which being multiplied by it's laſt member 4, gives 8x* + 
16x*--24x-+ 16, which being ſubtracted from the laſt reſolvend, leaves 
no remainder ; therefore the whole root is & +2 x*+ 34x +4. See 
the work: 5 1 | 
* A* IO 20 25 * 24x+ 16 (Zz 7 
x* | | 
2%%+2x NM AN +10xt 
== 2.x" 4X5 +4x* 


rent + 6x*+20%%+25x* 
. + 3x * 123% + gx 
= 24 EA EGA EAN # + 83%+16x*+24x+16 
| | +4 8X*+16x* 24x16 


0.0: 6 
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Otherwiſe thus: 
| * ＋ 4x%+ 10 * ＋ 20x%þ 2 [FR 24.x-+16( We 2% $3844 | 


2X%4+2x"\* | | 
+2xX7 +4x +4xt 


2%*+4x*+3x3, NGN 


＋ax 0x*+12x%+9x* 
23% p4x*+6x+4\ „ + Bu I64 
8 9 83 + 10x*+ 24x +16 


Since the laſt member ＋ 16 of the quantity given, was a ſquare, I 
might have begun the extraction at that end, and the root would have 
come out the ſame as before, but inverted. 

N. B. By a ſquare number I mean a number that admits of a ſquare 
root; therefore — 16 is no ſquare number, ſince there is no root either 
affirmative or negative, witch 


the following quantity, or at leaſt to reduce the root to the ſimpleſt ex- 
preſſion, 12x*—72 * ＋ 108 x : this quantity, becauſe neither of the ex- 
tremes are ſquares, muſt be reduced to a more convenient form thus ; 
if 12 * be divided by 12x, the quotient xx will be a ſquare number; 
therefore I divide the whole by 12x, and the quotient is xx—6x-+9 ; 
 Whence I conclude e converſo, that if xx—6x+9 be multiplied into 
12 x, the product will be the quantity propoſed, to wit, 12x%—72 x* 


+108 x; therefore by the 8th article, V12%*—72x*+108x equals 


Sxx—6x=+9 into 12 *: but /x*—6x+9 being extracted as 
above, is x — 3, or 3—x; and becauſe 12x=4x3x, we have \/12x 


=2X4/3x; therefore, \/12x%—72x*+ 108x K- 3 or 3 — in- 


 to2x4/3x=2x—6 cr "b—2x into Yz x. If the ſquare root of 
the factor x x— 6x9 could not otherwiſe have been extracted, it 
might however have been obtained by an approximation, as is that of a 
binomial in the following article. 1 


bs | To 
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multiplied into itſelf will produce — 16. 
For another example, let it be propoſed to extract the ſquare root of 


5 A 
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To extract the feen, root of 4 binomial * an 22 


eres. 


196 « ase in thib place 1 mean avy ak conſiſting of 
two ſimple quantities connected together by the ſign + or —, as a-+6, 
1—2, &c: now though the ſquare root of ſuch a quantit * cannot be 

er 


expreſſed by any finite number of denn, yet by an infinite ſeries it may, 
as in the following caſes, 


Caſe the 1ſt. The ſquare root of the binomial 1-+ x, ſuppoſing x to 
be leſs than 5 is found by the following operation to be 1+ix— 


2K ＋ 4 Wl x*+ c; a ſeries, whoſe regularity is not immediately 


perceived, but I ſhall make it appear in the courſe of this work, that 
theſe ſerieſes are as regular as any others Whatever, and as eaſily com- 
puted, 


I | a 
x x 
a. * +x 
- h 
x K* 
N #2 
2 x* 
271 *— 8 * "_ 
DOE EIT 
8 4 8 64 
* N x * 
| x3 9 
＋ 16 8 ＋ 16 
e * 
x gx+ 
128 64. 
* 


Since 
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Since in all theſe ſerieſes, the powers of x aſcend or deſcend regularly, 
theſe roots may be extracted by the help of the coefficients only, and 
the powers may be ſupplied afterwards ; but then due care muſt be 
taken to keep the terms diſtinct, fo as to place all of the ſame kind orderly 
one under another, that no confufion may ariſe in the operation. 

Let us now try the root thus found, and ſee what it will produce when 
multiplied into itſelf : but firſt I muſt advertiſe the reader, that as this 
root is not extended beyond the fourth power of x, ſo neither ought it 
to be expected that the ſquare of this root when multiplied into itſelf, 
ſhouldbe true to more places than the root; therefore in this multipli- 
cation, all the powers of x beyond the fourth ought to be excluded out 
of the product as uſeleſs terms, Now in order to ſquare the quantity 
I +ix——!xX* + ** —. 85 x*, it muſt be multiplied, 


Firſt into 1, and the product will be 1 +ix—px* T. Ge. 
then into z *, and the product will be IX Tx -K +4 x4Gc, 


then into — *, and the product will be -i -N ＋A K* c. 
then into ; &, and the product will be + AN Ax! c. 
then into 2 and 1 23 3m = | | 

* Ge. 
the product will be 3 Os. 


„ 


add theſe together, and the ſum will be 1+x „ «„ „ 
as it ought. 


As in ſquaring this root, no notice was taken of any powers of x be- 
yond the fourth, fo likewiſe in extracting the ſquare root, the work muſt 
not be ſuffered to run on beyond the power where the ſeries is deſign- 
ed to terminate, that is, all other powers muſt be excluded out of the 
work, as they are out of the root. | 

Caſe 24. Let now the ſquare root of the binomial 1—2 be requized : 
where it is plain that z muſt be leſs than 1, otherwiſe 1 —z would 
be a negative quantity, and could have no ſquare root: put then — 2 
inſtead of x in the foregoing caſe, and you will have xx=+2*, x*==—2z, 


* 72 Ge: therefore i -=- 2-2 — 3 — 38 —Gc. 


128 
Caſe 3d. Let the ſquare root of the binomial 2+ 1 be required, ſup- 
poſing 2 to be greater than 1: here, thaugh 1 be a ſquare number, yet 
as this root is to be expreſſed by an infinite ſeries perpetually converging 
nearer and nearer to it; the ſeries muſt take it's riſe from the greater part 
of the binomial, that is, from : divide then the quantity 2 ＋ 1 by z, 
7 and 
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and the quotient will be 1 +25, where 2. will be les clan 1, becauſe a 


WO th r3% it $1 rr DOLLS. 20 Yall. £7: 3 
is greater: ſince then . equals 1 + >, it follows & comverſs, - that 


-of T For 052 6 i ; 8 2 5 * = "6 1. 
CCC ˙T he VTRET TY got © in- 
ſtead of x in the firſt cafe, and you will have / L IA 


1 


162 1289 Ce 
ad imfnitum s, and you will have 


„ 790 TI 

call the ſum of this ſeries continued 
423 +1=5/2, that is, $XV/2S. Nw 88 
Cuaſe 4th. Let it be required to expreſs by an infinite ſeries, the ſquare 
eee ee 
. 

binomial : here 


9 bt 


* =1-+—; therefore 1 +>xa=a+6; but 


* 


n . ; b Py. 8 5h _ 
V 1 + by the firſt caſe is 1 Fi: "or ie abe Sc: 
call the ſum of this ſeries continued ad infinitum s, and you will have 


oy T=. Ja. 


Preparations for demonſtrating the rule for finding the 
greateſt common meaſure of two numbers given; that 
1 + ts, their greateſt common diviſor. 


4 | 20. Coming now to give ſome examples of the ſeveral reductions and 
1 ; operations of algebraic fractions; I ſhall take this occaſion before I be- 
= ein, to give ſome account of the rule for finding the greateſt common 
ko meaſure to any two numbers propoſed ; a rule very uſefut in vulgar 
= fractions, and ſometimes in Algebra, when both the numerator and de- 
104 nominator of a fraction are compound quantities. 

This ſhould have been done fooner, but that I made ſome doubt whe- 
ther ſuch a demonſtration of this rule could be given, as might be ſuit- 
ed to the capacity of a young beginner ; nay I am not abſolutely certain 
whether even ſlill he will be able to comprebend it: but if he finds it 
too difficult for him, the beſt advice I can give him is, to paſs it by till 
he finds his imagination,more confirmed, 


4 mnfirmed, his attention more fixed, and 
His reaſon improved by habit and exerciſe, 


For 


Art. 20, 21, COMMON MEASURE DEMONSTRATED, 87 


For the better underſtanding of this rule and the demonſtration be- 
longing to it, I ſhall lay down the following definitions and axioms, 

Def. 1. One number is ſaid to meaſure another, when it is exactly con- 
tained in that other without any overplus or remainder. Thus 3 may be 
faid to meaſure 12, as being exactly four times contained in it. 

2. A number is ſaid to be a common meaſure to two others, when it 
meaſures them both, Thus 3 is a common meaſure both to 12 and 21. 


5 Ax IO M iſt. 


If one quantity meaſures anotber, and that other meaſures a third, then 
will the fir meaſure the third, As if 3 meaſures 12, and 12 meaſures 
24, 3 will meaſure 24. 


AX IOM 2d. 


If a number be a common meaſure to two others, it will meaſure both 
their ſum and their difference. Thus 3, which is a common meafure to 
12 and 21, will meaſure both their ſum 33, and their difference 9; 
for if 3 be four times contained in 12, and ſeven times in 21, it ought to 
be eleven times contained in their ſum, becauſe 47=11 ; and it ought 
to be three times contained in their difference, becauſe 7—q4==3. 


AX10OM 2d. 


If one number be divided by another, and there be any remainder, take a- 
 wway the remainder from the dividend, and the diviſor will meaſure the reſt. 
Thus if 14 be divided by 3, and there remains 2, take away 2 from 14, 

and 3 will meaſure the reſt, which is 12. In general thus: Fa be di- 


vided by b, and there remains c, then will b meaſure a—c. 
The rule explained and demonſtrated. 


21, Theſe things being laid down, I come now to the rule for finding 
the greateſt common meaſure to any two numbers propoſed, which is as 
follows: Let a and b be the two numbers whoſe greateſt common meaſure 

is wanted, to wit, a the greater, and b the leſs: let a be divided by b, 
and without any regard had to the quotient, let c be the remainder ; then 
divide b by c, and let the remainder be d; then divide c by d, and let the 
remainder be e; laſtly divide d by e, and let there be no remainder at all; 
Jay then, that this laſt diviſor e, which had no remainder, will not only 
be a common meaſure to a and b, but will be the greateſt com nom meaſure 


they will admit of. 
But 


88 The rule to find the greateſt common meaſure demonſtrated. Book i. 


But firſt J ſhall prove, that eis a common | meaſure to @ and b, which 
is thus done : 


1ſt. e en es d ex lypotbeſi; and d meakires = c—e, by bs third axiom, 
becauſe when g was diyided by d, the remainder was e; therefore 6 


meaſures e, by the e firſt axiom ; but e meaſures itſe itſelf; therefore e 


meaſures both e and e; but the ſum of e and c—e is c; therefore 
e meaſures c by the ſecond axiom, 


24h. It has now been proved that e meaſures c; but c meaſures 
; therefore e meaſures d; but e meaſures 4 ex hypothefi ; there- 
fore e meaſures both d and EI; but the ſum of d and 2 is 53 
therefore e meaſures 5. | 

za. It has been proved that e mobo b; and b meaſures ; 
therefore e meaſures ac; but it was proved before, that e meaſures c 


therefore e meaſures both c and c; but the ſum of c and a—c is 4; 
therefore e meaſures a. Thus then we have proved the firſt part of our 
aſſertion, which was, that e meaſures both @ and 5. 

We ſhall in the next place, by tracing back the ſteps of the former 
demonſtration, prove, that e is hs greateſt quantity that will meaſure 
them both : for, if poſſible, let us ſuppoſe F to be greater than e, and 


yet to be a common meaſure to @ and 6, and let us ſee what will be the 
conſequence of this ſuppoſition. 


1/7. f meaſures þ, and b meaſures a—c ; therefore meaſures a7 ; ; 


but but / meaſures 4 by the ſuppoſition ; therefore F meaſures both @ and 


a—c ; but the difference between a and 2e is c; therefore f meaſures 
c, by the ſecond axiom, 

2dly. f meaſures c, as above, and c RE RO Aa; therefore F mea- 
ſures b—4g; but 4 4 meaſures þ by the ſuppoſition ; therefore F meaſures 


both þ and a; but the difference between 6 * b—d is d; there- 
fore f meaſures d. 


z3dly. Again, un, f meaſures q as above, and 4 meaſures Me; "Qieredors 
= F meaſures e; but 1 meaſures c, as was proved before; therefore 5 


meaſures both c and c—e ; but the difference between c and c—e is e; 
therefore f meaſures e, that is, a greater quantity meaſures a leſs, which 
is abſurd; therefore the ſuppoſition that 4 and h would admit of a great - 
er common meaſure than e, from whence this abſurdity flowed, was 
falſe; for truth never leads to abſurdities: therefore e is the greateſt com- 
mon manure the two numbers a and & will admit of. . E. D. 


N. B. 


Art. 21, 22. Examples of fractions in ahebraic quantities. 89 


N. B. This demonſtration is Euclid's a little changed, and _y ſerve 
as a ſpecimen of the ſubtilt 7 of the Ancients. 
For an example to the foregoing rule, ſee the introduction, art. Ith. 
CoROLLARIES. 
iſt, If in finding the greateſt common meaſure we can have no divi- 
for without any remainder till we come to unity, we ought then to con- 


clude, that the numbers propoſed are primi inter ſe, that is, are ſuch as 
will admit of no common meaſure but unity: for As eve 


called a prime number, that will admit of no diviſor but itſelf and unit 


ſo two numbers are ſaid to be rs to each other, that will admit of m 10 
common diviſor but unity. 


2d. Whatever number will meaſure 400 others, it will alſo meaſure their 


greatef common meaſure : : thus upon the ſuppoſition that F would mea- 


ſure both @ and 6, it was proved to meaſure e, their 2 common 
meaſure. 


be ſeveral rules of fraftions exempl, ified in Auer 
quantities, 


22, Fractions in Algebra are treated juſt in the ſame manner as in 
common arithmetic, only uſing algebraical inſtead of numeral opera- 
tions; as will plainly appear from the following examples. 


Examples of the reduction of fractions from higher to Jewer 


terms, according to introduction art. 7th. 


ab 4 
* he fraction K = Fo dividing both the numerator Ks denominator by 


the fame quantity 20, will be reduced to the fraction IF a fraction of the 


fame value with the former, but expreſſed in more 65 05 terms: whence 


we may infer, that whenever a common letter or factor is to be found 


in every 1 both of the numerator and denominator, it may be 


cancelled every where, without affecting the ef of the fraction: thus 


ac+bc 


the fraction ——— Fo wp expunging c, becomes . a fraction of the fame 


de 


value, But if chars be any one member, wherein the factor is not 


b 
concerned, it muſt not be expunged at all: thus the fraction 5 4 


| | de 
cannot be reduced, becauſe the factor c is not to be found in e. 

Note, That cancelling here, is not ſubtracting, but dividing: thus to 
cancel the letter b in the quantity 26, ſo as to reduce it to 4, is not to 


ſubt tract 


ngen is. 
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ſubtract þ fon #0, but to divide ab by b, in which caſe the I 


will be a. 


Examples of Sueben rale jo the ſame Auen! on, 
—" zo introduction art. 87h. 


. The fractions = and 2 hen reduced to the fime denomina- 


15 83 7 


tion, will ſtand thus; 27 245 24 and YN 2d. The fractions 7 and 5 ſo 


4 5 
ee 7 and _ 3. The frations . =, = 
Pu qruy qity qoux 
geuy guy” guy and. guy 


after reduction, will ſtand thus; ; 


Fam here I cannot but obſerve, that now the rule for this reduction de- 


monſtrates itſelf : for 1 in | this example it is impoſſible not to ſee, that all 
thſtanding this reduction, ſtill retain their former 


values: . "thts the frſt fraction _— _ by cancelling common factors, is 


reduced of, it's former value; and the fame may be obſerved of al the 


reſt : and this example amounts to a demonſtration, becau gh it is com- 


prehended i in ro terms, ot to go on: 4th, The fractions = with. ; and — 


4 f 
being reduced to the fame 8 become . 177 7 3 and js + iS. 
a —b 
And 7.577 — 3 and 22 e when thus reduced, become a 5 and 
an 


n for 1 the numerator of the firſt fraction moukiplied ; into a—6b, 


the denominator of the ſecond, makes a—b; and 1 the numerator of 
the ſecond fraction multiplied into a6, the denominator of the firſt, 


makes a+6; and the product of the two denominators 2 ＋- and 4—3 


multiplied together i is a—b, as in the 4th example of the gth article. 


Examples of addition in fractions, according to introduction 


art. 9th. 
| | n 2 | 
xt. Theſe fractions - FE — — „when added together, make 
4274. —- 4 POE 1 
— 


2d. 


Art. 22, N ALGEBRAIC QUANTITIBS, 91 
+6 
2d. The fraction 2 added to the — . Ds, 
— 

3 The fractions 2 | 3? , and — 2 < when added d roger make 
124—8b+6c | 

IN OT | 

4th. The fraction 7 added to the fraction = 7 makes 57 


b 
as 4 added to g, that i is, 7 - added tos makes?) 


. | * 3 ; 
6th. - added to — z makes a 


E-—; 
7th. The fractions E, ©, = and , whenadded together, make 


q*s 5-2 7 y? 
F 


7760 
8th. 3 added tc to - gives £5 


— 
3 1 
— - 


— — 
r ⁵ ˙— ]⅛—V:rn —— y —— r 


gth. 75 j - added 2323 —5 gives — . — : See the Sth exarnph: of frac- 
tions reduced to the ſame FR Wer wy 


Examples of ſubtraction in frackions, according to intro- 
duction art. 10th, 


< n . * q = * y 
= == ²˙— . ̃—!—— 


rr 


2 
— — 


= age 1 Ae Pe + Re 


Note frft, If the ſigns of both the numerator and 8 of 
any fraction be changed, which is no more than multiplying both terms 
into — 1, the value of the fraction will {till remain. 

Secondly, The denominator of a fraction is always ſuppoſed to be affir- 


mative; and therefore if at any time it happens to be otherwiſe, it muſt 
be made Os by 1 the ſigns of both terms. 


i 
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Thirdly, +7 and > are the ſame in effect as = and — "IE, as 18 


evident from the nature of diviſion: and ſometimes, this latter way of no- 
tation is more convenient than the former. 


Fourthly, Therefore the ſign of the numerator is the fign of the whole 
fraction; and to change the ſign of the former, is the ſame in effect, as 7 
to change the ſign of the latter. 


* 5 


92 | Ex AMP LES OF: * en | Book x. 

HF ifthly, Whenever one algebraic fraction is to be ſubtracted from ano- 
ther, the ſafeſt way will be to change the ſign of the numerator of the 
fraction to be ſubtracted, and to place it after the other, and then to re- 


duce them at laſt into one fraction: for if the ſubtraction be deferred 
till after the reduction 1 is over, one may make a miſtake, and ſubtract the 


45 | 24 — 465 
wrong quantity, Thus 1ſt, 1 ſubtracted from T ny = 72 = 
10a—T2b | | 

TE 
1 9 r 
2d. : fubtrated from 7 e 3 
Wh —3 ac—b 
3d. - ſubtracted Down 4, gives . E —— a 
ſubtracted from: 1 
. LA. . be 73 a+3 44 — 65 


Examples of mubtiglication in Fal ONS. 


The multiplication of fractions is per fo rmed, by multiplying the nu- 
merator and denominator of the multiplicand, into the numerator r and 
denominator of the multiplicator relpecinely. 


30, 34 944 
72. 4b” 46 — 16565 


Stb. 


VANTITIES, 93 
irt. 22 ALGEBRAIC Q 

Art. 22. IN | 

a , 40 e ace 


wat bad bit ane” ' 
TOS. actdb d 224517 
oy or 1 * 
5 . -e 
:oth. 447 7 13 | 
0. 5 — ac . ell. 
21th. . 7 EO As 2 Ta 


This multiplication mike = be Oo thus: 


or that which is called the abſolute term, to wit, 3, be wanting, the e 
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| Examples of diviſion in fraftions. | 


Diviſion in fractions is performed multiplying” the direct terms of 
the dividend into the inverted terms of the diviſor : thus, | 


a „ 
Iſt. 8 ad. 7) — (5. IN ; 
zd. = - 5 F. 4th. c) 7 ( * 5 
. 2) 2 Ee e e , 


7th. VB) Va 3 VT: for if we make Ave ſhall have 


xx=F, and x V+ 


I ſhall only give one example more, and that ſhall -be of the rule of 


proportion, as follows: 1/ 5 gives f what will - give? Anſwer, 0. 


for 7 the ſecond number multiplied > the third, produces 47 and a 


8 

this divided by the firſt 7 . 
$ divided by the fir 4 quotes . fe 

Of equations in Algebra; and particularly of fimple equati- 
ons, together with the manner of reſolving them. 


23. An equation in Algebra js a propoſition wherein one quantity is 


declared equal to another, or where one expreſſion of any quantity is 


declared equal to another expreſſion. of the. ſame quantity : as when we 
fay ; =}; where is faid to poſſeſs one fide of the equation, and } the 


F other. 


An affected quadratic equation is an equation conſiſting of three diffe- 
rent ſorts of quantities ; one wherein the ſquare of the unknown quan- 
tity is concerned, another wherein the unknown quantity is ſimply con- 
cerned, and a third wherein it is not concerned at all: as if xx—2x==3; 
ſuppoſing x to be an unknown quantity, 

If either the term wherein the ſimple power of x is concerned, as — 2 x, 
qua- 
tion 


Art. 23. RESOLUTION OF SIMPLE EQUATIONS. 95 
tion is ſtill a quadratic equation, though Os. Some indeed there 


are, who rank this latter fort of equations under the denomination of 
ſimple equations; and fo ſhall we, upon account of their eaſy reſolution ; 
though properly ſpeaking, a. ſimple equation is that wherein ſome ſimple 


power of the unknown quantity is concerned, all others being excluded: 


as if 3x==6; 2X+3==4x—5, &c. 1 ; 
The uſe of theſe equations is for repreſenting more conveniently and 
more diſtinctly the conditions of problems, when tranſlated out of com- 
mon language into that of Algebra. As for example; let it be propo- 
ſed to find a number with the following property, to wit, that; of it with 
4 over, may amount to the ſame as 7, of it with g over: here, put- 


ting x for the unknown quantity, the condition of this problem, when 


tranſlated out of common language into that of Algebra, will be repre- 
MT. 7 


ſented by the following equation, to wit, 7 * 4 = ——+9: for : of x, 


I 


a8. ooo NR OK! ; 4h 
that is, 3 of 2 2 therefore —++ 4 ſignifies; of x with 4 over; and 


ſince this expreſſion according to the problem, amounts to the fame with 


the other, to wit, —-+ 9; hence it is that we pronounce them equal to 


one another. 


Now fince in the foregoing equation, as well as in almoſt all others 
ariſing immediately from the conditions of 3 themſelves, the un- 
known quantity is embarraſſed and entangled with ſuch as are known, 


the way to diſengage it from ſuch known quantities, fo that itſelf alone 


poſſeſſing one ſide of the equation, may be fqund equal to ſuch as are 


entirely known on the other, that is, in the preſent caſe, to determine the 


value of the unknown quctiry x, is what is commonly called the reſo- 
lution of an equation: for the effecting of which, ſeveral axioms and 


proceſſes are required; ſome whereof, namely ſuch as moſt frequently oc- 


cur, I ſhall here put down; the reſt I ſhall take notice of occaſionally, 
as they offer themſelves. : e e 
Of the reſolution of fimple equati ons. 
2 Ao 8 
Whenever a fraction is to be multiplied by @ whole number, it will be 


ſufficient to multiply only the numerator by that number, retaining the de- 


nominator the ſame as before. Thus; multiplied into 2, gives 5, for the 
fame reaſon that 4. ſhillings multiplied into 2 gives 8 ſhillings: thus in 


the firſt example following, — multiplied into 3, gives —= | 


AXIOM 


17 


— 


= = —— — 


equation, 


96 | | RE Ss OL U TI ON OF MS Book i. 
1 2 Ax 10 2. 


But if the whole number into which the Faction is to be multiplied. be 
equal to the denominator of the fraction, then throw away the * 


and the numerator alone will be the produtt. Thus the fraction 5- 2 multi 


plied into 5, gives 1 or a: thus in the firſt example, i — multiplied into 


21x 
and —— ab wed ink 12 gives 21%, 
3, gives 2x; and 12 multip 0 12 give * 


AR 10 U g. 


Tf the two: ſides of an equation be kites or bvided by the ſame 
2 the of produtts, or Ps will 4 be equal to each other. 


Thus i in the firſt bn where = +4= +9: if both ſides of 


3 5 
the Seen into 3, we ſhall bs: 2x + 12 1 +27; 


and if again this laſt equation be multiplied into 1 2, we ſhall have 
SF HALF 208: | 


Az 100 1 


5 1. a quantity be taken from either ſide of an equation, and placed on the 
other with a contra ſign, which is commonly called tranſpoſition, the two 


des will ſtill be equal to each other. Thus if 7+ 34= 10, tranſpoſe + 3, 


and you will have 7=10—3: thus if 7—3=4, tranſpoſe — 2, and 
you will have 7=4-+3:: thus if (as in the firſt example) 24X+144=21x 


+324, tranſpoſe 21x, and you will have 24x—21x-+144==324, 
that is, 3 * f 144 3243 and if again in this laſt equation you tranſpoſe 


144, you will have 3x==324—144=180, 

Tranſpoſition therefore, as it is here delivered, is nothing but a general 
name 0 ne r ſubtracting equal quantities from the two ſides of an 
equation; in which caſe it. is no wonder, if the ſums or differences ſtill 
continue equal to each other. As for inſtance, in this equation a—b==c, 
cranſpoſing z we have a=c+b: and what is this after all, but add- 
ing b to both ſides of the equation? for if þ be added to nd; the ſumn 


will be a; and if 5 be to c, the fum will be —" therefore 


Seb: again, in the equation a+ c, tranſpoſing + þ we have 
a==c—b, which is 90 an but e b from both ſides of the | 


The 


The 11ſt Proceſs... 


If, akin an equation is to be reſolved, . be found on one, or both 
fides, it muſt be freed from them by multiplying the role equation into wo 
denominators of thoſe fractions Jucceſſhoely. 


The 2d Proceſs, 


Aﬀter the equation 1s thus reduced to integral terms, if the unknown 
quantity be found on both fides the equation, let it be brou gbr by tranſpofitt- 


on to one and the ſame fide, viz, to that Ju; which offer . will © 
exhibit it affirmative, 


The 4 — 


Afeer this, if a _ known quantities be found on the ſame fide with 


the unknown, let them alſo be brou gbr 4 tranſpoſition to the other Kt of 
the equation. 


The 4th Proceſs, 


F now the unknown quantity has any coefficient before it, divide all by 
that coefficient, and the equation will be reſoboed. 


The 5th Proceſs. 


If the whole equation can be divi ded by the unknown quanti ty, let fcb a 
diviſion be made, and the equation will be reduced to a more ſimple one. 
Thus in the 16th example you have 615x —7xxx==48 x; divide 
the whole equation by x, 120 * will have 615 —7xx==48. In the 


. 
— = divide the whole by x, which 


is done by dividing only the numerators of the two fractions, and you 


will have — 42 = So 
— K—35 


13th example you have 2 


The 6th Proceſs, 


Fat laſt the ſquare of the unknown quantity, and not the unknown quan- 
tity bg appears to be equal to ſome known quantity on the other fide of 
the equation, then the unknown quantity muſt be made equal to the ſquare rot 
of that which is known, Thus in the 14th example we have xx = 36; 
therefore x b, and not 18: in the 15th, we have xx 64 ; therefore 
x=8, the ſquare root of 64, and not 32, it's half. | 


Examples 
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Examples of the reſolution of ſimple equations, 


224. This preparation being made, I ſhall now give ſome examples 
of the reſolution of ſimple equations; and my firſt example ſhall be the 
equation given in the laſt article, in order to trace out the number there 

' deſcribed, -. | | 


Example 1, 
„ 
T * | . .*, ® | 2 | 2X 7 x 
In this equation it is plain, that there are two fractions, —, and 2 


12 
vrhich muſt be taken off at two ſeveral operations, thus: as 3 is the de- 


nominator of the firſt fraction, multiply the whole equation by 3, and 
you will have 2 X + 12=——+ 27: again, as the denominator of the 
remaining fraction is 12, multiply all by 12, and you will have 24x + 
1144 221K r 3243 which 18 an equation free from fractions. Fs 
. 2dly, It muſt in the next place be conſidered, that in this laſt equation 
24x+144=21x-+324, the unknown quantity is concerned on both 
fides, to wit, 24 * on one ſide, and 21 * on the other; tranſpoſe there- 
fore 21x, and you will have 24x—21x+144==324, that is, 3K ＋144 
==324. If it be aſked why I choſe to tranſpoſe 21 x rather than 24x; 
my anſwer is, that had 24x been tranſpoſed, the unknown quantity, or 
it's coefficient at leaſt, after reduction, would have. been negative, con- 
trary to the rule in the ſecond proceſs; for reſuming the equation 
24x+144=21x-+324, if 24x be tranſpoſed, we ſhall have 144 = 21x— 
24x-+ 324, that is, 144=—3x+324 : but even in this caſe, another 
tranſpoſition will ſet all right; for if — 3 x be tranſpoſed in this laſt e- 
quation, we ſhall then have 3 x+ 144 = 324 as before: all that can be 
faid then againſt this laſt way is, that it creates unneceſſary tranſpoſitions, 
which an artiſt would always endeavour to avoid. 7 
34ly, Having now reduced the equation to a much greater degree of 
ſimplicity than before, to wit, 3x ＋ 144==324 ; becauſe the unknown 
uantity 3.x has ſtill a looſe quantity, vig. 144 joined with it, tranſpoſe 
that quantity 144 to the other fide of the equation, and you will have 
3x==324—144, that is, 3 2 180. 3 
N. B. By a looſe quantity I mean ſuch a one as is joined with the 
unknown by the fign + or —, and not by way of multiplication, as is 
the coefficient 3 in the laſt equation. 


Atbh, 
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4thly, By this time the quantity x is very near being diſcovered ; for 
if 3x = 180, it is but dividing all by 3, and we ſhall have x== 60: 60 
therefore is the number deſcribed in the laſt article by this property, to 
wit, that; of it with 4 over, will amount to the ſame as 2 of it with g 
over: and that 60 has this property, will now be eaſily made to appear 
ſynthetically; for; of 60 is 40, and this with 4 over is 44; moreover 
2 of 60 is 35, and this with g over is alſo 44. | 

N. B. A demonſtration-that proves the connexion between any num- * 
ber and the property aſcribed to it, is either analytical or ſynthetical : _ 
if this connexion is e by tracing the number from the property, the 
demonſtration of it 1s called an analytical demonſtration; but if it is ſhewn 
by tracing the property from the number, the demonſtration is then ſaid 
to be ſynthetical. | . He 


Example. 2. 
5 14 3 * F 
— 12=— +06. 
3 3 


Here multiply by 35 and you will have 2 x + 36 = + 18; mul- 


tiply again by 5, and you will have 10 * ＋ 180 2x 9o; tranſpoſe 
lo x, and you will have 180=12x—10x-+90, that is, 180==2x4+-90, 
or rather 2x +go==180, for I generally chooſe to have the unknown 
quantity on the f:rſt ſide of the equation: tranſpoſe go, and you wilk - 
have 2x==180—go, that is, '2x==90 ; divide by 2, and you will have 


. X45. 
1 The Proof. 
The original equation was * 12 —+ 6: now if x==45, we 
14 hav N ==430,. and J t. again, we hav * 36, and — + 
6=42; therefore _ + 12 — -+ 6, becauſe the amount of both 
IS 42. : | 
| Example 3. 
3 _ FX 20x 


7 * 2: therefore 3 x 20 = * 83 therefore 18 x 


+ 120=20x-+48 ;: therefore 120=20x— 18 x-+ 48, that is, 120 = 
2 * ＋ 48 therefore 120 —48 =2 x, that is, 2x==72; therefore 
= 30, 2 | | 


= —i 


1000 RESOLUTION OF Bock i, 
The Proof. 


The original quits ws 34 en Een; now if x = 36, we 


ſhall hay Zn =27, 3 we tall all have H = $0, 


and 3a therefore if x = 36, we ſhall have = 5= 2 | 


Example 4. 


55 —5 FS * — 8: therefore 7 x — 40 ==—64; therefore 7 O 


„„ therefore F that is, 
—400=2x—640, or rather 2 * 640 - 400; therefore 2 Xx 
640 — 400, that is, 2 X ==240; and x20. 


The Proof. 
The original equation, 7 — buck 2 — 8; but x = 120; | therefore 


24 BE le) gx 5 
Ty =1053 therefore 2 FH —= 00: os pat 5 108 SlbeGre 
9x 


— —8— 100; 0B 7 (tes 8. 
10 4 10 | 


. T 
- 8 = 74 7 therefore 5 x — 72 = 666 7 therefote 


box— 864 = 7992—63 x; therefore 60 x + 63 x — B64 = 992, 
that is, 123 x— 864 = 7992 3 therefore 123 x = 7992 Ins; that is, 
123x=8856; and x = 72, 


The Proof. 
1 2. 3x 
The original equation, 7 8 2 74— 125 * =723 therefore — 
49 
i 3 — x 
Ao; therefore 5 3822 again, 12 ==42 ; therefore 17 2 — 
= 74—42=32; 98 ir- 
Example 
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Example 6. | 

4: therefore x — 24 = 1 therefore 8 x — 
1 8 1 450 therefore d X- 19211 52, that is, 14« 
—192==1152 ; therefore 14 . 1152 ＋ 192, that is, 14X==1344-;- 


and x== 96, 
The Proof. 
x LF + * &. 
The original equation, 5 4 == 24 x==96; = 16; —4 
* 


212: again, 8 123 therefore 24—F= =24—12==12 ;. therefore 
x x 
383 | 
Example 7. | 
8. therefore 224—3 192 — 8; therefore 
 1792—24x==1536 —20x; therefore 1 792=1536 ＋ 24K — 20, 


that is, 1792 1536 ＋4 x; therefore 1792—1536=4x, that is, 4* 
=256; and x = 64. 


The Proof. 
The original equation, 56— 740 — 5 5 6 therefore 
32 =48; therefore 56— = 56—48=8: again, LR 5=40; there-: 


fore 48 — s =48—40=8; therefore 56— = 48 — . i 
| Example 8. 


4x 
30— 
therefore 324—72=4x, that is, 4x=2523. and x=63. 


N „ 


g: therefore 324 — 4x ; therefore 324 =72+4;. 


The original 2 30— 9 5 63 therefore —=2$; 
therefore 36—= 9 = 36—28=8. 
Example 
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Exarmple 9. 
5 — , as 2X= 528 Sue, Green Nt 
— 12x; therefore 10x 12 x== 528, that is, 22x== 528; and x=24. 
The Proof. 
The original equation 2 . therefore ==16: 
3 5 
again, f oo 2 n 96 = 803 erefore 
. — — 2 Dre 
5 "7 16; therefore ; 5 
Bags 10. 
Jp 3 nies 34 ＋ 2 — x76 ; —there- 


6 

fore 18x +720—20x= 696, that is, 720 —2xz==696 ; therefore 
720=2x-+ 696 ; therefore 720—6gb , n 1228 and 
* 12, 


The Proof. 


| 8 | 
The original equation, * — 193 * = 12; therefore 
x F 
2 95 5* S 603 therefore 180 — 5 = 10 — 60 120; there- 
FADE 180-51 120 


8 
0; n = 29. 


| Example 11. 


— = $7. 
21 3 4*—5 
Multiply by 2x-+ 3, and you will have 45 = 1285 2 ; multiply 
by 4* — 5, and you will have 180 * - 225 114K ＋ 171; therefore 
180 «x — 114K - 225 2 171, that is, 66* — 225 = 171; therefore 
66 = 171 ＋＋T 225, that i is, 66² 23963 and x * = 6. 


The 
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The Proof. - 


8 5 
e original equation =; 555 x==6; therefore 2x=12; | 


therefore 2 x + 2 = 2151 therefor == 3 again, 4 24; 


27 ＋ 15 
on . 3 
therefore 4 10, W 3 ineo pul 
37 
Eng 12. 
128 216 648 x— 364 
7 5 r therefore 128 = therefore 640 x 


— 768 = 648 x — $64 ; therefore — . 
that is, — 768 = 8x — 864; therefore +864—768=b, that is, 
8x =96; and x = 12, 


i | The Proof. 
W 5 256 . 1 
1e Original equation, 3*— 1 F = Tongs b ererore 3 * 
2 363 therefore 3ZX—4=323 therefore ——— A : again, 
5x = o; therefore 4 —6 ms 543 e === ; 
_ 216 
| Example 13. 
AZZ 55. divide both numerators by x, and you will have 
x— 2 ͤ—3 
gn 33 | 1 Do 
2 therebare 4 42 = . — therefore 42 x— 126 = 


35 * o; eee ee, ie that is, 7 — 126 
2 — 7570 therefore TX = 126—70, that is, 7x = 56 ; and & = 8. 


The Proof. 


42x 35x 
X=—2 x, 


The original equation, x =8 ; therefore X===2==6; 


42 x 


104 KRKxsOLVTION OF SIMPLE EQUATIONS. Book i. 
. 20 +1 6 3 | 
42x==330; therefore = x == 56: again, 23258 3 and 
| | 2x 280 n 4 94 28a 
. 35 2803 therefore — Inns nn, 56; therefore 2 


Example 14. 


& — 12 KK —4 een 
3 —— therefore x x— 12 3 > has, therefore 
4xx—48=3xx—12; therefore 4 xx — 3 xx—48 =— 12, that 


is, xx—48 =— 12; therefore xx =+ 48 — 12, that is, x x = 36; 
and x =6, . h 


The Proof. 


eis Xx 


&Kõẽ— 12 24 


364 wecker 12 = 24 therefore = = tag: gin x 


XX — 2 II Ep ey n 
—4=32; therefore 4 28; therefore 2 8 + 


* 


os 26 812 therefore 5, * 128=192; therefore 5xx=192 
+128, that is, 5xx==320; therefore xx—64.; and x=8. 


The Proof. 1 5 lf: 


— 


The original equation, == 812 3 x=8; therefore xx==64.; 
XX _ 320 1 


3 3 | 55 
78 16 20 therefore 2 4 G 88 


1 therefore 5xx= 320; therefore 
8 2 20—8 2 12. . 5 
"9 Example 16. 
615x—7xxx==48x: divide the whole by x, and you will have 
615—7xx==48 ; therefore 615=7xx+48; therefore 615 — 48 
=7xx, that is, 7xx==507 ; therefore, xx==81 ; and x=. 
3 | The Proof. 
The original equation, 615x—7xxx==48x; x=; therefore 
| xx==81; therefore x * * 729; xxx 5103; again, 615 x = 
55353 therefore 615x—7xxx= 


5535 5103 432: laſtly, 48 4 
432 ; therefore 615x—7xxx==48 x. 343 Ws $f 
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Preparations for the ſolution of Algebraic problems. 


Article 25. TN ſolving the following problems, I ſhall make uſe of 
1 5 a fort of mixt Algebra, uſing letters ory in ee 
ing unknown quantities, and numbers for ſuch as are 
known. This method, as I take it, will be the beſt 
to begin with: but afterwards, when my young ſcholar has been ſuffi- 
ciently exerciſed in this way, I ſhall then introduce him into pure Al- 
gebra, which he will find much more extenſive than the former, not 
only as it enables him analytically to find out general ſolutions, taking 
in all the particular caſes that can be propoſed in the problem to which 
the ſolution belongs, but alſo as it enables him afterwards to demonſtrate 
the ſame ſolutions or theorems ſynthetically. | | 
And becauſe I am not yet to ſuppoſe him ſkilled in any of the mathe- 
matical ſciences, I ſhall draw my problems, generally ſpeaking, from num- 
bers, either conſidered abſtractedly, or elſe as they relate to common life. 
If a-problem be juſtly propoſed, it ought to have as many indepen- 
dent conditions comprehended in it, expreilly or implicitly, as there are 
unknown quantities to be diſcovered by them; and it muſt be the chief 
buſineſs of an Algebriſt, to ſearch out, fift and diſtinguiſh theſe conditi- 
ons one from another, before ever he enters upon the folution of his 
problem. 
: I faid, that ſo many conditions ought to be comprehended in the prob- 
lem expreſſly or implicitly, becauſe it may happen, that a condition may 
not be expreſſed in a problem, and yet be implied in the nature of the 
thing : thus in the 44th problem, where ſeveral rods are to be ſet up- 
right in a ſtreight line, at certain intervals one from another, it is impli- 
ad, though not expreſſed, that the number of intervals muſt be leſs than 
the number of rods by unity. | 


O Some- 
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Sometimes a condition may be introduced into a problem, that includes 
two or more conditions : as when we fay, four numbers are in continu- 
4] proportion, we mean, not only that the firſt number is to the ſecond | 
as the ſecond is to the third, but alſo, that the ſecond number is to the 
third as the third is to the fourth. x 
Whenever a problem is 1 to be ſolved algebraically, the Al- 
gebriſt muſt ſubſtitute ſome letter of the alphabet for the unknown 
quantity; and if there be more unknown quantities than one, the reſt 
muſt receive their names from ſo many conditions of the problem; and 
if the problem be juſtly ſtated and examined, there will ſtill remain a 
condition at laſt, which tranſlated into algebraic language, will afford 
him an equation, the reſolution whereof will give the unknown quan- 
tity for which the ſubſtitution was made; and when this unknown 
quantity is once diſcovered, the reſt will be eaſily diſcovered by their 
names. Suppoſe there are four unknown quantities in a problem; then 
there ought to be four conditions: now the firſt unknown quantity re- 
_ ceives it's name arbitrarily without any condition; therefore the other 
three muſt take up three of the conditions of the problem for their names; 
and the fourth condition will ſtill be left to furniſh out an equation. 

The learner muſt here be very careful to make no poſitions but what 
are ſufficiently juſtifiable, either from the expreſs conditions of the prob- 
lem, or from the nature of the thing ; all the liberty he is allowed in 

caſes of this nature is, that he is not obliged to draw out the conditions in 
the fame order as they are given him in the problem, but may make uſe 
of them in ſuch an order, as he thinks will be moſt convenient for his 
purpoſe ; provided that he does not make uſe of the fame condition twice, 
except in company with others that have not yet been conſidered. 
My method in the forty four following problems will be, to put down 
the anſwer immediately after the problem, and then the ſolution : for 
in my opinion, this way of putting down the anſwer firſt, will not only 
ſerve to illuſtrate the following ſolution, but may alſo ſerve to fix the 
problem more firmly in the minds of young beginners, who are but too 
apt to neglect it, and to ſubſtitute chimerical notions of their own, that 
are not to be juſtified, either from the conditions of the problem, or com- 
mon ſenſe. T7 
Aſter the learner has run over ſome of theſe problems, and has got a 
tolerable inſight into the method of their reſolution, it will be very proper 
for him to begin again, and to attempt the ſolution of every problem 
himſelf, and not to have recourſe to the ſolutions here given, but in 
caſes of abſolute neceſſity: but after the work is over, he may then com- 
pare his own ſolution with that which is here given, and may alter or re- 
form it as he thinks fit. | — — 
The 


Art. 26, 27. The ſolution of problems producing fimple equations. 1oy 
The ſolution of ſome problems producing fimple equations. 


PROBLEM 1, 5 
26. What ts numbers are thoſe, whoſe difference is 14, and whoſe 
when added together, is 48 me WO 


Anf. 5 numbers are 31 and 172 for 31 —17=14; and 31+ 
17 =40., | 


SOLUTION. 


In this problem there are two unknown quantities, to wit, the two 
numbers fought ; and there are two conditions; firſt, that the leſs num- 
ber when ſubtracted from the greater muſt leave 14; and ſecondly, that 
the two numbers when added together muſt make 48 : therefore I put 
x for the leſs number; and to find a name for the greater, I have recourſe 
tothe firft condition of the problem, which informs me, that the difference 
betwixt the two numbers ſought is 14; therefore, if I call the leſs num- 
ber x, I ought to call the greater x + 14 : thus then I have got names 
for both my unknown quantities, and have ſtill a condition in reſerve 
for an equation, which is the ſecond: now according to this ſecond con- 
dition, the two numbers ſought, when added together, muſt make 483 
therefore x and x + 14 when added together muſt make 48 ; but x and 
x-+ 14 when added together make 2 x-+ 14 ; whence I have this equa- 
tion, 2x ＋ 14==48 ; therefore 2x=48—14= 34; therefore x, or 
the leſs number =17, and x +14, or the greater number = 31, as 
above. ; 5 
In our ſolution of this problem, the notation was drawn from the firſt 
condition, and the equation from the ſecond; but the notation might have 
been drawn from the ſecond condition, and the equation from the firſt, 
thus: put x for the leſs number ſought ; then becauſe the ſum of both 
the numbers is 48, if you ſubtra& the leſs number x from 48, the re- 
mainder 48 — x will be the greater number, ſo that the two numbers 
ſought will be x, and 48 — x; ſubtract the former number from the 
latter, and the remainder or difference will be 48 — 2 *; but according 
to the firſt condition of the problem, this difference ought to be 14 there- 
fore 48 —2 x = 14: reſolve this equation, and you will have x = 17, and 
48 —x==31, as above. 


PROBLEM 2. 


27. Three perſons, A, B and C, make a joint contribution, which in the 
do hole amounts to 55 pounds: of this, A contributes a certain ſum un- 
utes as much as A, and 10 pounds more; and C, as 

2 much 


#nown ; B contri 


203 TE $0LUTION OF PROBLEMS Book i, 


much as both A and B together: I demand their ſeveral contributions. 
Anſ. A contributes 14 pounds, B 24, and C 38: for 14-+10=24, 


and 14 ＋ 24238, and 14＋24 ＋ 38=76. 
SOLUTION. 


In this problem there are three unknown quantities, and there are 
three conditions for finding them out; firſt, that the whole contribution 


amounts to 76 pounds; ſecondly, that B contributes as much as A, and 


10 pounds more; and laſtly, that C contributes as much as both A and 
B together... | — ; 8 N 

I beſe things being ſuppoſed, I firſt put x for 4's contribution; then 
ſince, according to the ſecond condition, B contributes as much as A, 

and 10 pounds more, I put x +10 for B's contribution; laſtly, ſince 
C contributes as much as both A and B together, I add x and x—+ 10 
together, and ſo put down the ſum 2x-+ 10 for C's contribution: 
thus have I got names for all my unknown quantities, and there remains 
ſtill one condition unconſidered for my equation, which is, that all the 


contributions added together make 76 pounds; therefore I add x, and 


x+10, and 2x + 10 together, and ſuppoſe the ſum 4 x + 2 0= 76; 
therefore 4x =76—20== 5b ; therefore x, or A's contribution equals 
14; x+10, or B's contribution equals 24; and 2 & ＋ 10, or C's con- 
tribution equals 38, as above. 


PROBLEM 3. 


28, Suppoſe all things as before, except that now, the whole contribution 

amounts to 276 pounds ; that of this, A contributes a certain ſum un- 

known; that B contributes twice as much as A, and 12 pounds more 

and C three times as much as B, and 12 pounds more I demand 
their ſeveral contributions. . $a 

Anſ. A contributes 24 pounds, B 60, and C 192: for 24x2+12 

—=b60; and 60x3+12==192 ; and 24+60-+ 192 = 276. | 


SOLUTION. 


Put æ for A's contribution; then becauſe B contributes twice as much 
as A, and 12 pounds more, B's contribution will be 2x ＋ 12; there- 
fore if C had contributed juſt three times as much as B, his contribution 
would have amounted to 6x-+ 36 ; but according to the problem, C 
contributes this, and 12 pounds more; therefore C's contribution is 6 x 
—+48 ; add theſe contributions together, to wit, x, 2 ͤ ＋ 12, and 6 * 
＋ 48, and you will have gx+6o==276 ; therefore gx==276—60 
==210; w x, or A's contribution equals 24; whence. 2 x-+ 12, or 

B's 
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Es contribution equals 60; and 6x48, or C's contribution equals 


192, as above, = 
ADVERTISEMENT. 


I know not whether it may not be thought impertinent here to put : 


the learner in mind, that after x was found equal to 24, the other two 

unknown quantities, 2 x-+ 12, and 6x-+48 were found, by ſubſtituting 
24 inſtead of x, ; , 

| "Er > PROBLEM 4. 


29. One begins the world with a certain ſum of money, which he improved 
% well by way of traffick, that at 0 6 for he found he had dou- 
bled his firſt flock, except an hundred ponds laid out in common ex- 
pences ; and ſo he went on every = ubling the laſt years flock, ex- 
cept a hundred a year expended as before; and at the end of three 
oof Tarr 13 juſt three times as rich as at firſt: What was 

s oc 
Anſ. 140 pounds: for the double of this is 280, and 280— 100 = 
1 80 pounds at the end of the firſt year; the double of this laſt is 360, and 
360—100==260 pounds at the end ofthe ſecond year ; again, the dou- 
ble of this is 520, and 520—100==420 pounds at the end of the third 


year ; and 420 pounds is juſt three times as much as 140 pounds, his firſt. 


ſtock, f 
SOLUTION, 


Put æ for his firſt ſtock, that is, let x be the number of pounds he 
began with ; then the double of this is 2x, and therefore he will have 
2x—100 at the end of the firſt year; the double of this is 4 x—200 ; 
therefore he will have 4 x— 200 — 100, that is, 4x — zoo at the end 
of the ſecond year; the double of this is 8 x— 600 ; therefore, he will 
have 8x— 600 — 100, that is, 8x—-00 at the end of the third year; 
but according to the problem, he ought to have three times his firſt ſtock, 
that is, 3x, at the end of the third year; therefore 8 x —700=3x; 


— 


therefore 8 x— 23 x—700==0, that is, 5x—700=0; therefore & . 


700 ; and x,'or his firſt ſtock equals 140, as above. i 
Io this problem J ſhall add another of a like kind, for the learner to 
ſolve himſelf. 
One goes with a certain quantity of money about him to a tavern, where 
be borrows as much as he had then about him, and out »f the whole, 
ends a fhilling ; with the remainder he goes to a fecond tavern, where 
borrows as much as be had then Aft, and there alſo ſpends a ſhilling ; 
and ſo be goes on to a third, and a fourth tavern, borrowing ond ſpend- 
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ing as before; after which be had nothing left : I demand how much 
money he had at rſt about him. . | 1 

Anſ. 4 of one ſhilling, that is, 11 pence farthing. 
_ PROBLEM £5. 7 
3o. One has fix ſons, enth whereof is four years older than lu next young= 

. er N the eldeft is three times as old as the youngeſt : What 

are their ſeveral ages ? Ry 


Anſ. 10, 14, 18, 22, 26, 30: for 30, the age of the eldeſt, will 
then be juſt three times 10, that is, three times the age of the youngeſt, 


SOLUTION. 


For their ſeveral ages put x, x4, «+8, x + 12, #+16, x20; 
then according to the problem x + 20 the age of the eldeſt, ought to be 
equal to 3 x, hat is, three times the age of the youngeſt ; ſince then 3x— 
x +20, we ſhall have 3zx—x==20, that is, 2 x = 20, and x= 10, 
as above. : 2 


PROBLEM 6. 


31. There is a certain fiſh whoſe head is 9 inches; the tail is as long as the 
head and half the back ; and the back is as long as both the head and tail 
together : I demand the length of the back, and of the tail, 
%. The length of the back was 36 inches, and that of the tail 27 : 
. for 27 =9-+£&; and 36 =g-+27. | 


SOLUTION. 


For the length of the back put x; then will x be equal to the length 
of both head and tail together, by the ſuppoſition ; therefore if from x, 
the length of the head and tail together, you ſubtra& 9g, the length of 
the head, there will remain x—g for the length of the tail; but ac- 
cording to the problem, the tail is as long as the head and half the back; 


therefore x—g==+93 therefore 2x - 18 =x-+ 18; therefore 2x_ 


—*—18=18, that is, x—18=18; and x, the length of the back 
_ 18 + i8==36; therefore K=——9, the length of the tail equals 27, 
AS above. ; | | : 


PROBLEM 7. 


32. One has a leaſe for 99 years 3 and being #zhed how much of it was 
already expired, anſivered, that two thirds of the time paſt was equal 
n four fifths of the time to come: I demand the times paſt, and to come. 


Art. 32, 33. PRODUCING SIMPLE EQUATIONS, 111 
Anf. The time paſt was 54 years; and the whole term of years was 993 


therefore the time to the expiration of the leaſe was 45 years: now 2 of 


54 is 36; and? of 45 is 36. 1 | 
+ | SOLUTION, 


| Put æ for the time paſt ; then ſince the whole term of years was gg, 
if x the time paſt, be ſubtracted from 99 the whole time, there will re- 
main gg—x for the time to come; but z of the time paſt s —; and + 


of the time to come is + of mn _ 2 therefore 


5 3 
3 therefore . therefore 10 x == 1188 — 


1451 therefore 10 x + 12x=1188, that is, 22x 1188 and x the 
time paſt == 54 years; therefore 99 — x the time to come equals 45 


To this problem I ſhall add two others of the ſame nature, without 
any ſolution, 


_ Furſt, To divide the number 84 into two fach parts, that three times one 


Fart may be equal to four times the other. 
Anſ. The parts are 48 and 36: for in the firſt place, 48 + 36 = 84; 
and in the next place, three times 48 = 144 = four times 30. 
Second, To divide the number 60 into two ſuch parts, that a ſeventh 
part of one may be equal to an _ part of the other. 
Anſ. The parts are 28 and 32 : for in the firſt place, 28-32==60; 
and in the next place,; of 28 equals 4 =; of 32. 


PROBLEM 8. 


33. It is required to divide the number 50 into two fuch parts, that j r 
one part being added to; of the other, may make 40. | 
Anſ. The parts are 20 and 30: for in the firſt place, 204 30==50 ;. 


and in the next place, 2 of 20, which is 15, added to ; of 30, which is 


2 5, makes 40. 
SOLUTION, 


Put x for one part, and conſequently 50—x for the other part; then 
we ſhall have j of x L, and g of 50 — K* = but accord- 
ing to the problem, theſe two added together ought to make 40; whence 
we have this equation, * * ==40: multiply by 4, and you 

| will 
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; . 0—20x 

will have 3x + — G == 160; multiply again by 6, and you 
will have 18 x-+- 1000-20 x==96bo, that is, 1000-2 960; "I 
fore 1000=2x-+ 960; and 1000— 960 2, that is, 2x== 40; and 


45 e is one of the parts ſought, will be 20; whence 50 -x or the 
will be zo, as above. 


er two problems of the ſame nature. 
F Firſt: It is Lad to divide the number 20 into tao „ parts, that 


three times one part being added to frve times the other may make 84. 
Anſ: The parts are 8 and 12: for 8 12 = 20; and 8x3+ 12%5, 
that is, 24 + 60 = 84. 
Second: I is re 6. to divide the number 100 into two fach farts, 


that if a third part of one be ſubtracted from a fourth part of the 
other, the remainder may be 11. 
Anſ. The parts are 24 and 76: for firſt, 24 added to 76 makes 100; 


and econdly,; part of 24 which is 8, ſubtracted from ; of 76, which is 
19, leaves 11, | 


PROBLEM 9. 


34. Two perſons A and B engage at play ; A has 72 guineas and B 52 
before they begin; and after a certain number of games won and bt be- 


tween them, A riſes with three times as aa gurneas as B. 1 demand | 
how many guineas A won of B. 


Anſ. 21: for 72 +21 =93 ; and 52 —21==31; ; = 93=3153- 
| SOLUTION, 


Put x FE the number of guineas A won of B, and conſequently that 
B loſt; then will A's laſt ſum be 72 + x, and B's laſt ſum 52—x: 


how according to the problem, Ass laſt ſum is three times as much as 


B's laſt ſum; that is, three times 52 — x, or 1 56—3x ; therefore 724+ 
1 96—3 ; therefore T2 +x+ 2 I 56, that is, 72*+4x==1 56; 
therefore 4 x = 156— {ung == 84. ; therefore x, the * A won of B, 
equals 21 guineas, as 


PROBLEM 10. 


3 5. One meeting a * of beggars, gives to each four pence, and 
has fixteen pence over ; but if he would have given them fix pence apiece, 


he would have wanted twelve pence for that purpoſe : 1 demand the 


number of perſons. 


Anſ. 14: for 14x 4+ 16=72 =14x6=12. 
| 90 Lu- 


Art. 3 5, 36, 37. PRODUCING SIMPLE EQUATIONS, 173 
SOLUTION. 


Put x for the number of perſons; then if he gives them four pence 
apiece, the number of pence given will be four times as many as the num- 
ber of perſons, that is, 4x; therefore 4x16 will expreſs all the money 
he had about him; and ſo alſo will 6x— 12 by a like way of reaſoning; 
therefore 4 x+ 16=6x— 12 ; therefore 16 =6x —4x—12=2 x 
— 123 therefore 2x—=16+12==28; and x, the number of perſons 
equals 14, as above. 85 

> + PhROSLEM I. 


36. What two numbers are thoſe, whoſe difference is 4, and the difference 
of whoſe ſquares 1s 112? 


Anſ. 12 and 16: for 16—12==4, and 16x 16—12x 12, that is, 


2 56— 144= 112. 1 | 
* SOLUTION, 


The leſs number, . x4 
The greater, Xx-+4. X ＋4 
: x Xx ＋π 4K ＋ 16 
e 
The ſquare of the greater, xx+8 x + 16 
The ſquare of the leſs, XX . 


The difference of their ſquares, > 824-1 6; whence 8 x + 16 = 


112; therefore 8 x= 112 — 16 == 96; therefore x the leſs number equals 
12, and x-+4. the greater equals 16, as above. | 


PROBLEM 12. 


37. What two numbers are thoſe, wheregf the greater is three times the 


leſs, and the ſum of whoſe ſquares is foe times the ſum of the numbers? 
Anſ. The numbers are 6 and 2, whoſe 


and 6x6 +2 x2==40= 5 times 8. 


8.0 13 10x... 


'The leſs number, x; 
The greater, J x. 
Their ſum, 4%, 


The ſquare of the leſs, XX. 
The ſquare of the greater, ꝙ xx. 
The ſum of their ſquares, 10 x x. 


ſum is 8: now 6==3 times 2; 


P ä But 


greater equals 6, as above. 


cquals 15, as above. 
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But according to the problem, the ſum of their ſquares is 5 times the 
ſum of the numbers, that is, 5 times 4x or 20x; therefore 10 x x = 
20x; and 10x5=20; and x the leſs number = 2; whence 3x the 


hy PROBLEM 13. 


38. What lebe numbers are thoſe, whereof the leſs is to the greater as 2 
to 3, and the produtt of whoſe multiplication is 6 times the ſum of 
the numbers? . "FI 6d | 

Anſ. The numbers are 10 and 15, whoſe ſum is 2 5: for 10 is to 15 


as 2 to 3; this will be plain by putting the queſtion thus ; if 2 gives 1 


what will 10 give? for the anſwer will be 15: theſe numbers will alſo 


anſwer the ſecond condition of the problem; for 10x15==150=25x06. 


SOLUTION. 


Put x for the leſs number; then to find the greater number ſay, if 2 
xives 3, what will x give? and the anſwer is A; therefore if x ſtands 
for the leſs number, the greater number will bez their ſum will be 


—+2=, or = — 3 =, or — and the product of theif multiplication xx | 


or — ; but according to the problem, the product of their mul- 
tiplication ought to be ſix times the ſum of the numbers, that is, ſix times 


Fx 30 34 38 2 
N therefore OT and 3 * D 30x; and 3x==30; 


and x the leſs number equals 10 therefore 5 the greater number 


PROBLEM 14. 

39. Two perſons A and B were talking of their money; ſays A to B, 
give me five ſhillings of your money, and I ſhall haue juſt as. much as you 
will have left: 7 B to A, rather give me five ſhillings of your 

/ 


money, and I ſhall then have juſt three times as much as you will have 
left : Homo much money had each? | 


Anſ. A had 15 ſhillings, and B 25: for then, if A borrows 5 ſhill- 
ings of B, they will have 20 ſhillings each; on the other hand, if 


Art. 39, 40. PRODUCING SIMPLE EQUATIONS. 1135 


A lends B 5 ſhillings, then will A have 10 ſhillings left, and B wilt 
have 3o, which is three times as much. 


SOLUTION. 


Put x for A's money; then if A borrows five ſhillings of B,. A will 


mom x + 5, and B by the gs will have the ſame left, to wit, 

; but if B after having lent A 5 ſhillings, has x + 5 left, he muſt 
Had x + 10 before; therefore if x repreſents 4's money, x + 10 
will repreſent B's: let us now ſuppoſe B to borrow 5 ſhillings of 4; 
then will B have x + 15, and A will have x — 5 ; but according to the 
problem, B in this caſe ought to have three times as much as A has left, 


that is, three times x— 5, or 3x— 15; therefore 332—15=x+15; 
therefore 3x —x— 15==15, that is, 2Xx—15==15; therefore 2x 


=15-+15==30; therefore x, or 4s _— _ 15 ſhillings, and 
x + 10, or Bs== 25, as above. 


PROBLEM 15. 


40. V bat tau 888 are thoſe, the product of whoſe multiplication is 

108, and whoſe Jour 6 is equal to twice their difference ? 

Anſ. 1 g and 6: for the product of their multiplication is 108 ; * 
their ſum 24, is equal to twice their difference 12. 


Zorro. 


For the greater number I put x; then, had their ſum been 1 o8, I 
ſhould for the other number have put 108 -&]; but it is not the ſum of 
their addition, wt the product of their multiplication that is equal to 


8 
108 ; therefore if one number be called x, the other will be ——, which 
1 thus demonſtrate : let y be the other number; then will x xy or xy = 
108 by the ſuppoſition ; divide both fides of the equation by x, and you 


= 


will have y = ——; as was to be demonſtrated. This being admitted, 


8 
the difference between the greater number x, and the leſs —_ is & — 


108 
: 2 and their ſum 1s x + — : but by the condition of the problem, 


this ſum ought to be equal to twice the difference, that is, to twice 
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| —216=xx+108; therefore 2 xx —xx—216==108, that is, xx 
—216—=108; therefore xx = 108 +216 =324; therefore x the 


1 
greater number equals 18, and — the dels equals 6, as above. 


PROBLEM 16, 


41. It is required to divide the number 48 into two ſuch parts, that one 

part may be three times as much above 20, as the other wants of 20. 
Anſ. The two parts are 32 and 16: for 32 +16==48; moreover 

32 is 12 above 29, and 16 wants 4 of 20, and 12 is three times 4. 


SOLUTION, 


Put x-for the leſs number ſought ; then will 48 — x be the greater, 
and the exceſs of this greater above 20 will be 28 — x, as is evident by 
ſubtracting 20 from 48 — x : again, the exceſs of 20 above the leſs num- 
ber (which is, what the leſs number wants of 20) is 20—x; and ac- 
cording to the problem, the former exceſs is three times the latter, that 


is, three times 20 — x, or 60—3x; whence we have this equation, 
28 —x = b0—3Jx; therefore 28 - x + 3x == bo, that is, 28 ＋ 2 x 
S 60; therefore-2 x = bo — 28 = 32; therefore x the leſs part =16, 
and 48 — x the greater = 32, as above. £ 


Another ſolution of the foregoing problem. 


Put x for what the leſs number wants of 20; then will the lefs num- 
ber be 20—x, the greater 20 ＋ 3x, and their ſum 40 ＋ 2x; but by 
the problem, their ſum is 48; therefore 40 + 2x = 48 ; therefore 2 x 
—=48—40==8; therefore x 4; whence 20 — x the leſs number 
= 16, and 20+ 3 x the greater =32. | 


PROBLEM 17. 


4342. One has three debtors, A, B and C, whoſe particular debts he has 
Forgot; but thus much he could remember from his accounts, that A's 
and B's debts together amounted to 6o pounds; A's and C's to 80 
pounds; and B's and C's to 92 pounds: I demand the particulars. 
Anf. A's debt was 24 pounds, B's 36, and C's 56: for 24+ 36 = 
60, 24-+ 56 = 80, and 36+ 56 =92, 


Sy rr ro 


Put x for 4 s debt; then becauſe A's and B's together. made 60 pounds, 
B's debt will be 60 — x: again, becauſe 4's and C's together made 80 
. pounds, 


Art. 42, 43, 44. PRODUCING SIMPLE EQUATIONS, 117 


pounds, C's debt muſt be 80 — x : now ſince according to the problem, 
B's and C's debts when added together make 92 pounds, I add 60— x, 
and 80 — x together, and ſuppoſe the ſum 140 —2x=92; | whence 
2x +92=140; and 2X=140—92==48 ; and x, that is, 4's debt 
== 24 pounds; whence 60 — K, or B's debt = 36 pounds; and 80 
x, or C's, is 56 pounds, as above. 


18. 


43. One being aſeed how many teeth he had remaining in his 8 an- 
| fwered, three times as many as he had hſt; and being aſked how many 


PROBLEM 


he had lift, anfivered, as many as bein "x multiplied into; part of the num- 


ber left, would give all he ever bad at firſt : 
had hft, and how many he had left. 

Anſ. He had loſt 8, and had 24 left: for then 24. the number left, 
will be equal to 3 times 8, the number loſt ; and moreover 8 the num- 
ber loſt, multiplied into 4, that is, into ; part of 24 the number left, 
will give 32 = 24 + 8, all he ever had at firſt, 


1 en how many he 


SOLUTION 


| Teeth loſt, x. 


left, 3 x. 
In all, 4x. | 
3 part of the number left 5 or 2 - - this multiplied into the num-- 


ber loſt, makes = —xx or — ; but according to the problem, "this pro- 


duct 18 equal to all he ever had at firſt; whence 5 =4x; and xx 


Sr; and x, the number loſt = = 83 whence 3x, the number teft 


* ; above. 


PROBLEM 19. 

44. One rents 25 acres of land at 7 pounds 12 fillings per annum; 
which land conſiſts of two ſorts, the better ſort he rents at 8 ſhillings 
per acre, and the worſe at 5: 1 demand the number of acres of each 
Ort. 

Anſ. He had g acres of che better ſort, and 16 of the worſe: ſor 9 
＋ 16 acres 25 acres; and 
times 5 ſhillings = 80 ſhillings; and 72+ 80=1 52 ſhillings = / pounds 
12 6 Ow 

SOLU» 


9 times 8 ſhillings = 72 ſhillings; and 16 
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Put x for the number of acres. of the better ſort ; then will 2 5 — x 
be the number of acres of the worſe ſort, becauſe both together made 
25 acres ; moreover, fince he paid 8 ſhillings an acre for the better. ſort, 
he muſt pay 8 times as many ſhillings as he had acres, that is, 8x; and 
fince he paid 5 ſhillings an acre for the worſe ſort, he muſt pay 5 times 


as many ſhillings as he had acres of this ſort, that is, 25—xx5, or 
125 — 5x: put both theſe rents together, and they will amount to 
 8x+125—5x, of 3x ＋ 125 in ſhillings; but they amount to 1 52 
ſhillings, by the ſuppoſition ; therefore 3x + 125 =152; therefore 
Jx=152 —125==27; therefore x, the number of acres of the bet- 
ter fort = 9, and 25—x, the number of the worſe fort = 16, as 
above, 140 rat wt 08 ak Þ g | 
| PROBLEM 20. 


45. One hires a labourer into his garden for 36 days upon the following 
conditions, to wit, that for every day be laboured, he was to receive 
Tuo ſhillings and fixpence; and for every day he was abſent, he was to 
forfeit one ſhilling and fixpence : now at the end of the 36 days, after 
due deductions made for his forfeitures,. he received clear 2 pounds 18 
ſhillings : I demand how many days he laboured, and how many he was 
abſent. +> it nt 8 
Anſ. He laboured 28 days, and loitered 8: for 28 half-crowns amount 
to 3 pounds 10 ſhillings due to him for ,wages; and 8 eighteenpences 
amount to 12 ſhillings due from him in forfeitures; and this latter ſum 
ſubtracted from the former, leaves 2 pounds 18 ſhillings to be received 
clear. ; | 
SOLUTION. 


Put x for the number of days he laboured; then will 36 — x repre- 
ſent the number of days he was abſent : again, ſince he was to receive 30 
pence for every day he laboured, the pence due to him in wages will be 
Zo xx, or zo x; and ſince he was to forfeit 18 pence for every day he 


was abſent; the pence due from him in forfeitures will be 18 x 36 — x, 
or 648 - 18 *: ſubtract now 648 — 18 x, the pence due from him in 
forfeitures, from 30x, the pence due to him for wages; or, which is all 
one, add 18 * — 648 to 30x, and there ariſes 48x — 648, the pence to 
be received clear: but he received clear 2 pounds 18 ſhillings, or 696 pence, 
by the ſuppoſition; therefore 48 x — 648 = 696 ; therefore 48x = 648. 
+ 696 = 1344 ; therefore x, the number of days he laboured = 28; 
and 36 — x, the number of days he loitered = 8, as above. 


PRo- 
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PROBLEM 21. 


46. Suppoſe that 19 pounds of gold weigh 18 pounds in water; and more-- 
over, that 10 pounds of ſilver weigh g pounds in water 122 fe 
a maſs weighing 106 pounds, and conſiſting of both g fever, 


when weighed in water, weighs only 99 pounds : I ee the 5 * 
quantities of gold and ſilver i in the maſs, 4 


Af. There were 76 pounds of gold, and 30 of ſilver: for 164 30 
=106; moreover, if 19 pounds o gold — 5 18 pounds in water, 76 
pounds 'of gold will weigh 72 pounds in water, by the golden rule; 
and if 10 pounds of ſilver weigh 9g pounds in water, 30 — of ſilver 
will weigh 27 pounds in water, by the ſame rule; ' and laſtly 72 ＋ 27, 
the wha >. of the whole maſs in water = 99, as che problem requires. 


SOLUT LON, 


Put x for the number of pounds of gold in the maſt then will 106 
— x repreſent the number of pounds of filver; and to find the weight of 
the former in water, I fay, if 19 pounds of gold weigh 18 pounds in 


water, what will x weigh? and the anſwer is = : again, to find the 
weight of the ſilver in water, I ſay, if 10 41 of ſilver weigh 9 


pounds in water, what will 106—x weigh? and the anſwer is 25 — 5 


85 
then J add both theſe weights together, and their ſum is 21 + 


99 
10 


but according to the problem, the weight of the whole maſs” 


8 Toa: 
in water is 99 pounds; therefore the equation 18 52 25 : 8 9x 


55.09; 


1 18 x+ b 


188 I; therefore 180 x—+ 18126—- 


171 & 18810, that is, gx + 18126 2 18810; therefore gx=18810 
— 18126 = 2684 ; therefore x, the pounds of gold in the mals 70; 
and 106—x, the pounds of filver = Zo, as above. 

Mete. In the ſolution of this problem it is taken for granted, that as 
bodies of the ſame ſpecific gravity, have their weights in water pr 
tionable to their weights in air, which is eaſily demonſtrated from bydroſta- 
tics, and is further confirmed by experiments; thus if the weight of 
any one quantify of gold in air be to it's weight in water gs 19 fol K 


ER the 
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the weight of any other quantity of gold in air will be to it's weight in 
water in the ſame proportion; and the ſame may be obſerved of ſilver; 
only as ſilver is a body of a different ſpecific gravity from gold, the pro- 
portion will be different, being as 10 to q, and ſometimes as 11 to 10. 


PROBLEM 22. 


47. One lets out a certain ſum of money at 6 per cent, fimple intereſt; 
which intereſt in Io years time wanted but 12 fojunds of the princi- 
pal: What was the principal? TE | 

I The principal was 30 pounds, and the intereſt 18 pounds 230 

12: for as 100 pounds principal is to it's annual intereſt 6 pounds, fo is 30 
pounds 2 to its annual intereſt 1. 8 pounds; and therefore it's 10 
years intereſt will be 18 pounds. pa ge avon. Mu 

SOLUTION, 


Put x for the number of pounds in the principal; then to find it's 

Intereſt for one year, fay, if 100 pounds principal give 6 pounds intereſt, 

| . 6 x #2 3 

. this will be 

the intereſt of x for one year, and therefore it's intereſt for 10 years will 
G08 108 jo 48:5 8 C 

be „ but according to the problem, this intereſt is to 


be & — 12; for it is to want juſt 12 pounds of the principal, by the 


what will x principal give? and the anſwer will be 


ſuppoſition ; therefore x — 12 = a5 z therefore * — z x ; there- 


fore 5x—3x— O , that is, 2x—60=0; therefore 2x —=60, 
and x the principal = 3o, and 77 the 10 years intereſt = 18 pounds, 
as above. | „„ 

PROBLEM 23. 


48. One lets out 98 pounds in two different parcels; one at 5, the other 
at 6 per cent, ſimple intereſt; and the intereſt of the whole in 16 years 
amounted to 81 pounds: What were the two parcels ? 8 
Anſ. The parcel at 5 per cent was 48 pounds, and the other at 6 
per cent was 50 pounds: for in the firſt place, 48 + 5o=98;. and 
moreover, the annual intereſt of 48 pounds at 5 per cent amounts to 2 
pounds 8 ſhillings ; and the annual intereſt of 50 pounds at 6 per cent 
1s 3 pounds; therefore the whole intereſt amounts to 5 pounds 8 ſhill- 
ings in one year; and conſequently to 8 1 pounds in 15 years, 


S o Lu- 
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S8OLVUT ION. 


Put & for the number of pounds in the parcel at 5 per cent, and con- 
ſequently 98 —x for the number of pounds in the other parcel at 6 per 
cent; then to find the annual intereſt of x, ſay, if 100 pounds principal 


give 5 pounds intereſt, what will x give? and the anſwer will be _ 8 
again, for the other parcel, ſay, if 100 pounds principal give 6 pounds 
intereſt, what will 98 — give? and the anſwer will be ==, add 


oO 
588 — 6x 
100 


theſe tw-o intereſts together, to wit, 1700 and and the ſum 


88 — 88 — 
will be SL e that is, ; this is the intereſt of the 
two parcels for one year ; and therefore in 15 years time, this intereſt 
. 8820 — 1 
muſt amount to ——_— ; but it amounts to 81 pounds, by the 


B 8820 —16cx _ 
ſuppoſition ; therefore — _ 81 ; therefore 8820 - 15x = 
8100; therefore 8820=15x-+8100; therefore 15x—=8820—8100 
—720 ; therefore x, the parcel at 5 per cent =48 pounds; and 98 
x, the parcel at 6 per cent = 50 pounds, as above. pep 


* 


PROBLEM 24. 


49. A gentleman hires a ſervant for a year, or 12 months, and was to 
allow him for his <wages fix pounds in money, together with a livery 
cloak of à certain value agreed upon: but after ſeven months, upon 
ame miſdemeanour of the ſervant, he turns him off, with the afore- 

aid cloak and 50 ſhillings in money; which was all that was due to 
him for that time: I demand the value of the cloak. 

Anſ. The value of the cloak was 48 ſhillings: for then his whole 
wages for 12 months would be 168 ſhillings ; and by the rule of pro- 
portion, his wages for 7 months would be 98 ſhillings ; whence ſub- 
tracting 48 ſhillings, the value of the cloak, there would remain 50 ſhil- 
lings due to him in money, 

SOLUTION, 


Put x for the value of the cloak in ſhillings ; then will his whole 
wages for 12 months be x-+120; and his wages for 7 months, may 
be found by the golden rule, faying, as 12 is to 7, ſo is x + 120 to 
= | 7 * 


1 
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7x+ 840 
12 


but according to the problem, his wages for 7 months was 
the cloak and 50 ſhillings in money, that 1 is, x- 50; therefore-x+ 50= 
745. therefore 12 x+600= =7x-+840 ; therefore 12x—7x+ 600 


=—3840, that is, 5 * baoz=8$40.; therefore 5* 84600240 
therefore x, the value of the cloak in ſhillings, is 45, as above. 


PROBLEM 25. 885 e 


Fo. One d.  Aifributes + 20 /hillings among 20 people, wing 6 pete apiece 
10 ſome, and 16 pence apiece to the wy 1 Ng _ mnber of 
Per ſons of each denomination. 
Anſ. There were 8 perſons who received 6 pence. apiece; * and 1 2 
who received 16 pence apiece: for in the firſt place, 8 + 12 220 per-. 
ſons; and fince 8 ſixpences are equivalent to 4 ſhillings, and 12 ſixteen- 
pences to 16 — we ſhall have in the next Place, _—_ 16=20 
{thillings. op 


$oLvTION. 


Put æ for the number perſons who received 6 pence | apeice ; then 
ſince there were 20 perſons in all, 20—x will be the number of thoſe 
who received fixteenpence apiece : the number of pence received by the 
former company will be 6x ; and the number of pence received by the 


latter will be 20—x x 16, that is, 320—16x, and therefore the whole 
number of pence received will be 6x—+320—16x, or 320—10x; 
but according to the problem, there was received in the whole, 20 ſhill- 
ings, or 240 pence; therefore, 320—10x==240; therefore 10* 
240==320; therefore 10=320—240=80;. therefore x, the number 


of perſons who received ſixpence a piece, is 8, and conſequently 20—, 
ehe number of the reſt is 12, as above. 


PROBLEM 26. 


51. I 7s re to divide 24 ſpillings into 24 4 pieces, conj fling 0 of 
ninepences and thirteenpencehalfpenmes. 


Anſ. There muſt be 8 ninepences and 16 thirteenpencehalſpennies : : 
for in the firſt place, 8 ＋ 16 24 pieces; and fince 8 ninepences are 


5 equivalent to 6 ſhillings, and 16 chirteenpencebalfpennies to 18 ſhillings, 
we have in the next place 6 + 18 =24 lil. 


8 0 L Us 
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W SOLUTION. 


$ 


Put æ for the number of ninepences, and conſequently 24— x for tlie 


number of thirteenpencehalfpennies : now the number of halfpence equi 


valent to the former is 18x, becauſe there are 18 halfpence in every 
g pence ; and the number of halfpence equivalent to the latter is 24 — x 
x27, or 648 —27x, becauſe there are 27 halfpence in every thirteen- 
pencehalfpenny piece; therefore the number of halfpence equivalent to 
the whole will be 18x + 648 — 27 x, that is, 648—9x; but according 


to the problem, the whole amounts to 24 ſhillings, or 576 e nga 


therefore 648 — gx = 576.3 therefore 9x&-+ 570==648 ; therefore gx 

==648—576=72 ; therefore x, the number of ninepences is 8; and 

24 -x, the number of thirteenpencehalfpennies is 16, as above. 

FTT... ghd ESR ay 7 | 

52. Two perſons, A and , travelling together, A with 100, and B 
with 48 pounds about him, met a company of robbers, who took tavice 
as much from A as from B, and left A thrice as much as they left B: 
I demand how much they took from each, 


Au. They took 44 pounds from B, and twice as much, that is, 88 


pounds from A, fo they left B 4 pounds, and A 12 pounds, which is 
3 times 4. . jet 
1 3 SOLUTION, „ 
Taken from B, Kc | 1 
from A, 2x. | | 
Left B, 48 — x. 
Left A, 100—2 x. 


But according to the problem, they left A three times as much as they 


left B, that is, three times 48 —x, or 144—3x; therefore 100 — 2K 
2144-3; therefore 100 — 2K K 3 x==144, that is, 100+x==144.; 
therefore x, the ſum taken from B 144 — 100 244; and 2 x, or 88 
is the ſum taken from A, as above. | 


PROBLEM 28. 


53. A certain ciſtern which would be filled in 12 minutes of time by 2 


pipes running into it, would be filled in 20 minutes by one alone 1 


demand in what time it would be filled by the other alone. 
Anſ. In zo minutes: for at this rate, this pipe would diſcharge ; part 
of a ciſternful in one minute's time, and 2 or; in 12 minutes: but 
the other pipe in 12 minutes time diſcharges 2: or 3 of a no 


Sp. * - — 
= 4 Cc 
. — — : S=S — == — 3 — - 
_— * p 4 
2 s r — — — * 
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the ſuppoſition ; therefore both pipes in 12 minutes will fill £, that is, the 


Whole ciſtern. 
801 u 10 M. | 


Put x for the time ſought wherein the freand pipe wil fil the ciſt- 
ern; then to find how much of this ciſtern will be filled by that Greed 
12 minutes time, ſay by the golden rule, if in the time x 


one whole ciſternful, v — of it will be diſcharged in 12 = | 


nutes ? and the anſwer will be — and for the ſame reaſon — will be 


ihe YL by the teſticles inci Gigs time of 1 and 
11 


+ will be the quantity they will both diſcharge in this time; but 
ani to the problem, they ought beth together to diſcharge one 


whole ciſternful in this time; therefore. — 2 25 =1; therefore * 


Tax" 
— =; therefore 240 ＋ 12 & 20 therefore 20* — 12 , or 8* 


55 


==240 z and x, the time wherein the ſecond pipe alone would filb the 
ciſtern, 1 is 30 minutes, as above. a 


PROBLEM 29. 


4. A Ne an army di his men in rank and file in form 0 
x, 4 7 w_ be bad er than would fand/in the fr 7 
but when he thought of enlarging the fide of his ſquare, though 
one man more, he found he ſhould want 41 men 72 that pinky 
demand his number of men, and how many they flood of a fide. 
An. He had 2560 men, and they ſtood 50 of a fide : for the better 
_ underſtanding whereof it muſt be obſerved, ſoldiers are ſaid to ſtand 
in rank and file, when a rank is placed behind the foremoſt, and then 
another behind that, and fa on: thus if there be 6 ranks, and 7 men 
In every rank, they are ſaid to be 7 in rank and 6 in file; and the num- 
ber of men ſo diſpoſed are 6 times 7, or 42. This being underſtood, let 
us now ſuppoſe the general to have 50 ranks with 50 men in every rank; 
then they would conſtitute a ſquare whoſe fide is 50, and the number 
of men 75 diſpoſed would be 50 times 50, or 2500 ; therefore if we ſup- 
poſe him to Rs 2560 men in all, he would have 60 men more than 
could ſtand in this figure: ſuppoſe then that the fide of his ſquare was 
enlarged from EA to 51 men, that is, let us ſuppoſe 51 ranks with 51 
men in every 1 it is plain, chat this figure would take up 51 
times 51 or ng ; but he had * 2560 men; therefore this figure 


would 
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would take up more than he had by 41; for 2560 ſubtracted from 
2601 leaves 41. | 


SOLUTION. 


Put x for the number of men that conſtituted the fide of the ſquare; 
then will xxx or xx be the number of men the figure took up; but 
according to the problem, he had 60 men more; therefore x x ++ 60 will 
repreſent his whole number of men: ſuppoſe now he had x-+ 1 men 


of a ſide, then x+ 1xx—+ 1, or xx+2x-+1 "x-+1 
will be the number of men this ſuppoſed. figure x1 


would have taken up; but according to the prob- axx-+x+1 
lem, this laſt number xx + 2+ 1 muſt be +x N 
greater than the true number of men x x + 60 KZT. 
by 41; therefore x x + 60 ſubtrafted from x x 
+2x-+1, ought to leave 41; but xx--60 axx-p2x+1 
ſubtracted from x x-+ 2x ＋ 1 leaves ＋ 2x 59; xx * +60 
therefore 2K - 59 241; therefore 2 x= 41 + 4 + 2K — 59. 
59 = 100-; therefore x, the number of men 


of a fide =50; and xx+60, the whole number of men = 2 500, 
as above. | | | 


PROBLEM 30. 


5 5. There are two places 1 54 miles diſtant from each other ; from whenge 
tuo perſons ſet out at the ſame time with a deſign to meet, one travell- 
ing at the rate of 3 miles in 2 hours, and the other at the rate of 5, 
miles in 4 hours : I demand how long and how far each travelled before 
they met. 2 | | | 
An x our travellers were ſuppoſed both to ſet out at the ſame time, 
and they muſt both meet at the ſame time, it follows, that each muſt 
rform his journey in the ſame time; I fay then, that each performed 
bis journey in 56 hours: for if in 2 hours the firſt travelled 3 miles, in 
56 hours he muſt travel 84. miles, by the rule of proportion; in like 
manner, if in 4 hours the ſecond travels 5 miles, in 56 hours he muſt 
travel 70 miles; and 84+70==1 54 miles, the whole diſtance, _ 


SOLUTION, 


Put x for the number of hours each travelled ; then to find how man 
miles the firſt travelled, fay, if in 2 hours he travelled 3 miles, how far 


did he travel in x hours? and the anſwer is — then for the other ſay, 


* N - ——— 


* 
* _ — 


N 
| 
| 


8 — 


*g hours, and the anſwer is 
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if in 4 hours he travelled 5 miles, how far did he travel in x hours? and 
the anſwer is 115 therefore both their journies put together make — 


+ . but they both travelled the whole diſtance, 1 54 miles; therefore 


558 154; therefore 344 = 308 therefore 12 * lo x, 


that is, 22 2 12 32; therefore x, the number of hours each travelled 


= 56 ; therefore ,, the number of miles the firſt travelled = 843 


and 755 the number of miles the ſecond travelled == 7o, as above. 


PROBLEM, 31. 


56. 3 out from a certain place, and travels at the rate of 7 miles 
An 5, hours; and 8 hours after, another ſets out from the ſame place, 
and travels the > road at the rate of 5 miles in 3 hours : I demand 
how long and how far the firſt muſt travel before he is overtaken by 

the ſecond. | 33 3 i 
Anſ. The firſt muſt travel 50 hours and conſequently 70 miles; the 
ſecond muſt travel 50—8, or 42 hours, and conſequently alſo 70 miles: 
ſince then they both ſet out from the ſame place, and the ſecond traveller 


has now travelled as far as the firſt, he muſt have overtaken the firſt, 


SoLvuTIoON. 


Put x for the number of hours the firſt travelled, and conſequently 
x—+#8 for the number of hours wherein the ſecond travelled : then to 
find the miles travelled by the firſt, ſay, if in 5 hours he travels 7 miles, 


X 


how far will he travel in x hours? and the anſwer is 5 ; then for the 


other ſay, if in 3 hours he travelled 5 miles, how far will he travel in 


5 *— 40 


; but as theſe two travellers 


both ſet out from the ſame place, and muſt come together at the fame 
place, it follows, that they muſt both travel the ſame length of ſpace ; 


therefore — CE; therefore 5x— 40 OS tbe ; therefore 25 x 


—200=21x; therefore 25x—21x—200==0, that is, 4 x— 200 
So; therefore 4.x 200; and x, the hours travelled by the firſt =50,; 
| | | whence 


. 
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whence x —8, the hours travelled by the ſecond = 42 ; 17 the miles 


travelled by che firſt = 70 ; and Ee, the miles travelled by the 
ſecond o, as above, 1 \ ns 5 
7 PROBLEM 32. 


57. One looking upon a clock, and being aſked what a clock it was, anſ- 
wered, between 5 and 6; but a more particular anſwer being defired, 
he ſaid, that at that very moment, the minute hand and the hour hand 
were together : what was the time of the day ? N 

Anſ. Juſt 5. of an hour, or 27 minutes and about 16 ſeconds , 
For a clearer and more diſtinct explication of this anſwer, and of the 
following ſolution, let us call that point upon the dial plate wherein the 
two hands are ſuppoſed to exiſt together at the inſtant ſought, between 
the hours of 5 and 6, A; then, ſince the hour hand moves from 12 to 5 
in 5 hours, if the time of 5 of an hour be rightly aſſigned, it ought to 
move from 12 to A in 5 hours and £5 of an hour: again, at 5 a clock 
the minute hand pointed at 12, and according to this account, 45. of an 
hour after, it pointed at 4; therefore the minute hand moves from 12 
to A in 5 of an hour; this then being the caſe, to wit, that the hour 
hand moves from 12 to A, in 5 hours and + of an hour, and that the. 
minute hand paſſes over the ſame ſpace in ; of an hour, let us in the 
next place enquire how theſe times agree with the known velocities of 
| theſe two hands; for the minute hand makes a revolution in an hour's 
time, and the hour hand in 12 hours; therefore the hour hand moves 
12 times {lower than the minute hand; therefore the hour hand ought 
to be 12 times as long in paſſing over any given ſpace, as the minute 
hand is in pafling through the ſame ſpace; but according to our 
account, the hour hand paſſed from 12 to A in 5 hours and £ of an 
hour, and the minute hand paſſed over the ſame ſpace in £ of an hour; 
therefore if the time enquired after be truly aſſigned, 5 hours and £ of 
an hour ought to be 12 times as much as 5 of an hour; and ſo we find 
it; for 12 nne 


11 N 
r 


SOLUTION, 


Put x for the part or parts of an hour from 5 a clock to the in- 
ſtant ſought ; then will the hour hand move from 12 to A, in x +5 
hours, and the minute hand will paſs over the ſame ſpace in the time x; 
and x ＋ 5 will be to x as 12 to 1; all which are manifeſt from what 
has been ſaid above; multiply the extremes and middle terms of this laſt 


proportion 
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oportion t her, according to the 15th article, and you will have 
voy cope pies, mare and 12 x—x, that is, 11 x== 5 hours; and x= 
£ of an hour, as above. RI 
| PROBLEM 33- 


58. A clock has two hands turning upon the ſame center, whereof the 
 fevifter makes a revolution every 12 hours, and the ſlower every 16 
hours : I demand the fynodical period of theſe two hands. | 
Anſ. 48 hours. „ | 
By a ſynodical period is here meant, the time that paſſes from the in- 
ſtant the two hands are together, to the inſtant they next come together 
again: but to acquire a more diſtin& idea of this time, that is, ſuch a 
one as we may form a calculation upon, let us ſuppoſe the two hands 
together; then it is plain, that the ſwifter hand will immediately get be- 
fore the flower; and in time, will have got a quarter of a circle, and half 
a circle, and three quarters of a circle, and at laſt an entire circle before 
the ſlewer, in which cafe the two hands will now be together again; 
and this will be the firſt time of their coming together again ſince the 
ſuppoſed time of their ſetting out; therefore a ſynodical period may now 
be defined to be the time wherein the ſwifter hand gets an entire circle 
of the flower, or makes one revolution more than the flower : fince 
then in 48 hours the ſlower hand makes 3 revolutions, and the ſwifter 
4, it follows, that 48 hours muſt be their true ſynodical period, | 


SOLUTION. 


Put x for the number of hours in a ſynodical period; then to find 
the number of revolutions made by the flower hand in the time x, ſay, 
if in 16 hours the flower hand makes one revolution, how many will 


it make in the time x? and the anſwer will be = ; then for the fwif- 
ter hand ſay, if in 12 hours it makes one revolution, how many will it 
make in the time x? and the anſwer will be =; therefore — is the 


number of revolutions made by the flower hand, and 5 the number of | 
revolutions made by the ſwifter hand in the fame time x: now to know 
how much the ſwifter hand has got of the flower, I ſubtract the former 

ER . Se” x D Rd 
ſpace a from the latter 7 and the remainder is 12 — 16 763 
but as x is the time of a f 


6 ynodical period, it is plain from what has been 
faid, that the ſwifter hand ought to have got one entire circle or revo- 


lution 


* 
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lation before the flower ; therefore * 1 e of Aer] 
in a ſynodical period 2 48, as above. 
PROBLEM 34. 


59. A vintner has taoo ſorts of wines, one ſort worth 20 pence a quart, 
and the other <vorth 12 pence a quart ; out of which he wants a mix- 
ture of a 100 quarts worth 14 pence the quart : the queſtion is, how 
many quarts he muſt mix of each ſort. © FF; 
Anſ. There muſt muſt be 25 quarts of the better ſort, and 75, that 

is, 100 — 25 of the worſe: for £5 quarts at 20 pence a quart amount 

to 500 pence; and 75 quarts at 12 pence a quart amount to goo pence ; 

therefore the whole amounts to 1400 pence; which divided by 160, 

the pumber of quarts, gives 14 pence a quart. 


SULUTION. 


Put x for the number of quarts of the better fort, and conſequently 
100—x for thoſe of the an ; then will 20 be the price in pence of 
the better ſort, 1200—12:x that of the worſe, and 8 & ＋ 1200 that of 
the whole: but 100 quarts at 14 pence a quart amount to 1400 pence; 
therefore 8x + 1200=1400; 8x==200; and x, the number of quarts 
of the better fort =25; and 100—x,the number of quarts of the worſe 
ſort =75, as above. 1 | 
PROBLEM 335. 


60. It is required ts divide the number go into 4 ſuch parts, that the 
firſt =_ encreaſed by 2, the ſecond diminiſhed by 2, the third multi- 
plied by 2, and the fourth divided by 2, may be all equal. 
Anſ. The parts are 18, 22, 10, and 40: for 18+22-+10+40= 

99; and 18+2==22 —2==10X2=2==20. 


Sa TLUT TON; 


1ſt, Put x for the firſt part; then if this firſt part be encreaſed by 2, 
the ſum will be x-+2 ; therefore the ſecond part when diminiſhed by 2, 
the third when multiplied by 2, and the fourth when divided by 2, 

ought each to make x +2. 


2dly, But if the ſecond part when diminiſhed by 2 be x + 2, then 
before it was diminiſhed it was & ＋ 4, 


3dly, If the third part when doubled or multiplied by 2 be x + 2, 


then before it was multiplied, it muſt be the half of x + 2, that is, - +1. 
R Laſily, 


1 
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y, If half the fourth number be x + 2, the fourth number! it- 
elk be '2x-+4; ſo that at laſt, the parts are found to be x, * 4. 


21, and 2 & ＋ 43 add theſe parts all together, and the ſum will be 


4 4 =+03 ; - whence we have this equation, 4 2 = +9=90; FOR 
fore "SPIN ae? My therefore * 1623 and x, the uſt part 18; 


whence x+ 4, the 2d part =22; and — ——+1, the zd part =10; and 2 
+4, the 4th part 40, as above. 
PROBLEM 36. 


61. A ſtepberd drivin g flock of ſheep in time of war, meets a company 
of ſoldiers who 3 him of half bis flock, and half a ſheep over; 


the ſame treatment he meets with from a ſecond, a third and a fourth 
company, ag pms, company plundering him of half the flock the 


2 1 and he in eee eee 
3 


eþ left: + dema 

F Ti * at firſt conſiſted of 127 dc and if the firſt compa- 
ny had only robbed him of half his flock, they would have left him 63 
ſheep; but as they plundered him of half his flock, and half a ſheep 


cover, they left him only 63 ſheep ; in like manner the ſecond company 


left him 31, the third 15, and the fourth 7. 
N. B. Before I enter upon the ſolution of this problem, I muſt put 


the learner in mind of what he has been told before, { introduction art. 
13.) to wit, that a fraction may be halved two ways, either by halving 


the numerator, or doubling the denominator. 
SOLUTION. 


Put x for the number of his firſt flock ; then had the firſt company 


| _— taken half his flock, they would have left him the other half, vis. 


— ; but they took half his flock and half a ſheep over; therefore they 


left him juſt ſo much leſs, to wit, - Dy or _ again, had the 


ſecond ne me taken half what remained, they would have left him 
balf, to wit, 8 ; but by taking half a ſheep more, they left him 


— 2&—2— 2x —6 8 
F 2 that hl. 0 =o l in like man- 


ner 
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ner the third company left _ who 00 or 2x—6—8 2X=—1I 4. 


= ; and the 2 115 Es 15 but they 


deft him 7 ſheep, by the rappotition; F. * ed 7; and x — 
| 15=1123 and x his firſt number = 127, as above. 
PROBLEM 37. 


62. One buys a certain number of eggs, half whereof he buys in at 2 a 
penny, and the other half at ee a penny ; theſe he afterwards fold 
out again at the rate ”— pg or tawopence, and contrary to his eupecta 
tion, hoſt a penny by the bargain : what was the number of his eggs? 

Anſ. The number of his eggs was 60; half whereof at two a penny 

coſt him 1 5 pence ; and the other half at three a penny, ten pence ; and 
the whole 25 pence: but 60 eggs fold out at 5 for ho pence, would 


only bring him in 24 pence, as appears by the rule of ee 3 _ 
fore he loſt a penny by the bargain, 


SOLUTION, 


Put x * the number of eggs; then ſay, if 2 eggs coſt o one e penny, 
what will = — one half of his eggs coſt? and the anſwer will be —; and 


for the lame reaſon the other half : at three a penny will coſt Pa —; ſo 


that for the whole he muſt pay 7 ＋ 8 * or = : again 675 if 5 eggs were 


_ for two 978 what were - eggs eld for? and the anſwer will be 
. ; therefore - = = will be the number of pence he received for his eggs; 


ſubtract this from . the pence he paid for them, and the remainder 
2 


- 5 7 or - 2 will 1 his loſs; but by the ſuppoſition, he loſt one pen- 
ny; j 3 605 ==I; and $. the number of eg 8 will be 60, as above. 
FF * L EM 38. 


63. One draws a certain quantity of wine out of a full veſſel that held 
s I gallons ; and then recruiting the veſſel with water, takes a ſecond 


SS drauzht 


132 TAE SsOIUT ION OF PROBLEMS Bock ii. 
* draught of as much awine and water together, as before he did of wine; 
And fo he goes on for four draughts one after another, always taking 
a the ſame quantity at a draught, and then recruiting the veſſel with 
water; inſomuch that at laſt, there were not above 16 gallons of pure 
wine left in the veſſel, all the reſt being water : I demand how much 
be took at every draught. n ITT 
Anſ. He took 27 gallons at every draught ; therefore as there were 
81 gallons of liquor in the veſſel before every draught was made, he took 
nor; part of all the liquor in the veſſel at every draught : but a,mix- 
ture of wine and water, whenever it is made, may be ſuppoſed to be 
uniform; therefore in taking a third part of all the liquor in the veſſel, 
he muſt not only take a third part of all the pure water in the veſſel, 
but alſo a third part of all the pure wine; with this difference however, 
that the water was again recruited by filling up the veſſel, whereas the 
wine was not: ſince then; part of the wine was taken at every draught, 
it follows, that whatever quantity of pure wine was left in the veſſel 
before any draught was made, there would only remain; of that quan- 
tity afterwards ; but the quantity of wine at the beginning was 81 gal- 
| Tons, ex hypothefs; therefore; of 81, or 54 gallons mult be left after the 
firſt draught ; ; of 54, or 36 gallons after the ſecond draught ; ; of 36, 
or 24 after the third draught ; and; of 24, or 16 after the fourth draught, 
as the problem requires. Fe OO | 


SOLUTION. 


As there was the fame quantity of liquor in the veſſel before every 
_ draught was made, to wit, 81 gallons, and as there was taken the ſame 
quantity at every draught, it follows, that the fame quantity muſt be 


left after every draught ; for this put * j then will F ſhew what part 


or parts of all the liquor in the veſſel was left after every draught, and 
conſequently of the wine; whence the quantity of wine left in the veſſel 
after every draught may be found thus; there were 81 gallons at the be- 
ginning, therefore 81 x _ or æ&, mult be left after the frſt drau ght; 
x a | 


: \ 2 
EE, r 
* XF or Fr muſt be leſt after the ſecond draught 81 *Fr or 5057 


after the third; and ;—— x , or — aft 
6561 81K 531408 


ing to the problem, there were left after the fourth draught 16 gallons; 
therefore 


| = 163 therefore & 8 5030 56 ; therefore x* = 


v8503056 


$31441 
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V/8503056 = 2916; therefore x, or the number of gallons left in the 
veſſel after every draught =\/2916== 54 ; therefore 81 — x, or the | 
quantity taken at every draught muſt be 27, as above. Fs * 


PROBLEM 39. 


64. It is required to divide the number go into two ſuch parts, that one 
part may be to the other as 2 10 3. 

Anſ. The numbers are 36 and 54: for in the firſt place, 36+ 54. 
go; and in the next place, if both 36 and 54 be divided by 18, the 
quotients will be 2 and 3; whence I infer, that 36 is to 54 as 2 to 3; for 
a common diviſion by the fame number cannot alter the proportion of 
the numbers divided ; and therefore if, after this common diviſion, the 
anger, be to one another as 2 to 3, the dividends muſt be alſo in the 
ame proportion. . ea 
' SoLUTION.. 


Pat x for the lefs part, and go—x for the other; then will x be to 
go—xas 2 to 3, by the ſuppoſition ; but by art. 15, whenever there 
are four proportionals, the product of the extremes will be equal to the 
product of the middle terms: here the extremes are x and 3, whoſe pro- 


duct is 3x; and the middle terms are 90 —x and 2, whoſe product is 
180—2x; therefore 3x—=180—2x; therefore 5x = 180; and x, the 
leſs part =36; and go—x, the greater == 54, as above. 


PROBLEM 40. 


65. Two weights, one of 5 founds, the other of y, are ſuſpended at the 

extremities of a very ſinall rod 36 inches lng: I demind the point in 

the rod, where theſe two weights will be in æquilibrio; that is, I 
demand the diſtance of this point Fe; either extremity of the rod. 

Anſ. The diſtance of the point of æquilibrium from the greater weight 

was 15 inches, and conſequently 36—15, or 21 inches from the lets : 

for if the weights had been equal, the point of æquilibrium would have 

been exactly in the middle of the rod; but as one weight is leſs than 

the other, it wilt be proportionably nearer the greater weight ; and thus 

15 is to 21 as , is to 3, that is, as 5 to 7. „ | 


SOLUTION 
a | N ? 5.3 N O * 


Put x for the diſtance of the point of æquilibrium from the greater 
weight, and 36 — & for it's diſtance from the leſs; then will x be to 
36—x as 5 to 7; whence by muliiplying extremes and means, accord- 


ws 
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ing to art. 15, we have this equation, 7 x= 1805 x; whence 12x 
= 180; and x, the diſtance of the point of æguilibrium from the greater 
weight = 15, and 36—x, it's diſtance from the Jeſs = 21, as above, 


PROBLEM 41. 


606. What number is that, which being ſeverally added to 36 and pa, 
woll make the former ſum to the latter as 3 ta 4? 
 Anſ. The number is 12: for 36+ 12 is to 52-+ 12, as 48 is to 64, 

as 16 is to 28, as 3 to 4. 

. $SOLUT-I0N, 


Put x for the number ſought, and yau will have this proportion; 
30+x 1s to 52+xX as 3 to 4. Whence by multiplying extremes and 
means you will have 144+ 4x==156+3x; therefore 144+x==1 56; 
therefore x, the number ſought = 12, as above. 


PROBLEM 42, 


by. A bookbinder ſells me two paper books, one containing 48 ſheets for 
3 ſhillings and 4. pence, and another containing 7 5 ſheets for 4 ſhill- 
ings _ 10 pence, both bound at the ſame price, and both of the 
fame ſort of paper: I demand what be allows bimſelf for binding. 
Anſ. He reckoned 8 pence for binding; {© that the price of the paper 
of the firſt book was 32 pence, and the price of the paper of the latter 
5o pence: now if this anſwer be juſt, the two prices _ to bear the 
ſame proportion to one another as the two quantities of paper; and fo 
we {ſhall find them: for 32 pence are to 50 pence as & are to 2, that is, 
as 16 to 25; and 48 ſheets are to 75 ſheets as & are to 5, that is alſo, as 
16 to 25, 5 = 


SOLUTION, 


Put x for the number of pence reckoned for binding; then we ſhall 
have 40—x for the price of the paper in the firſt book, and 58—x 
for the price of the paper in the ſecond book; and 40 —- u will be to 
58 —x as 48 to 75 ; multiply extremes and means, and you will have 
this equation, 2784 —48 x=3000—75x; therefore 2784 +27 K 
3000 ; therefore 278=216; and x, he number of pence reckoned for 
binding = 8, as F Su 8 


PROBLEM 43. 
68. What number is that, 1obich being ſeverally added to 1 5, 27, and 
45, will give three numbers in continual proportion ? | 
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N. B. Three numbers are ſaid to be in continual proportion, when 
ta dttlte firſt is tothe ſecond as the ſecond is to the third. 7 
Anſ. The number ſought is 9: for 15 ＋ 9 == 243; and 27 ＋9 306; 
and 45+9=54; and 24 is er 54: for 24 is to 36 as 
+ is to f, that is, as 2 to 3; and 36 is to 54 as ff is to 33, that is alfo, 
as 2 to 3. 5 | 


SOLUTION. 


Put x for the number ſought ;. then we ſhall have this proportion, 
x +15 is to x27, as x ＋ 27 is tox-+45; where the two middle 
terms are x27 and x 27: multiply extremes and means, and you 
will have this equation, xx + 60x + 675 =x x+ 54x+729 ; therefore 
60x-+675=54x+ 729; therefore bx +675 = 729; therefore 6x 
= 54; and x, the number ſought q, as above. a 


PROBLEM 44. 


69. One places a certain number of rods upright in a ſtreigbt line, at 
equal diſtances one from another, the vacancies being no more than ſuff- 
cient to contain two rods apiece ; but finding that by this means, his 
line would not reach above 125 inches, he extended it to 208 inches 
by opening the vacancies juſt as wide again as before: What was his 
number of rods? | 

Anſ. The number of rods was 84, and conſequently the number of 

intervals 83: for if two rods admit but of one interval, three rods of 2, &c, 
84 rods will admit of 83 intervals, which intervals if they were to be 
filled, would take up 83x2, or 166 rods; therefore if the firſt line had 
been full, it would have taken up 84 ＋ 166, or 250 rods :- again, the 
number of rods ſufficient to fill the vacancies of the ſecond line was 83 
x4, or 332; therefore if the fecond line had been full, it would have 
taken up 84-332, or 416 rods: now if this anſwer be juſt, the lengths 
of theſe two lines ought to have the fame proportion to one another, as 
have the number of rods they would have taken up had they been full; 
and fo we ſhall find them: for 125 inches are to 208 inches as 125x2 
to 208 x2, that is, as 250 rods to 416 rods, as was to be demonſtrated. 


SOLUTION, 


Put x for the number of rods; then will the number of vacancies be 
x—1; and the number of rods ſufficient to fill the vacancies of the firſt 
line, 2x —2;, and the number of rods the firſt line would have taken, 
had it been full, 3x — 2: again, the number of rods ſufficient to fill the 
vacancies of the ſecond line will be 4 x— 4; and therefore the power, 

0 


28 


he exterminated, 


ſhall not meddle wit 
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ef rods the ſecond line would have taken, had it been full, will be 5x—4 ; 
whence we ſhall have this proportion, 3x—2 is to 5x—4 as 125 is 
$0 208 ; and by multiplying extremes and means, this bs 024x. 
—416=625x— 500; therefore x — 500 2 - 416; erefore x, the 

number of rods —= 84, as above. | . 


Of the method of reſolving problems wherein more un- 


known quantities than one are. concerned, and repre- 


ſented by different letters. 


70. Hitherto we have uſed but one ſingle letter in every problem for 


fome one unknown quantity in it ; and if there were more, the reſt re- 


ecived their names from the conditions of the problem: but in caſes of 


a more complicated nature, where many unknown quantities are linked 


and entangled in one another, this method will be found very difficult; 
and therefore in ſuch caſes, the Algebriſt is allowed to uſe as many diffe- 
rent letters as he has unknown quantities, provided he finds out as n_ 


independent equationsfor diſcovering their values; ſee art. 92: for thoug 


ip every £quation wherein more unknown quantities than one are con- 
cerned, they hinder one another from being found out, yet if as many 
fundamental equations at firſt be given, as there are unknown quantities, 
it will not be difficult in many caſes, from theſe to derive others that 
are more ſimple, till at laſt you come to an equation wherein but one on- 
ly urknown quantity is concerned, in which caſe all the reſt are ſaid to 


Whenever two or more equations are propoſed, involving as many 


unknown quantities, theſe equations muſt firſt be the op by freeing 


them from fractions wherever there are any, and by ordering every par- 
ticular equation ſo, that all the unknown quantities may poſſeſs one ſide 
of the equation, and ſuch as are known the other; or elle, that all the 


quantities may poſſeſs one fide of the equation, and a cypher the other: 


it will be alſo convenient, that in every particular equation, the unknown 
quantities be placed in the ſame order. 


In laying down rules for exterminating unknown quantities, I ſhall 
begin with the ſimpleſt caſe firſt, which is that of two equations and two 
unknown quantities; and when I haye given as many examples as ſhall 
be thought proper in this caſe, I ſhall then proceed to others where more 
unknown quantities are to be exterminated. 

But here I muſt not forget to advertiſe the reader, that as I am now 
treating of ſimple N and Fan producing ſuch equations, I 
any caſes of extermination which lead to equations 


of 
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of higher forms: when I come to treat of quadratic equations, I may 
then perhaps add ſomething further upon this ſubject; but to undertake 
to explain all the various methods of exterminating unknown quantities 
would be an endleſs taſk, and a moſt intolerably laborious and tedious 
one both to the writer and the reader, whom I cannot yet ſuppoſe to be 
ſo far gone in Analytics, as to be willing to purchaſe this fort of know- 
ledge at any rate. BY I 

Let then x and y be two unknown quantities to be found out by the 
help of the two following equations, 4x — 5y=2, and 6 x —7y==4 ; 


or the queſtion may be ſtated thus; if 4x— 5y=2, and 6x—7y==4, 
what are x and y? now as theſe equations want no preparation, = them 
tiply the 


down one under another ; then upon a bye piece of paper mu 
firſt equation (4x—5y=2) by 6 the coefficient of x in the ſecond 


equation, and the product will give this equation, 24x — 30. 12; 


again, multiply the ſecond equation (6x—7 y==4) by 4, the coeffi- 
cient of x in the firſt e- 


equation from the latter, that the coefficient of y after ſubtraction may 


affirmative, thus; 24K — 2852 16 
24 — ZOy=12 
* ＋ 25 „ 


From this ſubtraction you have the following equation, 2 y=4, which 


put down under the two firſt equations to make a third; then reſolve this 
der the reſt for a fourth equation. 

Having thus found the value of y=2, put this value inſtead of y in. 
the more ſimple of the two firſt equations, ſuppoſe in the equation 4. x 
—5y==2, and you will have 4x - 10 2 2; whence 4x —=12, and 
* g; which put down for a fifth equation, and the work is done; for 
x is now found equal to 3, and y equal to 2, and theſe numbers three 
and two being ſubſtituted for x and y reſpectively, will anſwer both the 
conditions of the queſtion, that is, you will have 4x— 5y=12 —19 
==2, and 6x—7y=18—14=4, | | 


third equation 2y==4, and you will have y=2, which put down un- 


1ſt Equ. 4x—5y=2, 


2d, 0xX—7y=4. 
3d, * ＋ 2J=4. 
4th, „ 
5th, EJ . 


8 | 'T he 


uation, and the product gives 24 x—289==16; 
ſubtract now either of theſe two laſt equations from the other, and x 
will be exterminated: I chooſe in the preſent caſe to ſubtract the former 
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The coefficients of x, the quantity to be exterminated in the two firſt 
equations were 4 and 6: now as theſe numbers admit of a common di- 
viſor without any remainder, namely 2, divide them both by 2, and the 
quotients will be 2 and 3; uſe now theſe numbers 2 and 3 inſtead of 
4 and 6, and the 
become more ſimple : for the firſt eq 
gives 12x — 155 = ]; and the ſecond equation multi 
of 4, gives 12 & — 145 8; and the difference of theſe two equations 
Is Y 2. 


operation as well as the equation reſulting from it, will 
300 multiplied inſtead of 6, 


by 2 inſtead 


Another way of exterminating che unknown quantit x, is as follows: 


find out the value of x in ref] 
equations ; then ſubſtitute this value inſtead of x in the other equation, 
you will have an equation, wherein y alone is concerned : thus in the 
foregoing example, the firſt equation was 4x — 5y=2, therefore 4 x 


== 5y+-2, and x = —.— * ſubſtitute now this ralue ( 


of y, in the more ſimple of the two firſt 


inſtead 
309+12 


8 of x in the ſecond equation, 6*— 55 4, by making 6 x = 


, 30912 


and you will have this 
+ 12—287=16; therefore 2y4+ 12=16; 


equation, 7 y=4 therefore 30y 


whence 2y = 4, and y==2;. 


and x, or 


— ==}, as before. 


N. B. I½, What has here been faid concerning the extermination of 
the quantity x, may, as well be applied to the other quan 
that it's coefficients 5 and 7 will not admit of a common div 
the numbers 4 and 6. 

2dly, Of the two different ways of extermination 


except | 
or, as did 


here laid down, 
ſometimes one will be found more expeditious, and ſometimes the other, 
as will appear by the following problems. 8 | 
caſe of two unknown quantities, if the value of either of 
egral terms in both equations, equate the two 
values one to the other, and you will have the other unknown quantity, 
by means whereof the firſt will alſo be known; and this makes a third 
way of extermination, whereof there are ſo many examples in the fol- 
lowing problems, that nothing more needs here to be faid of it. 
Whenever two quantities, as x and y, are multiplied together to pro- 
two multiplicants x and y are called factors, or 
efficients, in which caſe, each is ſaid to be the others coefficient: thus 
in the quantity xy, is ſaid to be the coefficient of y, and y the coeffici- 
ent of x; therefore if in any quantity wherein x is concerned as an effici- 


zaly, In the 
them can be had in int 


duce a third xy, 
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ent, it's coefficient be deſired; divide that quantity by x, and the quoti- 
ent will be the coefficient: thus if the quantity 12 x—yx be divided by 
x, the quotient is 12—y; therefore in the quantity 12x —y x, the 
cbefficient of x is 12 —y 552 [35% | 
| ADVERTISEMEN T. 


The reader muſt now no longer expe& to have all ſimple equations 
reſolved to his hand, as hitherto has been done. If after ſixteen examples 
of ſimple equations reſolved, and the ſolution of forty four Algebraic 
problems, he be till at a loſs how to reduce a fimple equation, it muſt . 
proceed from a weakneſs that either admits of no cure, or deſerves none, 


PROBLEM 45. 


71. What two numbers are thoſe, the product of whoſe multiplication is 
144, and the quotient of the greater divided by the leſs is 16? 


SOLUTION, 
Put x for the greater number, and y for the leſs; and the queſtion 
when abſtracted from words will ſtand thus: if x y= 144, and >= 6; 


what are x and y? 

The firſt of thee equations wants no preparation, and therefore may 
be put down thus; 

bat is Equ. 1ſt, xy #*==144. EE, 6. 

The ſecond equation, when prepared according to the laſt art. will 
ſtand thus; Equ. 2d, x— 16y=0. 14. 

Multiply the firſt equation by 1, the ſuppoſed coefficient of x in the 
ſecond, and the equation not being altered by ſuch a multiplication, will be 
xy * = 144; multiply alſo the ſecond equation by y, which according 
to the foregoing art. is the coefficient of x in the firſt, and you will have 
xy—16yy=0; ſubtra this latter product from the former, and you 
will have, „ Fat | 

l Equ. 3d, 4 1655 2 144; whence 

Equ. ch, : y=3. EG 

Subſtitute now. 3 inſtead of y, or 3x inſtead of xy in the firſt equa- 
tion, and you will have 3x== 144, and conſequently, | 

Equ. 5th, * * 248. 3 
So. that the numbers at laſt are found to be 48 and 3; and they will an- 
| 8 

ſwer the conditions of the queſtion: for 48 x 3 = 144, and _ 16. 


8 2 Equ. 
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3d, «„ 16.144. | „ 
4th, * 23. _ | N 5 
Sth, «K #==48. _ | 

Another folutton of the faves a from the laſt . 


Having found from the ſecond equation that æ = 16), put 16 for x, 


or 16yy for xy in the firſt equation, and you will _ I69y=144 ; 
whence y and x may. be found as before. f 12 


PROBLEM 46. : 


72, Ef is required to fond 2 numbers with the following properties, to 
wit, that the firſt with half the ſecond may make 20; and moreover, 
that the ſecond with a third part of the firſt may make 20. 


$oLUTION. 
Put x for the firſt minibr; and y for the _ and the fundamen- 


tal equations will be x+S= 20, and y+ 7205 ; which being pre- 


pared according to art. 70, will ſtand thus; 
Equ. iſt, 2x-+ y 40. 
1 * Yo. 
| Subtract the firſt equation from twice the ſecond, and you will have 
Equ. 3d, „ 5y==80; whence 
Equ. 4th, „ 116. 
Put 16 inſtead of y in the firſt equation, and you will have 2 & -+ 16 


40, whence 
Equ. «, x" 12. 
e the numbers ſought are 12 and 16, and not 16 and 12 ES, 
16 was found firft; becauſe x 12 was put for the firſt number. That 
theſe numbers will anſwer the conditions of the queſtion is plain : for 12 
+5 0r 12+8=20; and 16 F, or 16 +4 = 20. 


Another ſalution from art. 70. 


Having found from the ſecond equation that x = 60— 3 y, put 60— 
35 for x, or 120—6y for 2x in the firſt equation, and you will have 
ae eee whence y==16, as before. 


PR O R- 
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PROBLEM 47. 


73. One exchanges 6 french crowns and two french dollars for 4.5 fhil- 
by lings; and at another time g crowns and 5 dollars of the ſame coin for 
76 ſhillings : I demand the diftinft values of a crown and of a dollar. 


SOLUTION, 


Put x and y for the number of ſhillings a crown and a dollar are re- 
ſpectively worth, and the equations will ſtand thus; g 

JJC 

n Equ. 2d, gx ＋ 55 276. | ne oo 

| Subtract 3 times the firſt equation from twice the ſecond, and you will 

have Equ. 3d, „ 4y=17; whence 

Equ. 4th, * y==4; ſhillings; | 
that is, 4 ſhillings and 3 pence; put now 4 for y, or 8 for 2y in the 
firſt equation, and you will have 6x-+8i;==45, and 6x=36:, and 
; Equ. 5th, «„ 63 es 
that is, 6+ ſhillings, or 6 ſhillings and a penny; therefore the value of 
a crown was 6 ſhillings and a penny, and that of a dollar 4 ſhillings and 
pence ; and theſe values will anſwer the conditions of the queſtion ; for 

at this rate, 6 crowns will amount to 36 ſhillings and 6 pence, 2 dol- 
lars to 8 ſhillings and 6 pence, and the whole to 45 ſhillings; moreover, 
9 crowns will amount to 54 ſhillings and 9 pence, 5 dollars to 21 ſhil- 
lings and 3 pence, and the whole ſum to 76 ſhillings, 


PROBLEM 48. 


14. It is required to find two fuch numbers, that half the firſt together 
: with a third part of the ſecond may make 32; and: moreover,, 1 1 


fourth part of the firſt together with a fifth part of the ſecond may 
make 18. 15 os 
SOLUTION, | 
Put x and y for the two numbers, and the fundamental equations will 


4 2 We 5 =32, and * 218 which equations when duly prepar- 
ed, will ſtand thus; | | 
Equ. 1ſt, 3*+2y9=192., + 
Equ. 2d, 5x-+4y=360. | 
Subtract 5 times the firſt equation from 3 times the ſecond, and you will 


_ have 


hence will 
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have Equ. 3d, „ 2y==120; hence | 

Es u. 4th, „ y==60; | W 
- whence, and from the firſt equation, you will have 3 & ＋ 29, or 3 * + 
120 = 192, which gives WS as e 


So the numbers are 24 and 60; and they will anſwer the conditions of : 


the queſtion: for 5 ＋ 5, that is, 12-+20=32 ; and moreover, 2 ＋ , 
that is, 6 + 122 18. 5 55 i 
PROBLEM 49. | 
75. Two perſons A and B were talking of their ages; ſays A to B, 7 
years agoe I was juſt three times as old as you were, and 7-years hence 
T ſhall be juſt twice as old as you will be : I demand their preſent ages. 


SOLUTION. 


Leet à and 3 repreſent the preſent ages of A and B reſpectively; then 
their ages rr agoe were 2—7 and 6—7, and their ages 7 years 
a ＋ and b+7 ; whence, and from the conditions of the 
problem, may be derived the two following fundamental equations; 
a—7T=b—7x3=3b—21, and : 
a+7T=b+7x2=2b+14. . 
From the former of theſe two equations, to wit, 2 — 7236 — 21, we 
have a=3b—14; from the ſecond equation, to wit, a+7=26b+ 14, 
we have a=2b+7; therefore 35— 14=25b+7, ſince both are e- 
qual to a; whence S = 21, and 25-7, or a=49. 
A therefore was 49 years old, and B 21 years old; which is true: 
for then, 7 years before, A's age would be 42, and B's 14; and 42 is 
three times 14: on the other hand, 7 years after, As age would be 56, 
and B's 28; and 56 is twice 28. L 
ry PROBLEM 50. 


76. A jocky has two horſes, A and B, whoſe values are ſought ; he has 
alſo two ſaddles, one valued at 12 pounds, the other at 2 : now if he 
Fets the better ſaddle upon A and the worſe ſaddle upon B, A will then 
be avorth twice as much as B; but on the other , if be ſets the 
better ſaddle upon B, and the worſe ſaddle upon A, B will then be worth 
three times as much as A: I demand the values of the horſes. | 


| SoLuUTION. 
Let 2 and 6 repreſent the prices of the two horſes A and B reſpective- 
jy in pounds; then if the better ſaddle be ſet upon A, and the worſe up- 
795 | | on 
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on B, A will be worth 4 ＋ 12, and B will be worth 4+ 2, and the 


firſt fundamental equation will be a 12 =b+2 x2==2b+4; on the 
other hand, if the ſaddle be ſet upon B, and the worſe upon A. 


then B will be worth þ+ 12, and A will be worth a ＋ 2, and the 
ſecond fundamental equation will be þ-- 12 =a+2*x3== 3a+6: in 
the firſt fundamental equation, where a + 12=2b-+ 4, we have a= 
26—8; ſubſtitute therefore 26— 8 inſtead of a, or rather 66— 24 
inſtead of 3 a, in the ſecond fundamental equation, (which is 34+6= 
b+12) and you will have 64— 24 ＋6, that is, 66þ—18 =b-+12; 
whence , and 25—8, or a==4: A then was valued at 4 pounds, 
and B at 6, and they will anſwer the conditions of the queſtion, as any 
one may eaſily try, 
PROBLEM Fi. 


77. There is a certain fraction, which if an unit be added to the nume- 

rater, vill be equal to; but if on the contrary an unit be added to 

_ the denominator, the fraction will then be equivalent to : I demand 
the numerator and denominator of the fraction. 


'SoLUTION. | 
Call the fraftion J,, and you will have theſe two fundamental equa- 


_ xX+qI i 5 1 3 | 3 3 
tions, | en and ==; the former of theſe equations when 


reduced, gives y=3 x13, and the latter gives y=4x— 1 ; therefore 
4x—1==3x-+3, becauſe both are equal to y; whence x the numera- 
tor of the fraction is 4; and 3 x-+ 3, or y, the denominator is 15; and the 
fraction itfelf is, 4 ; which if an unit be added to the numerator, will 
be £, or ;; but if an unit be added to the denominator, it will be 4, or 5. 


PROBLEM 52. : 
78. There is a certain fiſhing rad confiſting of two parts, whereof the 


upper part is to the leer as 5 to 7; and moreover 9 times the upper 
part together with 13 times the lower, is equal to 11 times the whole 
rod and 36 inches over : I demand the length of the two parts. 


SOLUTION. 


Put x for the length of the upper part in inches, and 95 for the lower; 
then will x +y be the length of the whole rod; and ſince x is to y as 
5 to 7 ex hypothefi, by multiplying extremes and means according to art. 

| | IT 
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1 5, you will have 7x= y for a fundamental equation: a „ as 9 
8 up n with 13 times the lower, is — to is 
times the whole rod, and 36 inches over, you have 9 x-+13 = 1x 
+11y-+36 for a ſecond fundamental equation: the latter of theſe two 
uations gives x =y— 18, and conſequently 7 x =7y—126 ; ſubſti- 
tute this value inſtead of 7x, in the firſt fundamental equation, where 
73 .2— and you will have 7 - ; whence y=63; and y— 
18, or x=4. 
The viper part therefore was 45 inches, and the lower 63, as will 
appear upon tryal, _ 
PROBLEM $3, 


79. One lays out 2 ſhillings and ſixpence in apples a fears, buying bis 

apples at four, and his pears at frve a penny ; and afterwards accom- 
modates his neighbour with half his apples and one third part of his 
pears for thirteenpence, which was the price he bought them af : 1 de- 
mand * many be bought of each fort. | 


SOLUTION, 
Put x for the A ot apples, and 1 for the number of pears; then 
if 4 apples coſt one penny, x will coſt = : pence ; and for the ſame reaſon 


y will coſt © pence, _ you will e v7 30 for a firſt funda- 
mental equation: again, the por of =. half of his apples will be © 85 and 


8 of, a third part of his pears will be 55h and you will have 


13 for a ſecond fundamental equation. Hence 


Equ. iſt, 5x+4y= 600. 

Ezqu. 2d, 15x+8y== 1560. ” 
Subtract the ſecond equation from three times the firſt, accordin g to art. 
70, and you will have 


zd, *% ==240 ; whence 
| = 4th, meg 1 
Subſtitute now 60 for y, that is, 240 for 4 in the firſt equation 5.x + 
4 y==600, and you will have 5x-+240 == boo ; ; whence 
V 
Therefore the number of apples was 72, and the number of pears 60, 
As will appear upon tryal, 


i F 
3+77 75 


PRO B- 


Art. 80, 81. PRODUCING SIMPLE EQVATIONS, 


PROBLEM 54. 


80. A greybound ſpying a hare at the diflance of fifty of bis own FIN 
from him, purſues her with full ſpeed, making three leaps for every four 


of the hare Ss; and moreover paſſing over as much ground in tao leaps, 


456 the hare did in three: T demand how many leaps each made during 
the whole courſe, 


SOLUTION. 


The number of the dog's leaps dur ring che whole courſe, x; 
Ihe number of the hare's leaps in the fame time, 


Therefore while the dog makes & leaps, the hare makes ”; ons 
ing to the problem, while the dog made three leaps, the hare made four ; ; 
therefore x is to y as 3 to 4; whence by multiplying extremes and means 
we have 4x==3y: again, from the hare's form to the end of the courſe, 
the dog made x — 50 leaps, and paſſed over as much ground as the hare 


did in all her's y ; but according to the problem, the dog wag over as 


much ground in two leaps as the hare did in three; therefore x — 50 is 


toyas 2 to 3; whence again by multiplying extremes and means we 
have 3Z&—150=2y: the reſt of the ſolution is as follows; 


Equ. 1ſt, 4x — 3y==0. 


Equ. 2d, 3 29 = 15. 


Subtract three times the firſt "— from four times the ſecond, and 


you will have 
Equ. 2d, 6 600. 
Put 600 for y in the firſt equation, and you will have es, , that is, 


4x—1800==0; whence 
Equ. 4th, x = +50. 
Therefore the dog made 4 50 leaps, and the hare FR 3 0 whole 


600 
courſe; and 450 is to 600 as —— 5 is to 1505 that is, as 3 to 4: again, from the 


hare's form to the end of the courſe the dog made 4.00 _—_ and 400 is 
LY to 600 as 4 to 6, or. as 2 to 3. 


PROBLEM 55. 


81. It is required to find tao numbers x and y of ſuch a nature, that 


if both be multiplied by 18, the firſt product will be a ſquare, and the 
ſecond will be the fide or root of that ſquare ; but if both be multiplied 


by 3, the firſt product will be a cube, and the ſecond the fide of that cube. 


5 5 | SOL U- 
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SOLUTION. 


If x and y*be both multiplied by 18, the products will be 18 x and 
18y, whereof the former is to be a ſquare, and the latter the fide of 
that ſquare, that is, in other words, the former product is to be equal 
to the ſquare of the latter; and ſo we have 18 x = 324.yy, and x = I yy: 
again, if x and y be multiplied by 3, the products will be 3 x and 3 y, 
whereof the former is to be equal to the cube of the latter ; and fo we 
have 3x 227, and x q; therefore 9y*= 18y*, becaufe both are 
found equal to x; therefore y==2, and qy, or x=72; fo that the 
numbers ſought are 72 and 2, which will anſwer the conditions; for if 
both be multiplied by 18, the products will be 1296 and 36, whereof 
the former is a ſquare, and the latter it's fide ; but if the numbers 72 
and 2, be both multiplied by 3, the products will be 216 and 6, where- 
of the former is a cube, and the latter it's ſide. | 


PROBLEM 56. 


82. There is a certain floor in form of a rectangle or long ſquare, whoſe 
dimenſions are fuch, that if it had been two feet broader, and three feet 
Jonger, it would have been ſixty four ſquare feet larger; but if on the other 
hand, it had been three feet broader and two feet longer, it would then 
bave been ſixty eight ſquare feet larger: I demand the length and breadth 

of the floor, NY y n 


Put x for the breadth, and y for the length of the floor; then will it's 
area, or number of ſquare feet it contains be & xy or xy, as every one 
knows ; but if it had been 2 feet broader and 3 feet longer, it's area 
would then have been 2 yz, that is, xy+3x+29-+6; and 
as by ſuppoſition, this area is to exceed the true one by 64 ſquare feet, 
we have the following equation, xy 64=xy+3x+2y+06: again, 
if this floor had been 3 Ma broader and 2 feet longer, its area would 
then have been x + 3 xy+2, that is, xy+2x+3y+06; and this laſt 
area 1s to exceed the true one by 68 ſquare feet ; whence we have this. 
equation, xy + 68=xy+2 x + 3y+6 ; whence | 

E qu. iſt, 3« ＋ 2 r 58. 
| Equ. 2d, 2x+3y==062. 
Subtract twice the firſt equation from three times the ſecond, and you 
will have 


SOLV TION. 


Equ. 3d, *# zy = o; and 
. 4th; ©  y==H4. 


Sub- 
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Subſtitute now 14 for y, or 28 for 2y in thefirſt 1 8 8 3x+2y==5;8, 
and you will have 3x +28 == 58, whence 
Equ. th, x 10. | 
The floor therefore was 10 feet broad, and 14. feet 1 ; and its area 
140 ſquare feet, which anſwers the conditions of the queſtion : for then, 
if it had been 2 feet broader and 3 feet longer, its area would have been 
12xXI7==204==140-+64 ; but if it had been 3 feet broader and 2 fect, 
longer, its area would have been 13x 16=208=140+68. 


PROBLEM 57+ 


83. A certain company at a tavern found, when they came to pay their 
reckoning, that if they had been three more in company to. the ſame 
reckoning, they might have paid one ſhilling aptece leſs than they Ei, 
and that, had they been two fewer in company, they 1 have paid 


one ſhilling apiece more than they did: I demand the number of perſons, 
and their quota. 


SOLUTION. 


Put x for the Wande of perſons, and y for the number of ſhillings 
every one actually paid; now if 4 perſons are to pay 5 ſhillings apiece, 
the whole reckoning muſt be 4x 5 or 20 ſhillings ; therefore if x per- 
fons are to pay y ſhillings apiece, the whole reckoning muſt be yxx or 
xy ſhillings : this being laid down, ſuppoſe them now to be three more 
in company; then will the number of perſons be x + 3; and to find what 
every particular perſon ought to pay in this caſe, the whole reckoning 
xy, muſt be divided by x + 3, the number of perſons, and the quotient 

w> 
Xx —+ 3 
problem, every ones particular reckoning i in this caſe would have been 


one ſhilling leſs than it actually was, that is, y—1 ; therefore 3 5 
y—1 ; in like manner the ſecond condition of the problem furniſhes this 
1 =y+ 1: the firſt of theſe equations, to wit, = 
x, being Le gives x 393; and the ſecond equation, to wit, 


will be every one's particular reckoning ; but according to the 


equation, Fe 


7 2A! being reduced gives x=2y+2 ; therefore 3y—3 = * 


+2, and y 5; whence 2y+2, or x==12. 
So there were 12 perſons in company, their reckoning 5 Qillings a a- 

piece, and their whole reckoning 3 Pounds. or 60 ſhillings; which an- 

Wers the conditions of the queſtion: for 5 4, and $=6, - - 


T 2 2 


— — — ——— — — * = — 
n 3 - * 8 * uy * 4 a als 22 — 
1 te — ee dheeg ; 
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PROBLEM 58. 


84. A vintner has two ſorts of wines, a better ſort and a worſe, whoſe 
values are ſuch, that if he mixes them in the proportion of two to three, 
that is, after the rate of two quarts of the better fort to three of the 
worſe, the mixture will be worth one and twenty pence a quart ; but if 
be mixes them in the proportion of ſeven to eight, that is, after the rate 
of ſeven quarts of the better ſort to eight of the worſe, the mixture will 
then be worth two and tawenty pence the quart : I demand the price of a 
quart of each fort. 
| SOLUTION. 


Put x for the price in pence of a quart of the better ſort, and y for the 
price of a quart of the worſe in pence: then if he mixes 2 quarts of the 


| better ſort with 3 of: the worſe, the mixture will be worth 2x + 3 y ; 
but as there were 5 quarts of this mixture, valued at 21 pence a quart, 


the whole mixture muſt be worth 105 pence; whence we have thi 

2quation, 2 x + 3y==105: in like manner the other condition of the pro- 

blem furniſhes this equation, 7 x + 8y =22 x 15==330 ; which equations 
are folved as follows; ef 
_ Equ. iſt, 2x+3y=105, % ya is. 
Equ. 2d, 7x+8y== 330. Equ. 31h, x © =70. 

| Equ..3 *  $75575- . 

So the better fort of wine was worth 3o pence a quart, and the worſe 1 5 

which anſwers the conditions of the problem: for at this rate, two quarts 


of the better ſort will be worth 60 pence, three of the worſe 4 5 pence, the 


whole five quarts 105 pence, and a ſingle quart 21 pence; again, ſeven 
quarts of the better ſort will be worth 210 pence, eight of the worſe 120 
pence, the whole fifteen ,quarts 330 pence, and a ſingle quart 22 pence. 


PROBLEM 59. 


8 5. Were is a certain number f of tuo places, which is equal to 

four times the ſum of it's digits; and if to the number be added 18, the 
digits will be inverted : I demand the number. | 

N. B. By the digits of any number are meant the figures that repreſent 


it, without any regard had to their places; thus the digits of the number 


36 are 3 and 6, whoſe ſum is 9; whence it appears, that the number 
36 has the firſt property deſcribed in the problem, to wit, that it is 
equal to 4 times 9, or 4 times the ſum of it's digits; but it is not the 
true number ſought, becauſe it has not the ſecond property; for if it 
bad, then 36 and 18 together would make 63, a number with the former 
digits inverted ; whereas they only make 54. _ 

SOL U- 
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SOLUTION. | 


Put x for the digit in the ten's place, and y for the digit in the place 
of units, and the ſum of the digits will be:x-+ y; but how to read ſuch 
a number as this, that hath x in the ten's place and y in the place of 
units, comes next to be conſidered: now in order to do this, the reader 
muſt reflect what paſſes in his own mind when he ſees a number of two 
places, as 36; then he will eaſily ſee, that he makes the 6 in the place 
of units ſtand for no more than it's value, but the 3 in the place of tens 
he makes to ſtand not for 3, but for 30, a number ro times as much; 
ſo that he reads the number 36, qugſi 30 ＋ 6; therefore a number that 
has in the place of tens, and y in the place of units, ought to be read 
thus, 10x+y; and a number with the ſame digits inverted muſt be read 
thus, oy x: this being well underſtood, the fundamental equations 
flow eaſily from the conditions of the problem thus; 10x-+y 4 * ＋ 49), 
and lo EY ＋I18 = lo x. The former equation reduced gives 7 
2.x, and the latter gives y 2; therefore 2x x2; whence 
x=2, 2x Or y 4, and the number ſought is 24; the ſum of whoſe 
digits is 6 : and that it anſwers the conditions of the problem, is plain ; for 
24 4 times 6; and 24 +18==42, 1255 2 70 | 
5 ALI MMA. 

86. If there be a compound quantity conjiſting of any two multiples of x 
and y, whereof one is affirmative and the other negative, and if this com- 
pound quantity is to be ſubtracted from x + y; this ſubtraction may be eafily 
made without the work of the pen, thus: change the ſigns of the tao parts 
to be ſubtracted; then encreaſe the coefficient of the affirmative part, and di- 
miniſh the coefficient of the negative part by unity, and you will have the re- 
mainder. Thus if 6x —10y is to be ſubtracted from x + y, firſt change 
the ſigns 6x — 10y and you will have 105 &; then encreaſe the af- 
firmative coefficient 10, and diminiſh the negative coefficient 6 by unity, 
and you will have 11y— 5x for a remainder, as may eaſily be ſeen by 
actually ſubtracting 6x—10y from x-+y: again, if 2y, that is, 2y 
—ox 1s to be ſubtracted from x +y, the remainder will be x —y. 


PR OB IL E M 60. 


87. Two perſons A and B have each a certain number of counters; A. 
gives to B as many as B has already; after which, B returns back a- 
ain to A as many as A has left ; then A returns again to B as many 

as B has kft, and ſo they go on; and after four exchanges thus made, 
they had each of them ſixteen counters: I demand how many each bad 
at ff. En oo 7 
e 80 L u- 
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SOLUTION. 


X Put & for A's number of counters, and y for that of B's; then it is 
that the ſum of both their counters at the beginning will be xy; 
and-if ſo, then it is as plain, that the ſum of both their counters will 
ever afterwards be x; becauſe, whatever exchanges were made back 
wards and forwards, there were no counters loſt between them: there- 
fore if in any caſe an expreſſion for either of their counters be given, it 
is but ſubtracting that expreſſion from x +y, and the remainder will be 
an expreſſion for the other 5 counters; re we Rare the iollowing 
Sore | a 2 
Hs « number of counters * Lu 


hoe e eee 
As after the ſecond a exchange, e. 
B's, 35— Xx. 
Bs after the third exchange 652 x, : 
e A's, TIDES 2177: 
As after the fourth exchange 6 10). 
B's, 11 y—5x., 
And thus may the exchanges be carried on with eaſe to any number at 
pleaſure : but according to the problem, after four exchanges thus made, 
they had each of them 16 counters ; whence we have theſe two equati- 
ons, 6x—10y==16, and 11y—5 x==16: the reſolution follows ; 


EB 1ſt, 3a — 5 = 8. Equ. A, „ 1. 
2d, ine. T_T pu nn 
zd, 8 5 = 88. . 


80 that A 4 counters, and B 11; * the bu Gil ſtand ann: 
After the firſt exchange, B has 22 counters, and A has 2111 10. 
After the ſecond exchange, A has 20, and B has 22 — 10 12. 

Aſter the third e B bas 24, and A has 20— 1228. 

Aſter the fourth exchange, A has 16, and B has 24—8=16. 


Obſervations upon the foregoing problem. 


If any one has curioſity enough to enquire by what contrivance in this 
and many other problems, ſuch data can be made choice of as that the 
anſwers ſhall come out in whole numbers; whereas, were thoſe data aſſu- 
med arbitrarily and at random, the anſwers would, generally ſpeaking, come 
out in fractional numbers; this is effected by the Glowing artifice ; ſup- 


jou * in this problem, after four cee made between A and B, 
— 


Art, 879. PRODUCENG $IMPLEEQUATIONS. 18. 


T had a mind they ſhould both. have the fame number of counters, but 
did not know what number to aſſign them at laſt, ſo as that each ſhould 


have a whole number of counters at firſt; I oy down ſome letter, as c, 
for the number of counters each had left at laſt; — the two . 


mental equations will. ſtand thus, 6x— 1 © e md 117 3 
and mult be reſolved thus: 


Equ. iſt, & - loc. 40 Equ. 34, * 10 rte 
Equ. ath, ba hy" =. 


1Ioe 


Therefore by the firſt equation, 6 * 109, that i is, er. 0 
therefore 96x—110c==16c; therefore 96 ae; therefore 


Equ. 2d, 5X —II} ==. 


"ih 5th, þ Ss 17 ; = 
So that, to make each perſon Aand 15 _ the ame nu Dae c of coun- 
ters at laſt, A's firſt number muſt WES == X and B's — 75 ; whence it fol- 


lows, that if for the number c, I make choice of any number that can 
be divided by 16 without any remainder, rac both 1 and B will ne- 


; ren. have a whole nuinber at first; for 1 be a Whole number, 


1 
210 116 
then both — 87 7 and 1775 muſt be 10 too; and . is the reaſon that I 


made PRs the E 16 itſelf to ſtand for c in this problem; for 
then I knew, not only that the anſwer would come out in whole num- 
bers, but alſo, that this problem would be the Page of its kind, ſince 
0 is the leaſt number that can be divided by 16 
This problem may alſo be ſolved by the © 5 of one ſingle letter only, 
thus: make c now to repreſent, not the number of counters each had at 
laſt, but the ſum of both their counters at laſt, and conſequently the 
ſum of both their counters all along, and the lemma for carrying on the 
exchanges to any number at pleaſure will be this; If there be a compound 
quantity confiſting of any two multiples ꝙ e and x, whereof one is affirmative 
and the other negative, and if this 1 quantity 1s to be ſubtracted 
from c, the remainder may be obtained, firſt by changing the fs of the two 
parts, and then by encregſing or diminiſhing the coefficient of c by unity, 
according as it happens after this change to be affirmative or negative. 
Thus if 2c—2x is to be ſubtracted from c, the remainder will be 2x—c; 
and if 4x—2c is to be ſubtracted from c, the remainder will be 3K 
whence we have this ſolution of the foregoing problem: 


jp 
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4s number of-counters, *. 
Fuori che ‚ If 5 
„ 49015) aol ater the ad exchange, 22 
hm on lg reds 3 2 0 
22 na 3 4 aſter the ſecond- exchange, 4¹—2 e. 
| B's, qc—4x. * 
Bos after the third exchange, ee 
As, 8 — ge. af 
As after the fourth exchange, 16x—10c. 
B's, 11c—16x. 
But according to the problem, after the fourth exchange each had 1c 
therefore x may be found, and will be the ſame whether we make 1 6 * 


c > 5 
— 10% or 116 — 162 if we make 16*— 10 =, we 


ſhall have 32 * - 20g c, and 32 * =21c, and x, or A's number 
e | "TA - 


= 1b. whence C—x, or B's numbe == 5 therefore the ſimpleſt 


problem of this kind A in the caſe of four exchanges ) that will 
admit of a whole num ſolution, .is when c is made equal to 32. 


ProBLEM 61, 


88. W bat tuo numbers are thoſe, whoſe fum i rs fwice, and the pen * 
1e multiphcation is twelve times their a Here, 1 


SOLUTION. 


put = | for the greater number, and y for the leſs; then will their dif- 
ference be x — y, their ſum x 5 . it the product of their multiplica- 
tion. x y or yx; and the equations wil be x-+y=2x—2y, and y 
12 * — 129 whence | 
Equ. iſt, x—3y=0, | 
| Equ. 2d, 12X—) — 125 =0. 
Mutiply the firſt equation by 12 —y, which by art. 70, is the coeffi- 
cient of x in the ſecond, and the product will be 12 x —y x— 36y + 3yy 
So; ſubtract this quation from the =o; wh and you will have 
Equ. 3d, 24y— os whence 
Ee 
Equ. 5th, x==24. 
And the numbers 24 and 8 will anſwer the ee 
Otherwiſe thus: wa fo by the firſt equation x = 33, and 4x = 12 y; ſubſtitute 
4x for 1 3 nd equation, and you will have 12x—yx— 4x 
==0; divide by x, and you will have 12 —y— 4 =o, and y=8, and 
r 3y = 24, as before. PRO B- 
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PROBLEM 62. | 
89. What two numbers are thoſe, whoſe difference, ſum and product are 


fo each other as are the numbers two, three and five reſpectively; 
that is, whoſe difference is to their ſum as two to three, and whoſe | 
ſum is to their product as three to ve? 

SOLUTION. 


Put x for the greater number, and y for the leſs; then will their 
difference be x —y, their ſum x+y, and their product yx; and we ſhall 
have theſe two proportions productive of two equations, 1ſt, x — is 

to x-+yas2 to 3, whence 3x—3y=2x4+2y; 2d, xy is to yx as 
3 to 5, whence 3yx=5x+5y: the reſolution follows; 
| Equ. iſt, x — 55 . | 3 | 
_ Equ. 2d, 3yx— 5x— 5 o. 
Multiply the firſt equation by 43 y— 5, the coefficient of x in the-ſecond, 
and the product will be 4y x —5x—15yy+25y=0; ſubtract this 
from the ſecond equation, and you will have rt 
Equ. zd, 15 5 — 30 = o; whence 
Equ. 4th, y=2, N 
Equ. 5th, x==10. | e 
And the numbers 10 and 2 will anſwer the conditions of the problem. 

Otherwiſe thus: by the firſt equation x== g y; ſubſtitute therefore x 
inſtead of 5 y in the ſecond, and you will have 3yx—$5x—x=0 ; di- 
vide by x and you will have 3 y—5—1=0, and y==2, as before. 

"rr 


PROBLEM 63. 


go. It 7s required to find two numbers ſuch, that if their difference be 

multiplied into their ſum, the produtt will be five ; but if the difference 
of their ſquares be multiplied into the ſum of their ſquares, the product 
quill be fixty five. 


SOLUT10N. 


. Put x for the greater number, and y for the leſs; then will their dif- 
= ference. be x —y, their ſum x +y, and the product of their ſum and 
difference multiplied together will be * -, by art. 11; then will x* 
—y=5; by the ſuppoſition, and x*= 5+ yy; . {quare both ſides, and 
you will have x*=25+ lo : again, the difference of the ſquares 
of the two numbers ſought is & -, and the ſum of their ſquares x* 
＋ , and the product of theſe two x -.; therefore x. - —=65 by 
the ſuppoſition, and x*= 65 + y*; but x+ was before found equal to 


U ES | 25 
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2 ＋ lo; therefore 25 ＋ 10 +1y#=65+3y%; whence y*=4, 
45 y wes Tobittute now 7 for An the firſt fundamental end 
which was & - = z, and you will have & — 4 2 5, and x = 33 
therefore the numbers ſought are 3 and 2, which will anſwer the 
conditions. | i . | | 
1 r 
91. There is a certain number conſiſting of three places, 3 digits are 
in arithmetical progreſſion ; if this number be divided by the ſum of it's 
digits, the quotient will be forty eight ; and laſtly, if from the number 
be ſubtratted a ' hundred ninety eight, the digits will be inverted : I 
N. B. Numbers are faid to be in arithmetical progreſſion, when they 
increaſe or decreaſe with equal differences: thus the numbers $ 7 and 
9 are faid to be in arithmetical progreſſion; as are alſo 9, 7 and 5. For 
the better underſtanding of the following ſolution of this problem, ſee 
problem 59. = 


425 „ ai ri | 

Here I might put x, y and > for the three digits fought; but as theſe digits 
are faid to be in arithmetical progreſſion, and becauſe it is eſteemed more 
elegant to work with fewer unknown quantities than with more when 


it can conveniently be dene, I ſhall put x and x+y and x 2 for the 
three digits ſought; and fince-x and x+y and x ＋ 2y when added to- 
gether make 3 x 3), it is plain that 3 * ＋ 3 y will repreſent the ſum of 
the digits: again, x in the hundred's place ſtands for 100 x, and x -+ y 
in the ten's place ſtands for 10x-+ 10y, and the quantity x +2 y in the 
unit's place ſtands for itſelf; and theſe added together make 111x+129; 
therefore 111x+12y will repreſent the number ſought: laſtly, when 
the digits are inverted, x +2y in the hundred's place will ſtand for 
 100x+200y, and x+y in the ten's. place will ſtand for 10x + 10, 
and x in the place of units will ſtand for itſelf ; and theſe added together 
will make 111x+210y; therefore 111x+210y will repreſent the 
number ſought with it's digits inverted : theſe things being premiſed, 
the problem furniſhes the two following equations, to wit, 
ITIX+I2) 


* 37 
HIxX+I2y—198 =111x-+210y. 


From the firft of theſe equations, to wit, = * ==48, we have 
144 x+1443=111x+12; therefore 33x+ 144) = 12); therefore 


33 x+132y=0; therefore (dividing by 33) x +4y=0, and x= 
—Ay; 


= 48, and 
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45; Which is the reſult of the firſt equation: from the other equa- 
tion, to wit, 111x +12y—198==111x+210y, we have 210y — 
12y=——198, whence 198 y=—198, and y=—1 ; but by the re- 
ſult of the former equation, x==— 4 y, thats, — 4 xy or —4 x — 1 == 
; therefore x (the firſt digit toward the left hand) 4; and fince 

, that is, y = — 1, the next digit x-+y, will be 4—1=3; and 

the laſt digit x + 2 will be 4—2=2 ; therefore the number ſought 
is 432; the ſum of whoſe digits is 9: for firſt, the digits 4, 3 1. 2 


are in arithmetical progreſſion ; 2dly, 9 45. and zdly, 432 — 198 ” 


=. 

Though it might have been diſcovered at firſt ſight from the very na- 
ture of this laſt problem; that the digits would not increaſe, but decreaſe 
from left to right, yet I ſuppoſed them to increaſe, only to ſhew, that 
though in all ſuch caſes we ſhould make wrong ſuppoſitions, yet Alge- 
bra would always ſet us right: thus if the gain ariſing from any particu- 
ar bargain is to be computed, we may put x for it, and fo proceed as 

the conditions of the problem require; yet it is not impoſſible but that 
at the end of the operation x may come out negative; which would ſhew 
that what we ſuppoſed to be gain, was actually loſs. 


Some reflections concerning the conditions of problems. 


92. In art. 70 it was faid, that the equations by means whereof the 
values of unknown quantities are diſcovered, ought to be independent 
one of another; the reaſon of which aſſertion was, that if theſe equati- 
ons were not independent, they muſt either be conſequent one of another, 
or contradictory one to another; and all concluſions drawn from them 
would either be trifling, or abſurd: for if the equations be conſequent one 
of another, all you arrive to at laſt will be, that ſomething is equal to 
itſelf; and if the equations be inconſiſtent one with another, you will 
find at laſt that ſome greater quantity is equal to a leſs : as for example, 
let the equations be 2x==3y, and 4x==6y; then it is plain, that this 
laſt equation is a conſequence of the former, as being the double of the 
former; and if you ſhould offer to reſolve theſe two equations by any of 

the foregoing rules, you would come to no more at laſt. than 1 that 
o = o: gan, let the equations be 2 XK g, and 4x =6y+7; here it 
is plain, that this latter equation contradicts the former; for if 2 x be 
equal to 3, then 4x ought to be equal to 6y, and not to 64-7; and if 
theſe two equations be reſolved, or be attempted to be reſolved by any 
of the foregoing rules, you will come at laſt to this abſurdity, that 7=0; 
and thus it very often happens that at the latter end of an operation, 
U 2 equa- 
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equations are diſcovered to be conſequential of, or inconſiſtent with one 
another, which at the beginning could not be fo eaſily perceived. 


I proceed now to give an example or two of problems wherein 7 more 
than two unknown quantities are concerned. 


PROBLEM 65. 


93. | Tire perſons, A, B and C were talking of their money; * Ato 
B and C, give me hal If of your money, and I ſhall have d; ſays B to 
A and 8 give me a third part of your money, and I ſhall have d 
fays C to A and B, give me a fourth part of your money, and I ſhall 
have d: How much money had each? | 
N. B. The letter d is here ſuppoſed to ſupply the place of ſome known 
quantity, 'which is left undetermined till the calculation is over. 


SOLUTION. 


Let a, h and c repreſent the money of 4, B and C rpedtirely, and 
we ſhall have theſe three fundamental equations ; 
| Ie F 
24; 
EY 
b+ End; and 
e+ 4 ==d. 


0 Theſe equations, after due preparations according to art. . 70, will ſtand 
us; 


a+: 


Equ. iſt, 2a-+b+t=20. 
Equ. ad, a+36b+c=34., 
Equ. 3d, a+b+4c=4d. 
Subtract the firſt equation from twice the ſecond, and you will have 
Equ. 4th, E 5b+c==4d. 
Subtract the third equation from the 3 and you will have 
Equ. 5th, #+ 2b—3c=—4 | 
Subtract five times the fifth equation from twice the fourth, and you will 
have 
Equ. 6th, * * 1 ego 
134 
Equ. 7th, Be jan 9 
Put this value for c in the fourth equation, 24 you will have Wor 


that is, 5 24a; 1 therefore 855+ 13d=684d; therefore 855 
= 55, 
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2 55a, and b= . therefore 
Equ. 8th, „ 5 24 
1 


7 
Put now the two values of b and c already found, inſtead of þ and c 
in the firſt equation, and you will have 24+b+c, that is, POE. Let bf uf 


17 
or 2014, whence 1 24d=344; and 344 2 100%, and 


4 8 therefore 
| * 


Equ. ae 2. | 


17 
So that the bert are at laſt found to be 150 1 and (= 


55 13d whence it follows, that if any number be put for d, that will ad- 


mit of the number 17 for a diviſor, the quantities a, þ and c will come 
out in whole numbers: as if d be made equal to 17, the quantities , þ 
and c will be 5, 11 and 13 reſpectively ; and the numbers will anſwer 


11-1 
the conditions of the problem; for 5 = „or 5+12=17; 11 


N 11 
u enen, TED, n 


Advertiſement, I hope the reader does not need to be told, that the 
numbers a, b and c muſt always be underſtood to be of the ame mo 
mination with the number d; as if the number ſignifies ſo many | 
neas, the numbers a, b and c muſt alſo hgnify guineas; if ſhillings, ſhil- 
lings; ; if pence, pence; &c 


Egqu. ift, 2a+b+c=24, | Equ. 6th, # 1 
2d, a+3b+c=3d. | 7th, * * C= 15 
„ | A 
za, a+b+4c=4d. 8th, «„ 6 i 
d 
4th, * 5b ＋ c= 4d. gth, a2 * 15 


th, * 26— 3c. — d. 
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| A SCHOLIUM, 


94. Of the foregoing —_— the firſt, ſecond and third, wherein 
the quantity @ is concerned, may be called equations of the firſt rank; 
the fourth and fifth, wherein quantity 4 is concerned, and out of 
which the quantity à is excluded, may be called equations of the ſecond 
rank; the fixth, wherein c is concerned, and out of which both à and 
þ are excluded, may be called an equation of the third rank; and fo on, 
were there ever ſo many unknown quantities. 
Whenever the equations of any particular rank are given or found, 
in order to derive from thence equations of an inferior rank, the Analyſt 
s at liberty to combine theſe firſt equations by pairs as he pleaſes, provi- 
ded he does but obſerve theſe two things; firſt, that every equation of 
the given rank be ſome time or other coupled with ſome other equation 
of the fame ſet, ſo as that no equation be left out of the account; ſe- 
.condly, that in every particular combination, one of the «nr be ſuch 
as was never made uſe of in any combination before, and the other ſuch 
as hath been. concerned in ſome combination before, excepting the firſt 
pair. It is not to be denied but that the artiſt may, if he pleaſes, vary 
ſometimes from this laſt precept ; but if he always obſerves it, it will be 
altogether as well, EF TOE 


957. Three perſons, A, B and C were talking of their money; ſays A to 
7 5 and 0 Frm me e out of your ſtock, pi. For have 3 much 
as you will have left ; ſays B to A and C, give me e out of your flock, 
and I ſhall have three times as much as you will have left; ſays C to A 
and B, give me e out of your ſtock, and I ſhall have four times as 
much as you will have left : How much money had each? 


PROBLEM 66. 


SOLUTION. 


Put a, 3 and c for the money of A, B and C reſpectively, and you 
will have theſe three yy ie equations; Ro 
| abe=2b+20—20. 
b egza rt Z3e— ze. 
C e844 ＋46— 4. 
Which being prepared, ſtand thus; 
Equ. 1ſt, 2— 25— 2c —ze. 
Equ. 2d, 33 —b-+3c= 4e. 
Equ. zd, 44-+46 —=c= ge. 


Subtract 
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SubtraQt three times the firſt equation from the ſecond, and you will have 
Equ. 4th, * se = ige. | 
Subtract four times the firſt equation from the third, and you will have 
— Equ. th, „ 126+7c=217e, 
Subtract five times the fifth equation from twelve times the fourth, * 


you will have | 
| Equ, 6th, « #* 73e 7e whence 


_ Equ. 7th, * * 5 


Put this value inſtead of c in the fourth 8 and you will: have 
5b+9gc,. that 1 18, 9555 =13e; whence 365b+639e=949e z. 
therefore 3655 = zioe, and = HL = =, therefore 

Equ. 8th, «„ +5 6 =, 
Therefore þ + c= 172 , and ae and —24— 2 
5 = . ; ſubſtitute therefore — — inſtead of —25—2c in the firſt equa · 


73 
' 6 f | 
tion, and you will have a — 7 =—3e; therefore 73 4 — 266 


— 219 e; therefore 


Equ. 9th, a * #= 7 
80 that at laſt, 4's money is diſcovered. to be 2c B. = „ and Cs 


* : make e=73; and then A's money will be 47, B's 62, and C's: 
71, as will eaſily appear thus; 4's ſtock is 47, B's and C's together 
make 133; add 73 to 47, and take it from 133, and A will have 120, 
and B and C will have 60; and 60x2 = 120 : again, B's money is 62 
and A's and C's together make 1 183 ſubtract 73 from 118, and add it 
to 62, and B will have 13 5, and 4 and C will have 453 and 46Xx3= 
135: laſtly, C's ſtock is 71, and B's and As make 109; ſubtract 73 


from log, and add it to 71, and C will have 144, and A and B 36; and 


36 * 4 2 144. 


Equ 25 


— — A + 
K - — 


— 4 R 1 8 PW: — — — — mp — 
— 7 _— — hs — 5 — — — = _ — —— — 
2 — — ä —— 6 — — wig — — — — > & — — — - — — > > _ - 2 - = 
*- 2 — u A a . N * — — Car es rene re \ — — Se - —— — - - 
þ 1 . — R , — 4 ä —— — — 2 — — - — : wp . 
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. th, * 5b c 13 e. on * 8th, #*-þ * = —, 

un e 1% pe ih.... 3 
Shs » ee, 3 


ff K 1 


es f . - ' OP 4 
af : PROBLEM 67. 5 . 


1 5 is required fo d four 1 nambers a, b, c and d ſo related to Pry | 
' other, that a with alf the ſum of all the reſt may make f; that b wr * 
A fbi ud * of all the ret may make f; that c_with a fourth 
of all t gf may make f; and that d with a AL uy f all the 5 
may mote |. 


$o0LUTION:. 


The fundamental 2 of this problem are 
—— 


5 4a a p 4 a -b 
Bas, 22 . | d + 5 
From which equations duly prepared, are derived the . 

Equ. 1, 2a+b+c+d=2f. 

2. Sts et ter A 

OL | 3, a+0+4c+d=af. 
= >, r 

Twice the 2d — the firſt gives F, * OC A 
I be 2d — the 3d gives 66, « 2b—3c . 
The za — the 4th. gives BE at TW: > = 364d. . 
Twice the 5th — 5 times the eth ves , * * yc-rzd=13%/ 
Thrice the 8th — 17 — — 9, „ * * 74d==56f. 


This laſt gives We Os ” 10, „ . 


* 


* * 


ol 1-1 : \ . | | | 2 
L I. * 7th and 1 oth Sve 7 0 3 £ — V — 
The 6th and dd 
© . TY a x. uy Wo 89 F 7 — | I 
The 1ſt, 12th, 11th and 10th give 13,4 „ „% #==—, 
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Make f=37, and the numbers a, b, c, d. come out „ 19, 255+ of 
— | 


ProBLEM 68. 


97. Four gameſters, A, B, C and D, each with. a di iferent ſtock of money 


about him, but as yet unknown, t down to play ; during which en- 


gagement, A avins half of B's firft flock, B wins a third Nr of C's, 
C 4 fourth par t of D's, and D a fifth part of A's; 7 this they 


all riſe with _ Jame ſum of money about them, to wit, g; which . 
though a known quantity, is not ſuppoſed to be determine el the 


ration is over : It is required to determine the ſeveral ſtocks of money 1 
 woith which the gameſters A, B, C, D, began to play; I mean with 


reſpect to the known quantity g. 
. Various ſolutions may be given of this problem ; but that which ſrems 
| moſt Hooper to be inſerted here, is the following | 


5 „„ TN 


Let 4, 5 5 * pet the reſpective unknown ſums with th 
A, B. C and D began to play; then if A had only loſt a fifth part of 
his 5 ſtock to = and had won nothing of B, -his laſt ſtock would have 


been ? —— 5 0s or 25 but according to the problem, A did not only loſe 


4 alt part of his ſtock to D, but alſo won half of B's firſt ſtock; there- 


fore A's laſt ſum when the play was ended was 45 +2; but ths p prob- 


lem informs us, that when the play was ended, Hs laſt ſum was g; 
b 
whence we have chi equation, — 72 =7g; therefore 4a * E=58; ; 


therefore 84+ 56=10g: in ble ms manner the firſt and ſecond conditions 


1 b 
of the problem furniſh this equation, 5 197 op == =g, or 7 7 7= 2; 


which freed from fractions like the ier, becomes 3 3 3 20 f: 
the ſecond and third conditions of the problem furniſh this equation, — 


4 26,4 


ky 72 g, o 5 = = gi which freed from fractions like the reſt, 


becomes 80-3 * — $ g: laſtly, the laſt and firſt conditions of the prob- 


lem alſo conſidered together, give this equation, 4 2 2 =g; which in 


— terms, ſtands thus, 15d ＋ 4a, or 44+15d==20g: ſo that 
; X | the 
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ſecond, thus; 


w 
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the fundamental equations of this problem when freed from fractions will 


ſtand thus; 8a-+56b=10g. 
2 36+2c = bg. 
8c+3d=12g. 
|  4a+15d==20g. 
Amongſt theſe equations it is plain there are but two of the firſt rank, 


to wit, the firſt, 84+ 5 = 10g, andthe laſt, 4a+15d4=20g; the 
"ſecond fundamental equation in order, to wit, 35+ 2c==6g is an equa- 
tion of the ſecond rank; and the third in order, 8c + 3d=12g is an 


equation of the third rank ; therefore in the reſolution of this problem, 
theſe fundamental equations muſt not be written all together one under 
another, as in the former examples, but muſt be reſerved for their pro- 
per ranks, thus; | | 

| Equ. 1ſt, 84+ 5b T * log. 

2d, 44 „ #*+Igd=20g, 4 

Now as there are no other equations but theſe two of the firſt rank, 
proceed on to equations of the ſecond rank thus ; according to art. 70, 
ſubtract twice the ſecond equation from the firſt, and there will remain 
5 b—30d=— zog; whence dividing by 5, you will have þ—64=— — 
6g for a third equation, which ought to be placed. regularly under the 


_ Equ. 3d, %* 6 K —6d=—6g. N | 
But as this laſt equation is an equation of the ſecond rank, it will now 
de proper to draw out the equation of the ſecond rank hitherto kept in 
reſerve in the problem, to wit, 36 2c=6g, and to place it under 

the reſt for a fourth equation, thus; | 
| Equ. 4th, «„ 3b6+2c *=6g. 


| Subtra&t now three times the third equation from the fourth, that is, 


ſubtract & 36 *k—18d=— 18g from 4 3 +2c Kg, and there 


remains 2c+18d==24g; whence dividing by 2, you will have 


Equ. 5th, 1 „ cod = lag. | 
This is an equation of the third rank, and therefore it will now be pro- 
per to draw out the laſt equation of the fundamental ones given in the 
problem, which is of the ſame rank with this, and to place it under this 
for a fixth equation, thus ; 5 1 
Equ. 6th, «„ * B8c+3d=12g. 
Subtract this ſixth equation from eight times the fifth, that is, 4 M 8 c + 
34=12g from x 4 8c / d g 9g, and there remains 69d=84g; 
whence dividing by 3, we have : | 
Equ. 7th, 4 #* 23 d 28; and 


Equ. 8th, « * „ * 
Sub- 
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Subſtitute this value for 4 in the fifth equation, and inſtead of c＋ 9 4 


CVD”, . —— JA 

ng, you will now have c 23 1286 whence n= 
27655 and 2 3c=24g; and 

Equ. gth, „ „ c #* . 


: 5 
Subſtitute the value of d 24 in the Sth equation inſtead of d in 4 3d, 


where we had 5 —b6d=—6g, and you will have þ— E=—6g; ; 


whence 235— 1689 — 138g; and 23b=230g; and 
Equ. 1oth, * b + * =. 
Subſtitute this value for 5̊ in che firſt * g a+ 5b=10g, and 


* will have 8 a+ log; whence 184 a+ 150 g 230g; 
8 
therefore 1842 = 280 85 and 4184 == ; whence we ons. 


1og 
Equ. 11th, 2 „ % * = 


80 chat at laſt all the quantities a, b, c, d, come to be known with 
reſpect to the e for a= . I , , and dem 


*3 23 * 8 "OM, 
28 
— 5 make g = 23, and the quantities will all come out in whole num- 


bers thus; a= 10, 5 zo, c=24, and 4 = 283 and they will anſ- 
wer the conditions of the queſtion; for at this rate 
A's laſt ſum will be 10—2+15==23 
B's laſt ſum will be 30—15+8=23; 
C's laſt ſum will be 24 —8+7=23 ; 
and D's laſt ſum will be 29 — 7 + 2223. 


Equ. iſt, 8a+5b * A log.] Equ, 8h, * * * 42. 
2d, 4a *„ #*-+15d==20g. 3 4 
3d, „ 5 #« —6d=—6g] gth, * * c * . 
4th, «„ 30 +2c *= og. 23 
5th, E „ c-+gd==12g. 3 398 
6th, * #* 8c+3d=12g. _m_m * Ry” 

h, 0 d=—=28 1og 
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The ſolution here given is deſigned to ſhew the learner how to pro- 
ceed in caſes where all his fundamental equations are not of the ſame rank; 


for otherwiſe, this problem is capable of a much more _— ſolution by 


the help of one letter only, as we ſhall find, if to avoid 
x for the money D won of A, thus; 


D won of A, K* 3 
A's firſt ſtock, T5” 5X; 


Left A after his loſs to DO, 4x: 


actions, we put 


B won of C, 4K 
C's firſt ſtock, EY 12 K 
Left C after his loſs to B, 8 Xx: 
C won of D, g—8x; 
D's firſt ſtock, 498 — 32 * 
Left D after his loſs to C, 38 —24x. 
D won of A, 24x—2g for the remainder of D's firſt ſtock after 


his loſs to C was 3 g—24 x, and therefore if D had won nothing of A, 
this quantity 39 —24x would have been D's laſt ſum ; but by the prob- 


lem it a 


ppears that D's laſt ſum was g; therefore the money D won of 


A muſt be the exceſs of g above 3 g—24x ; ſubtract therefore 4g—24 x 


from g, and the remainder 9 will be the money D won of A; 
and after the ſame manner were all the other winnings determined: 


here then we have two expreſſions for the money D won of A, to wit, 
x according to the ſuppoſition, and 24 * - 2 from the nature of the 


queſtion ; therefore 24x—2g=x; and x = this being determin- 
ed, the firſt ſtocks of all the gameſters will be determined by the po- 
fitions, thus: wh 


4 | 
C's 12 221 


B's 20—8x= T_T D's 3 


a3 
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Some obſervations tending to the 'inveſligation of the 


rule for extracting the ſquare root. 


WAVING promiſed ſomewhere that I would take the 


98. 


extracting the ſquare root, I cannot think of any place 
more proper than this for the performance of my pro- 
miſe, not only as the practice of this rule grows upon our hands in the 
reſolution of quadratic equations, and therefore ought not, if poſſible, to 
be left any longer undemonſtrated, but more eſpecially conſidering that 


by this time our young Analyſt may be reaſonably ſuppoſed to be pretty 


well acquainted with ſome of the firſt rudiments of his art, which may 
enable him to follow me with more eaſe to himſelf, and perhaps to me 
too, than could poſſibly have been done at our firſt ſetting out. But here 
I muſt not omit to advertiſe my reader, that if a whole number, or a 
mixt number conſiſting of a whole number and decimal parts, be not a 
ſquare, it's ſquare root will conſiſt of an integral part, and of an infinite 
ſcries of decimal fractions: but if a rule can be found out for determining 
the integral part, it will be ſufficient, becauſe all the parts of the ſquare 
root of any number may be conſidered as integral till the operation is 
over, fince it is not till then, that the diſtinction needs to be made be- 
tween integral and decimal parts; ſee introduct. art. 24. 

For the better effecting what I here propoſe, I ſhall lay down the fol- 
lowing obſervations, which the learner mult attend to, if he expects to go 
through the following demonſtration ; and if there be ſtill any difficulties 
he may meet with or thinks he meets with in the application of theſe 
obſervations, the beſt advice I can give him here, as well as in many 
other parts of this book, is to read the demonſtration over and over again, 
by which means all the ſteps will become more famuliar to him, and he 
will be the better able to put them together, in order to digeſt the whole. 

EY | ; OBSE R- 


firſt opportunity to account for the common method of 
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| OBSERVATION I. pen 

If any number, as a+ x, conſiſting of two parts 2 and x, be ſquared, 
the product will be aa+24ax +xx=40a-+24-+x xx. 


OBSERVATION 2, 


„I; therefore 10x10==100, and 100x100=10000,. and 
1000 x 1000 = 1000000, Cc: whence I infer, that if any number 
conſiſts of one or two places, it's ſquare root, or at leaſt the integral part 
of it, will conſiſt but of one place; if a number conſiſts of three or four 
places, the integral 72 of it's ſquare root will conſiſt of two places; if 
a number conſiſts of five or ſix places, the integral part of it's ſquare root 
will conſiſt of three places, &c: thus the integral part of the ſquare root 
of this number of five places, to wit, 56644 will conſiſt of three places; 
for the number 56644, lies between 10000, whoſe ſquare root 1s 100, 
and 1000000, whoſe ſquare root is 1000 ; therefore the integral part of 
the ſquare root of the number 56644 muſt lie between 100 and 1000, 
and conſequently muſt confiſt of three places. Fe 


OBSERVATION 3. 


From the laſt obſervation it follows, that if of any number propoſed, 

a point be put over the place of units, and another over the next place 
but one to the left hand, I mean that of hundreds, and another again 
over the next place but one to that, to wit, of ten thouſands, and fo on 
alternately ; the number of points will diſcover the number of places of 
which the integral part of the {quare root of the propoſed number con- 
fiſts: thus if the number 56644 be ſo pointed, it will ſtand thus, 5664.4 ; 
and the three points ſhew, that the ſquare root of this number, or the 
integral part of it at leaſt, conſiſts of three places. EO. 


OBSERVATION 4. 


Suppoſing all things as in the laſt obſervation, if any number be ad- 
3 point, that 4s, two places higher to the left hand, by adding 
cyphers, or by taking in decimals from the right hand, the figures ex- 
preſſing it's ſquare root will ſtill be the ſame, but will be advanced one 
place higher; if the number be advanced two points, the ſquare root 
will be advanced two places; if three points, three places, &c : thus if 
the ſquare root of the number 576 be 24, that of the number 57600 
will be 240, that of 5760000 will be 2400, Ge: thus again, 4 the 
& 5 — 


Art. 98, 99, FOR EXTRACTING THE SQUARE ROOT. 167 


ſquare root of the number 5.6644 be 2.38, the ſquare root of the 
number 560.44 will be 23.8, and that of the number 56644 will be 
238, Sc: whoever would be thoroughly convinced of this, as well as of 
the reaſon of the thing, may eaſily ſatisfy himſelf by ſquaring the num- 
De. 5 

Note, that y {quaring a number is here as well as every where elſe 
meant, multiplying it into itſelf, and not extracting it's ſquare root, 
as young beginners through inadvertency are very often apt to miſtake it. 


OBSERVATION 5B. 


From the laſt obſervation it follows, that if the ſquare root of any 
number, ſuppoſe of 5 .6644 lies between 2 and 3, the ſquare root of 
566 .44 will lie between 20 and 30; and that of 56644, between 200 
and 300, &c: thus again, if the ſquare root of 566 .44 lies between 23 
and 24, the ſquare root of 56644 will lie between 230 and 240: this 
is plain; for ſuppoſe the ſquare root of 566 .44 to be 23.8, then by the 
laſt obſervation, the ſquare root of 56644 will be 238; and as 23 .8 lies 


between 23 and 24, ſo 238 lies between 230 and 240. 
De inveſtigation of the rule for extrafting the ſquare root. 


99. Theſe things being obſerved, let now ſome number be propoſed, 
ſuch as is the number 56644; and let us fee whether we cannot inveſti- 
gate the ſquare root of this number by pure dint of reaſon, without any 
regard to, or helps from the common method. This number then being 
pointed according to the third obſervation, I ſhall firit begin with the 
number 5, belonging to the firſt point to the left hand, ſetting aſide all 
the other figures, thus: the number 5 is itſelf no ſquare number, there- 
fore I ſubtract the number 4 which is the neareſt ſquare number leſs than 
5, from 5, and there remains 1; and as 2 is the ſquare root of 4, I 
conclude, that of all the infinite ſeries repreſenting the ſquare root of the 

number 5, the firſt term, or the integral part will be 2: again, as the 

| ſquare of 2 is the neareſt ſquare number leſs than 5, which is no ſquare, 
it follows, that the ſquare of 3 will be the neareſt ſquare number greater 
than 5, and conſequently that the ſquare of 3, whatever it is, cannot 
be leſs than 6; whence I conclude in the next place, that the number 2 
will be the firſt term of the ſquare root, not only of the number 5, but alſo 
of any other number between 5 and 6 at leaſt ; therefore 2 will be the 
firſt figure ng the ſquare root of the number 5. 66, as alſo of the 
number 5. 6644 therefore by the fourth obſervation, 2 will be the firſt 


figure 


168 The inveſtigation of the rule for extracting the ſquare root. Book. iii, 
figure of the ſquare root of the number 56644 ; which is one conſiderable 
point gained: now to diſcover the next figure in the root, I conſider the 
number 566 belonging to the two firſt dotts to the left hand, ſetting 
aſide all the other figures, thus; it has already been ſhewn that the firſt 
figure expreſſing the ſquare root of the number 5 .66 is 2 ; therefore the 
ſquare ro. v the number 5.66 lies between 2 and 3 ; therefore by the 
h obſervation, the ſquare root of the number 566 lies between 20 
and 30; let then 20 ＋ repreſent the integral part of the ſquare root 
of the number 566, the letter x ſtanding for ſome whole number in the 
; place of units; then it is plain, that the ſquare of 20 ＋ x muſt either be 
preciſely equal to 566 if 566 be an exact ſquare, or elſe it muſt be the 
neareſt ſquare number leſs than 566 but the ſquare of 20 ＋ by the 


firſt obſervation is 20x 20+40-+xxx ; therefore 20x20+40-+x 
xx is either equal to, or leſs than 566 ; ſubtract the ſquare of 20 from 
both ſides, by obſerving, that as before, 2 * 2 ſubtracted from & left 1 , 
ſo now 20 * 20 ſubtracted from 500 will leave 100, and the ſub- 


tracted from 566, will leave 166 ; therefore 40+ xxx muſt either be 
equal to, or leſs than 166, according as the number 566 1s, or is not a 


perfect ſquare; and therefore if 40+ xxx be leſs than 166, the diffe- 

rence will be the exceſs of the number 566 above the neareſt number leſs 
that is an exact ſquare : here we ſee, by the bye, why the number 166 

is commonly called the reſolvend, to wit, becauſe it muſt be reſolved in- 
to two factors, x and 40 ＋ x, the product of whoſe multiplication muſt 
either be equal to 166, or elſe it muſt be the neareſt product of the 


kind leſs : but to proceed; as it has been ſhewn already that the product 
40+xXX is not to exceed 166, it follows, that the product 40 * muſt 
be leſs than 166, and conſequently that x muſt be leſs than the quo- 
tient of 166 divided by 40, or of 16.6 divided by 4 ; but the quotient of 
16 .6 divided by 4 lies between the two whole numbers 4 and 5; there- 
fore x is leſs than 5, and 4 is the greateſt whole number that can be ſup- 
poſed equal to x ; let us then ſuppoſe x equal to 4, and let us ſee what 
will be the conſequence ; now if x==4, we ſhall have 40+x=144, 


and 40+ x*xx=44x4=176; therefore the ſuppoſition of x A was 
wrong, becauſe 40-+xxx ought not to exceed 166; let us then ſup- 
poſe in the next place that x z; then we ſhall have 40+ x=4;, 
and 40+xxx==43x3==129, which is leſs than 166, and therefore 
not inconſiſtent with the foregoing conditions; and fince x muſt be taken 


« 3 to the greateſt whole number the foregoing conditions will admit 
of, it follows, that x muſt be equal to 3, and conſequently that 20 ＋ x, 


or. 


Art. 99, roo. The foundation of the rule for extrating the cube root, 16y 
or the integral part of the ſquare root of the number 566 is 23 ; and 
ſince 40-+xxx or 129, ſubtracted from the reſolvend 166 leaves 37, 
it follows, that 23 * 23 ſubtracted from the number 566 will alſo leave 
37 : again, as the ſquare of 23 is the neareſt ſquare number leſs than 
566 which is no ſquare, the ſquare of 24 muſt be greater than 566, and 
conſequently cannot be leſs than 567 ; therefore the ſquare rodt of the 
number 566 .44 muſt neceſſarily lie between 23 and 24; therefore by 
the fifth obſervation, the ſquare root of the number 56644 muſt neceſ- 
farily lie between 230 and 240; which is another 15 made in the ap- 


proximation: let us now ſuppoſe 230 & to be the ſquare root, or the 


integral part of the ſquare root of the number 56644 ; then by the firſt 


obſervation we ſhall have 230x230 +460+xxx either equal to, or 
leſs than 56644: ſubtract 230x230 from both ſides, by obſerving, that 
as before 23 x23 ſubtracted from 566 left 37, ſo now 230x230 ſub- 
trated from 56600 will leave 35700; and the fame ſubtracted from 


56644 will leave 3744 ; therefore 460 +xxx muſt not exceed 3744 ; 
therefore 460 x muſt be leſs than 3744; therefore x muſt be leſs than 
the quotient of 3744 divided by 460 ; but the quotient of 3744 divided 
by 460, or (which is pretty much the ſame thing, eſpecially with re- 
ſpect to the integral part) the quotient of 374 divided by 46 lies between 
the two whole numbers 8 and ; therefore 8 is the greateſt whole num- 
ber that can be ſuppoſed equal to x: let us then ſuppoſe x—8, and we 


ſhall have 460+ x== 468, and 460-+xxx== 468 x8 = 3744, which 
is juſt conſiſtent with the abovementioned conditions, and the number 
238 is the exact ſquare root of the number propoſed 56644. 2. E. J. 
Let now any one extract the ſquare root of the fame number 56644 
according to the common practice, and he will eaſily fee, that the rule he 


there uſes is nothing elſe but a general obſervation drawn from this or 
the like inveſtigation. | | 


The foundation of the common rule for extrafting the 
| „ 7 
100, The cube of a+x is & +34 ; ax* +533, where 30 A 
24ax*+x3 is the reſolvend; make 3a+x==6, and you will have 3 ax 
+xx==bx, and 34*+3ax+xx=3#+bx; and 3 x+ 3ax*+x, 
or the reſolvend =} a*+bxxx; therefore the cube of a+x is a+ 


3#+bxxx: this anſwers to the firſt obſervation in the laſt article but 
one, and is the foundation of the rule for extracting the cube root; 
and whoſoever applies the reaſoning of the two laſt articles to the preſent 


cate, 
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caſe, he will either be able of himſelf to form a rule for extracting the 

cube root, or at leaſt he will be the better able to underſtand and re- 

member the common rule as it is delivered in books of Arithmetic. 

| N. B. All the difficulty in extracting either the ſquare or cube root, 

is in obtaining the two firſt figures of the root, wherein tryals are ſorne- 
times required; the reſt of the proceſs is more certain. 


of the compoſition and reſolution of a un 2 


from a binomial root. 


or. Hitherto we have been chiefly concerned in fi te equations : 
it is now high time to apply ourſelves to the reſolution mls equation ; 
order to which, ſomething muſt be faid concerning the nature of a <a 
mial, upon which that reſolution entirely depends. 
Now a binomial (at leaſt as it 1s here uſed) is a quantity conſiſting of 
two parts or members, connected together by the ſign + or —, as x +, 


b 5 
xX — 4, *! rn and a Gquare raiſed from a binomial root is no- 
_ elſe but the ſquare of ſuch a quantity : thus the ſquare of rect 
bb 8 
is xx-Þ bx — i. ; and that of r. 1 
X+ — 1 
2 2 
My b 
TR m—_— 
| 5 bx bb bx | bb 
2 4 
bx bx 


A +=; that 1 18, e R — . that i 18, . 


The difference betwixt theſe two ſquares ariſes from the different f gn 
of 6; and that only affects the ſecond member; for the third member 


7 will be the ſame, whether the quantity & be affirmative or negative; | 


3 if thoſe caſes be thrown into one, it will ſtand thus: The We, 
| 9 


* 
+ 
mL 
1 
;E 
by 
4 
3 
4. 9 
U * 
1 
» 1 
2 32 
1 
f ! FA 
_ : 
, 
4 [7 I 
b 
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1 bb 5 | a in £& 
of x => 16 r b : to wit, +bx when the root is * ＋ 2 and 


1 4 1 4 r 

Be when the root is x — 2. Now of the three members that compoſe 
this ſquare, the firſt xx is the ſquare of x, the ſecond & is the root 
of that ſquare multiplied into the coefficient == 6 ; for the root of xx is 
x, and xx =b—===bx ; the third and laſt member = is the ſquare of 


=> , that is, the ſquare of half the coefficient of the ſecond member; 
whence may be deduced the two following obſervations. - 
1 OBSERVATION I. 


Whenever we meet with a quantity conſſting of two members, as xx 
bx, whereof one, as XX, is à ſquare, and the other = bx is the root of 
that ſquare multiphed into ſome given coefficient b; whenever I ſay we 
neet with ſuch a quantity, it may be conſidered as an imperfect ſquare raiſed 


from a binomial root, and may eafily be compleated by adding = that is, by 


adding the ſquare of half the coefficient of x in the ſecond term : thus x x 
& when compleated, becomes xx + 6x +9; xx—8x when com- 

pleated becomes x x—8 x + 16; xx+3x when compleated becomes xx 
+ 3x—+2; for here the coefficient being 3, its half will be 3, and the 


ſquare of this will be 2: again, xx 1 when compleated becomes xx 


4 2 +5; for here the ſecond term is ==, and therefore the coefficient 
of x is ; by art. 70; but the half of ; is , and the ſquare of this is ;: 
again, * when compleated becomes * *— 5 + 72 ; for here 
the coefficient is — 5, whoſe half is —£, and the ſquare of this is + 
14 laſtly, 3 when compleated becomes we * 10 for 
here the coefficient is 34 „ It's half — 5 and the ſquare of this is . 


4aa 


0 


OBSERVATION 2. 

In the ſecond place it may be obſerved, that the root of ſuch a ſquare uben 
compleated, that is, the root of x x =bx + 75 will akoays be x == 0 that 
p Y 2 is 5 
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is, it will always be. the ſquare root of the firſt member, together with bay 
the coefficient of the ſecond : thus the ſquare root of xx+ 6x W. 


be x-+3 ; that ofxx— 8x 16 will be x—4. ;. that of xx-+ 4 x-+2 


will be x+ that f- + > will be - >; that of XX — 
| 1 


+ © EN 1 ˙ On = will 
: 28 
n 


2 4 
The common form to which all quadratic equations ought 
to be reduced in order to be reſolved. 1 


102. Since an affected quadratic equation, as we have elſewhere de- 


fined it (art. 23,) is an equation conſiſting of three different ſorts of 


quantities; one ſort wherein the ſquare of the unknown quantity is con- 
cerned, another fort wherein the unknown quantity is ſimply concerned, 
and a third fort wherein it is not concerned at all; it follows, that all 


quadratic equations whatever may be reduced to this form, vis. Ax x 


— Bx++C; wherein A, B and C denote known integral quantities 
whether affirmative or negative, and x the quantity unknown, the ſign 
-+ on the latter fide of the equation Bx C, ſignifying no more than 
that the two quantities Bx and C are to be added together according to 
the common rules of addition, whether they be both affirmative, or both 
negative, or one affirmative and the other negative: this will eaſily be 
allowed, if it be conſidered, that quadratic equations, like all others, may be 
freed from fractions after the fame manner as ſimple equations; and when 
that is done, there needs no more at moſt, than a bare tranſpoſition of the 
terms to reduce them to the form above deſcribed: we ſhall however give 
ſome examples of the reduction of quadratic equations to this form a- 


+ mongſt thoſe that follow. _ 


A general theorem for refokoing all quadratic equations, 


103. This preparation being made, let now ſome general quadratic 
equation be propoſed to be reſolved, with which all particular equations 


may afterwards be compared, and by means whereof thoſe equations 


may be more readily reſolved ; as fer example, let the general equation 
in the laſt article be propoſed, to wit, Axx== Bx+C; and let it be 
propoſed to find the value or values of x in this equation: here tranſpo- 
ſing Bx, I have Ax x - BSC; and then dividing by A in order to 

5 — 
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173 
free x x the higheſt power of x from it's coefficient, I have Xx Bx 


A 
= - ; this done, I conſider the firſt ſide xx — as an imperfect ſquare 
raiſed from a binomial root; and accordingly I compleat that ſquare by 
art. 101, to wit, by adding 4 that is by adding the ſquare of half 


the coefficient of the ſecond term ; but if — muſt be added to the 
firſt fide of the equation to compleat the ſquare, it muſt alſo be added 
to the other ſide to preſerve the equality, otherwiſe by an unequal addi- 
tion, the equation would be deſtroyed ; this equal addition then being 


| 5 „ .. 328 C0 
made, the equation will ſtand thus, xx — 7 4755 44244 4 ; 
| B 1 | 
but the two fractions BE and — when thrown into one, give 
BB AAC 7 3 „ BB-Hq4AC.. 
4 4 * Wan dividing by A, gives — Ti ; therefore 
B A BB+4AC | 1 85 
XX — 4 —+ 7 =— _ ; therefore the ſquare root of one fide 
will be equal to the ſquare root of the other; but the ſquare root of the 
 BB+qaAC_ Ye i | 
fraction PU 7 ah at leaſt as it here ſtands in letters, cannot be ex- 


tracted, becauſe, though the denominator 4 4A be a ſquare, yet there is 
no literal quantity whatever which being multiplied into itſelf will pro- 
duce BB+4q AC; therefore to put this numerator into the form of a 
ſquare, let us ſuppoſe BB+4A4C=5s; and then the equation will ſtand 
i e SS Gs | c  Bx 
thus, XX A FAA da" but the quare root of xx —— + 
BB | 


111 24 by art. 101; and the ſquare root of 14 = 


for a reaſon formerly given, to wit, becauſe 2 when multiplied into 


_— 3 


itſelf will produce FFF bon well as = and therefore by the yery de- 


finition of the ſquare root, the former quantity has as good a right to be 
1 4 | | . | — . 
ſtiled the ſquare root of FFF be the latter ; therefore this equation will 


now 
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now be reduced to a ſimple one, and will ſtand thus, ea Sig 2 j 
| hk 2A 24A 
B= B B— 

_—_ that is, x =—— = and x . 2 E. x; * 


Thus we ſee that every quadratic equation neceſſarily admits of two 
numbers or roots (as they are called) which will equally anſwer the con- 
dition of the equation, that is, either of which being put equal to x, will 
make the two ſides of the equation equal one to the other; and theſe two 
roots in all arts and ſciences where quadratic equations are concerned, are 
of equal eſtimation, . whether they be affirmative or negative, or one be 


affirmative and the other negative: as for example, in Geometry, if a line 


drawn from any point towards the right hand be conſidered as athrmative, 

a line drawn from the fame point to the left hand ought to be confidered 
as negative; for let AB be any line drawn from the fixt point A to the 
point B on the right hand, and then imagine the point B to move towards 
A ; here then it 1s plain that the nearer B approaches towards A, the leſs 

will be the affirmative line 4B ; when the point B coincides with A, ; ud 
line 4B muſt be looked upon as nothing, and therefore when the 


B by a continuation of it's motion has paſſed through A, ſo as to he or on 
the left hand of A, the line AB ought now to be looked upon as negative, 
having paſſed from ſomething through nothing into negation ; and yet a 
line of this negative kind is as true a line as any of the affirmative been 
and therefore the negative roots of quadratic equations which exhibit ne 
tive lines, ought to be of equal eſtimation with the affirmative roots that 
exhibit affirmative lines; and the ſame will be the caſe (J ſay) of all other 
arts and ſciences where quadratic Sons are concerned: but in common 
lite, where negative quantities have no place, the affirmative roots of qua- 
ic equations are only allowed of in the reſolution of problems, the ne- 
gative ones being for the moſt part excluded. 


N. B. 1/t, The root of any quantity whether in numbers or letters, 
that cannot be expreſſed, is called a ſurd: thus z is a ſurd, and fo alſo 


is HVB BN AAC and it was for this reaſon that I made VBB-+44C 
Ds, or which is all one, BB+4 AC==ss. 

2diy, The quantity C and conſequently 4.AC will ſometimes be nega- 
tive; in which caſe the quantity 88, or BB+4.4C muſt be looked upon 
as the ſum of the affirmative quantity BB and the negative one 4 AC when 
added together according to the common rules of addition. 

3dly, In many of the following examples, the learner muſt be very 
careful to form a right eſtimation of negative quantities: thus for in- 
ſtance, if x, that is, +x==—3, he muſt make 4x, or -4x—3=—123 


but 


therefore x = 
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but he muſt make — 4.x, or — 4x — 32 ＋ 12; ſo likewiſe — x, or 
—1 x, or —Ix— muſt be made equal to +3 &e. 


EY A Hntbetical demonſtration of the foregoing theorem. 


104, In the laſt article it was demonſtrated analytically, that if Ax x 
be * to Be chen x muſt neceſſarily be equal both to = and 
5 


— , ſuppoſing 5s to be equal to BB+4AC. Now it may not 
8 improbable but that the learner, eſpecially if he has any taſte or ge- 
nius, may have a curioſity to ſee the lame demonſtrated again ſynthe- 


tically, that is, to ſee i it demonſtrated, that if x be made equal to = A . 
B— 


or ——— _ „then Ax x muſt r e be equal to B ＋ C: it is there 


fore to gratify the learner in this particular, that I have added the 9 
ing demonſtration. 
-Casr 


Let x = —- 2, then you will have eee 3 multi- 
ply both ſides by A, and you will have Aæ (or one fide of the general 


BB+28B 
equation) equal to — 7 225 for a fraction may be multiplied 


by dividing the denominator, as well as by multiplying. the numerator ; 


B BB+8B 
again, fince x = = you will have B r= 2 : ; double both 


the numerator and denominator of this laſt fraction, which 0 not affect. 


2 BB-+2 Bs 


the value of the fraction, and you will have Bx= — "T7 ; there- 
1 8 0 2 BBH 25 rare 

fore Bx + C= 1 + = D . 

BB+2Bs+BB+4 AC | BB-+2Bs-+5s 


7 = — , becauſe BB-+4AC=s 
by the pp Suan therefore Axx=Bx + C, fince each fide is ye! 


BBL BA 
to the ſame quantity — 4 


Casz 
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8 2 

| : B —s | 3 ; BB—2Bs-+5s 
Let now 'x = , and you. will have x x = RW: 3” a 
and Ax (or the firſt fide of the general equation) PT. 2 — 


Betis GE: V 

again, B x = WD = =, therefore Bx+C= 
B—2Bs+4AC BB—2B 11 N 

2B | : — — = therefore Ax x BNC, 


hetanſe rack file is equal to the amv quantity e . 


— 


8 


Various examples of the reſolution of affected quadratic 
© equations, both with, and without the general theorem, 


EXAMPLE I. 


105. Let the equation propoſed to be reſolved be 6 xx = 5 x— 7, 
This particular equation, as well as all thoſe that follow, may be reſolved 
after the ſame manner as the general one in art. 103: but as theſe reſolu- 
tions are very often attended with fractions very troubleſome to the young 
Analyſt, and as theſe particular equations are nothing elſe but particular 
caſes of the general one, it follows, that the reſolution of theſe equations 
muſt neceſſarily be included in the reſolution of the general one; and 

conſequently, that theſe equations will be much more eaſily and readily 
reſolved by referring them to the general one: however for the ſatisfacti- 
on of the learner, I ſhall reſolve ſome of theſe equations both with, and 
without the general theorem; and firſt I ſhall reſolve the equation propo- 
ſed by the help of the general theorem thus ; in the general <p, art, 
103, we have Axx==Bx+C; in the particular one already propoſed, 
we have 6xx==5x—1; therefore A in the general equation anſwers 
to 6 in the particular one, B anſwers to 5, and Cto —1 ; therefore if 
the particular equation be referred to the general one, it's refolution will 
be as follows: 4A=6, B=;, C=—1, BB=25, 4AC=—24 ; 
therefore 55s, or BB+4 AC will be the ſum of 25 and —24=1; 


 B-ks +1 1 3— —_] I 
therefore 5 == 1, —_— == =z, 2 = 8 = -; therefore 


the two roots of this equation 6 xx== 5 x— 1 are; and . The reſoluti- 
on of this equation in numbers without the general theorem, is as follows: 


9 


Equation . 
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Equation, 6xXX=5x—1 ; therefore bræx— 5 — I, and x x — = 
= — 85 where x x — _e may be conſidered as the two firſt members 
of a ſquare raiſed from a binomial root ; the 2 728 of the ſecond 


term is U it's half >, a and the ſquare of this ID > , which . 


preſſion 1 chooſe to make oh of rather than = for a i reaſon that will 


preſently. be ſeen ; add now —=— = 5 2 to o both ſides, that is, to one fide t to 


12 * 
compleat the ſquare, and to the other to preſerve the equality, and you 
will have x x— 6 Ty =—Z + 12 12 here now it is cer- 
+25 


tain that the fractions _ and 5 muſt be reduced to the ſame 


denomination in order to be added together into one ſum; but if this be 
done the common way, it will be impoſſible to obtain the ſquare root of 
that ſum without a further reduction; therefore to avoid this, I enquire 
what number the denominator 6 muſt be multiplied by to make it 12x12 
the fame with the other denominator, and the anſwer in this caſe, as-well 
as in all others of this kind will be very eaſy ; for 2x6==12, and therefore 
12 x2 x G, or 24x6==12Xx12; therefore 1 multiply both the nume- 


— —2 
rator and denominator of the fraction 18 into 24, and ſo have £ 


6 12x12” 
and this added to the other fraction 3 ves ———; and now the 
| I2 * 12 8 12 X 12 
: 
equation will be x x— * a extract the root of 
| I —=1T 

both ſides, and you will have e = == = whence * 5 ; but 
8 . 5 
ET Rs and FEI | therefore 1 25 or 8 


This may alſo be proved ſynthetically thus : let x= , then you will 
have 1 and 6xx==% or 1: again, 6x 21; therefore 5x 
—1==1:; therefore 6xx=5x—1, I, ſince each equals 11. 

Let us now ſuppoſe x , and you will have * * n;, and 6 K 5, or ?2 
on the other hand you will have . bor it; ; therefore 5*— 121; 
therefore 6 x x = ana —. theſe two fractions therefore will anſwer the 
| 2. con- 
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condition of the equation; and there are no other numbers beſide theſe, 
whether whole numbers or fractions, that will do it. ee 


EXAMPLE 2. 


Let the equation to be reſolved be 24x —2xx=xx+45. Here 
tranſpoſing —2.xx we have 3xx-+45==24x, whence 3xx==24x 
—-45; and thus we have reduced the equation propoſed to the form of 
the general one in art. 102; wherefore applying that general equation to 
: this particular one, the reſolution, by art. 103 will be as follows: 3. 
B=24, C=—45, BB=576, 4AC==— 540, = 57% 54 
36, 5=b, —— =5, 21 =33 therefore x== 5, or 3; and this 
will farther eaſily appear by ſubſtituting 5 or 3 for x in the original equa- 
tion thus; 2 therefore 24x = 120; x 25 therefore "3k 
2xX==120—50==70, Which is one fide of the equation: on the other 
| fide we have xzx*+45==25-+45==70; therefore 24x—2xx=—=xx 
+45. Again, let x z, then we ſhall have 24x==72, and xx q, 
and 24x —2xXx==54 : on the other hand, xx+45= 54; therefore 
24x — 2 __ 3 W | 
in art. 102, ſtood thus; 3 * 24K —45: but this equation might 
have been reduced to a more ſimple one of the fame form by dividing 
the whole by 3, and then the r would have ſtood thus, x x — 
& — 15; in which caſe we ſhould have had A=, BS, C=— 15, 
POE s — 
BB== 64, 4+AC==— bo, $$=4, ra, = . 3. 0 
before : the ſolution -of the foregoing equation ut the common way is 
this; xx—8x==—15; therefore compleating the ſquare, xx — 8 x + 
16=1 ; therefore extracting the ſquare root, x —-4 === 1 therefore x 
E ys; #2 
| EXAMPLE 3. 


Let the equation to be reſolved be 72x—2xx+144=} xx—8 x 
444. Here by tranſpoſitions we have 72 x +144 = 5xx—8 x + 
, 444, and 80x+144=5xx+444, and gxx=80x—3o00, and xx 
==16x — 60 ; which equation being reſolved like that in the laſt exam- 
ple, gives & = 10, or 6; which may alſo be cafily ſeen by ſubſtituting 

10 or 6 for x in the original equation. ds 

ER EXAMPLE 4. | 
Let the equation to be reſolved be 28 x —x x=115. Here we have 
xx +115=28x, and xx=28x—115; which equation . 
: olved 
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ſolved like that in the ſecond example, gives x =23, or 5; the proof 


whereof is eaſy. | 
EXAMPLE F. 


Let the equation to be reſolved be — — 5 120 


1 therefore 120 
120 * | 


— = therefore 100 X 5xx-+ 480 zo x; therefore 


g * 20 100 x + 480; therefore 3 & =—20x 4 480 ; there- 
fore (dividing by 5) x.x==—4 x ＋ 9; therefore in this caſe, A== 1, 


B=—4, Cob, BB=16,'4AC= 384, $5= 164+ 384 =400, 


Bhs —4 420 1 —4— 20 


— = — = —— 2; 
$==20, 24 : * 7 =— 123 there- 


fore in this equation, x = 8, or — 12 : the proof is thus; let x= +8; 


1 120 8 120 
| then —=15, and = — 5 10: again, f 4 =12, and 


| & 4 
5 — 5 —. =—12 — 
103 therefore —_—y A Again, let x = — 12, then — = 
. 2 : 5 | 
— 10; therefore, —— 5=— 10 — 5=— 154 on the other hand, 
120 120 | 
. 2 — 12-42 — 85 therefore 4 1 153 there- 
120 | 120 | * 9 | | * * | 
fore —— 5¹5¹ . The reſolution in the common way is this; xx 
* X 4 


= —4x-+96 ; therefore xx + 4x 96; therefore xx + 4x + 4 
== 100; therefore x +2 === 10; therefore x=— 2 =10=+8, 
Or — 12, | 
EXAMPLE 6. 


"bs wid. 
SB. g, 4AHC= F320, . 529, 23, 7 - 25. 


B— —3—23 „ 3 i 
„ ==6 =: therefore in this equation, x==—+ 5, or 


— 6+: that x==-+ 5 will eaſily be ſeen; and that x==—65, or that 


— 6: being ſubſtituted for x will make 2 xx-+ 3x =65, I thus demon- 


| 1 —13 „ + 169 
ſtrate: * 2 — 22 ＋ therefore x x = 23 therefore 2 x x— 


Z 2 944 329 


2 


— 


= — * 
r + — 7 
- RE -4 = — — 
— — — — —— — 
> — — = 


2 ER 4+ — . -- 5 
o K —— LES 

— KK nn wn * 

oe - EE TIS —— = 


1 
Ws er. 


bs; — M 
f - — — 


2 %” 
— — — — 
— —8— * — 
— — Rs.» Gay 


a ” 
£ — ͤ 
— . —— —— 
— 
es . 


—— — = - a 
1-3 — I += — 7 ly IM — 2 2 — 
* — — wdli ow — —— R — 2 — 
22 2 * 3 = % r r "0 
. 
" 


n 
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| les aa | 
BY, and ZX ==+3 x: nA; therefore 2Xx+3x= 
es The reſolution in numbers; 2 K 3 x=65; 
I&_--9.—---0$ 44 $1; $206 91441500 4 
therefore xx+ Ting 3 6 * A © therefore 
A=; therefore & == — 


==+ 5, or —6= 
4 44 1 <taBel FF 


EAA 7. 


0 


Let the . to be reſolved be OXX—X=1I 140 3 therefire 9 = 
Ix+140, Here Aq, B=, C= 140, BBD, 4AC= 5040, 

| . B-+s B—s | 
= 5041, $=77, 24 S— , 21 wits N therefore x = + 4, 


or 8 che latter caſe T thus demonſtrate ; tay rat 


therefore * . therefore gxxX == again, — 1x, that 


is, = tes 1 therefore — . 1260 — 
9 9 9 9 

er 0 

140. In numbers thus; 8 140; therefore e 


* 


ee ee eee, eee eee 
e eee - + IN = : + IS Er = 


N ; extract the root of both ſides, that is, of xxX———- 32a. phe on 
18x18 9 18x18 


one ſide, and of 1116 on the other, and you will have x— = = == 75 8. ; 


whence x=—+ 4, or — 37. 3 
| XAMPLE 8. 


Let the equation to be reſolved be 3 55 7 os -- - 22 29907 4 therefore 
2 433 8 | 
45+ . =14x+21 ; therefore i80x+ 2254232 x+ 


348 =56xx+154x+105; that is, 412 & ＋ 573 =56xx+154x4+ 
105 ; therefore 258x + 573 = 56xx—+ 10g ; therefore 56xx'= 2 58x 

+ 468; therefore (dividing by 2) you have 28xx= 129x +234 ; which 
equation being PRE with the general one exhibited in art, 103, » gives 


Art. 105. 


. B-ks 
HOP I." 


2 72 3=15; therefore 


116 
4x+5 


h, * = —1 HE therefore 2 x = 


== 


9 22103 , 


4 = +> 
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A==28, B=129, C=234, 25 4AC=26208, $5=42849, 


11 


1 


therefore 


0” 5 
uy but chis quotient, Ong to the rules of fractional diviſion, is 


therefore - 


a 


divided by — — 3 but this quotient is 


= 
4x+5 


e 


= — 203 3 


28 


3 


therefore ns ＋ 


— 5 


45 


My frogs - ; therefore in this equation x = 
both which I the demonſtrate: : firſt & =6; therefore 


. moreover, 4x4+5=29; there- 


==4 ; therefore 45 + uy 


2 & ＋3 . 7: ſecond- | 


45 


_+5 


*+3 =210: again, , therefore 


ee therefore 


EP 
14 


3 n 2x 3 


Zz is the quotient of = divided by 


— 
116 116 


5 h — 
= . e quotient of — 


— 


812 


„ or — 203; therefore 


110 


25 eee 203 27. 
The reſolution of this equation in the common way is as follows; 56xx 


8 68 
— 58x = 468 ; therefore x x — 255 5 = here the coefficient of 
8 8 

the ſecond term is — 5855 it's half — "7 and the ſquare of this 

==; add this ſquare to both ſides, and you will have x x — - 5 

16641 468 16641 _ 26208+ 16641 42849 

5655 56 r 56x56 © 55 55 Förg extract the quare | 
root of both ſides, that is, of n fide, and of 

root 0 des, t is, of xx 5⁵ * 568 56 2 one f , an 

42849 2 7 

565550 on the other, and you will have x — . whence x 

11 


482 ; 
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EXAMPLE 9. 


Let the equation be 15 * - = 563 then this equation being 1 
ſolved by the general theorem gives x , or 7; and in the common 


way it is thus reſolved; 15 * & * 56; change all the figns to make 
xx affirmative, and you will have x x— 15x =-— 56 ; whence X Xn 


1 6 md, therefore x— r = ==>, and x 


23, or 7: but what I chiefly intend by this example is to ſhew, that 
in reſolving a quadratic equation by the general theorem there is no ne- 
deſſity of making any tranſpoſition to exhibit x & affirmative when it 
would otherwiſe have been negative; as for inſtance, in the equation 
here propoſed we had 15 x——x x == 56 ; tranſpoſe x 5x, and you will 
have — xx, that is, — 1x-x = „ 2 be re- 
ferred to the general one in art, 102, and reſolved by the general theorem 
in art. 103, and ou — B==—15, S6, BB=22g5, 
| 4 IL. 

4AC==—224, 4 l, SET, Is — == =+7, 


Bows —15—1 


How the learner is to proceed when the roots of a qua- 
dratic equation are inexpreſſiMie. 


106. As there ave h four ſquare numbers n 
and as all quadratic equations are reſolved by extracting the ſquare root, 
it follows, that there are but few quadratic equations capable of an exact 
numeral ſolution in compariſon of thoſe that are not: but as the ſquare 
root may be extracted to any degree of exactneſs we pleaſe, the reſolu- 
tion of a quadratic * which depends upon it, may alſo be per- 
formed to any degree of accuracy whatever; as will _ by the fol- 
Jowing example. 

EXAMPLE 10. 

Let the equation be x x—4x+1==0, or xx=4x—1, Here 
A=, B==4, C=—1, BB=16, 4AC=—4, 55=12, 5=\/ 12, 
B-+s ALY 1 2 

"> ys 
— 1 i 


4+v/12 
therefore x= ——, 


a= * = let us,enquire in the next place, whether theſe two 
fractions 
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fractions are not * of being reduced to more ſimple terms; firſt. 


then it is plain chat 2 =2, and I fay further that ZZ = \/1; for 12 


 =3xX4 ; therefore /12 =V/3z1/4=y/3x23 therefore * = 
; 77h whence it follows, that x=24+/3, or 2— 93; but V3 EX 
tracted to three decimal places gives 1.732: therefore 2+\/3 = .732, 
and 2—\/3=.268; therefore x (nearly) 3732, or .268, as will 
de further evident Hom the proof following: firſt x = 3.732; there-- 
fore xx == 13.927824 and 5776, cb therefore 4x —xx==1 0001765 
| re xX—4X==—1 .000176 refore xx —4x+1==— ,000176 
=o very nearly : ſecondly, bit 37 wer Fam you will 8 071824 
and 4x==1 .072, and 4x—xx==1 ,000176; therefore xx— 4x =— 


- 1.000176; ore Xx-—4x + 1==— 000176==0 very mearly ; 

 _— in _— the condition of the equation is anſwered to as. 
np por; cope as is equal to the number of decimal places to- 

which root of 3 was extracted. 


It may ＋ to ſome 3 a paradox to aſſert, that though the two 

ſurd values of the unknown quantity found in this and the like caſes, 
are not to be expreſſed in numbers, yet they: may be demonſtrated to be. 
juſt: Thus I fhall demonſtrate, that if Schere of the two values of x found 
in the laſt caſe, to wit, 24+\/3,07 r be ſubſtituted for x, we 
ſhall have this equation xx—4 x + 1 =0, which was the equation there 
propoſed :. in order to this, make \/3==s; and firſt, let x== 2 +/3,. 
or 2-+5; and we ſhall have & * = 4+ 45+ 55,. and A Fog; 
and xx—4x= 4+ 45+55 —8B—45s=55—4; but if s=/7q, 
$5=23, and $5—4==—1 ; therefore, xXx—4 x =—1, and xx — 
_4x+1=0: ſecondly, let x=2—\/;, or 2—s, and we ſhall have 
xx =4—4 5+58, and —4x=— 8+ 45, and xX—4xX=355—==—1, 
as before; whence xX—4x-+ 1 =0. 


0 ige ble roots in a quadratic equation, and whence 
they ariſe. 


107. The roots of quadratic equations are not only v often in- 


expreſlible, but ſometimes even impoſſible, as will appear by the fol- 
lowing example. 


EXAMPLE 11. 
Let the equation be x x—4x +6=0, or xx=4x—6., Here 


A = SI, B=4, C=—6, BB=16, 4AC=—24, S ==, 
| B — . = | 
Mk = == = 2 3 e. 


one root of a. quadratic 


| tion 2 24A —— and 


poſſibility. 
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and —8—=—2 x-+4 ; therefore == =/—2 a =/—2 
N 


* 23 therefore — = 


- e ac I ACER in this equation, x = 2+ 


2. or 2—/—2 but as no quantity whatever, either affirmative 
or negative, being multiplied into itſelf will produce a negative, it fol- 


lows, that /—2 is not only an inexpreſlible quantity, but alſo an im- 


poſlible one ; and conſequently, that the two values of x in this equa- 


tion 2 +/—2 and 2—4/—2 will both be impoſlible. | 
N. B. Though the roots of this laſt equation be impoſlible in their 
own natures, yet they may be abſtractedly demonſtrated to be Juſt, as in 


the laſt article, by making - 2, and conſequently 3s 


—2. 
From what has been aid concerning impoſſible roots, it a 


rs that 
equation can never be impoſlible alone, but that 
they muſt either be both poſſible or both impoſſible : for it appears from 


the reſolution of the laſt equation, that the impoſſibility of the roots 
flows from the impoſſibility of the quantity s, or of the ſquare root of 35 


when it is negative; now when 5 is poſſible, both the roots of the equa- 
B+s , B— 


"au ” will be poſſible; on the other. hand, when 5 is 
impoſſible, both the roots muſt neceſſarily be impoſſible. 


Since the poſſibility or impoſſibility of the two roots of a ie 
equation depends upon the quantity 5s being affirmative or negative, it 


follows, that when gc and conſequently s equals nothing; the roots will 
be in the limit between poſſible and impoſhible : now if s=0, we ſhall 
OY 5 x 1 B — IN... 


= and Og 2 therefore the two unequal roots 


of a N equation grow nearer and nearer to a ſtate of equality as 


they grow nearer and nearer to a ſtate of impoſſibili 
to be 


, but do not come 


equal till ny come to the limit between poſſibility aud im- 


How to find the ſum and product of the two roots of a 
quadratic equation without reſolving it : alſo how to 


generate a quadratic equation that ſhall have any two 
given numbers whatever for it's roots. 


108, In 4 quadratic equation of this general form, to wit, AxXX== 


Bx + C; the um of the roots will always be I , and the radu of their 


multi- 
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| 88 —C 1 ch of f A, a B. 
multiplication : for the roots uch an equation were ——- 


AEM 1 B * | 
and = the ſum whereof 1s = or 7 and if theſe two roots be 


| oF 
multiplied together, their product will amount to- : 7 __ but $s5 = 


BB+4AC as was formerly ſuppoſed, art. 103 ; therefore 55 —B B= 
4AC, and B B=5s5=—4AC; therefore 1 or the product of 


the two roots aa RAE... = b 

Therefore if 4A= 1, that is, if the equation be xx == Bx+C, the 
ſum of the roots will be B, and their product — C; that is, as the e- 
quation now ſtands, the ſum of the roots will be the coefficient of the 
unknown quantity on the ſecond ſide of the equation, and their product, 
What we call the abſolute term, with it's ſign changed. 
Hence we have an eaſy way to form a quadratic equation whoſe roots 
ſhall be any two given numbers whatever : as for inſtance, ſuppoſe I 
would have a quadratic equation whoſe roots ſhall be the two numbers 
3 and 4; here it is plain that the ſum of the two numbers 3 and 4. is 
7, and that the product of their multiplication is 12; therefore I form 
an equation whereof one fide is x x, and the other fide is 7x — 12, to 
wit, xx=7x—12; and the roots of this equation will be the given 
numbers 3 and 4, as will appear from the reſolution : if I intend the 
two roots to be 3 and — 4, their ſum will be — 1, and the product of 
their multiplication — 12, and the equation x x - x 12: if the 
roots are to be — 3 and +4, their ſum will be + 1, the product of 
their multiplication — 12, and the equation xx =x-+ 12 : laſtly, if 
the roots are to be — 3 and — 4, their ſum will be —7, the product of 
their multiplication ＋ 12, and the equation x x =—7x— 12. I ſhall 
demonſtrate one general caſe according to the reſolution given in art. 103, 
which will be ſufficient to ſhew the way to all the reſt: let then the roots 
propoſed be p and 9, whoſe ſum is p+9q, and the product of whoſe 


multiplication is p; and the equation will be x x =p-+qxx—p9q; now 
if this equation be referred to the general one, we ſhall have A= 1, 


B=p +9, C=—pq, BB=þpp+209+44, 4AC=—4þ4, 55= 
re 2 7 


R > TIT T7 


Aa | = 
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2 2 
are p and 9. Q, E. D. : = ny 
I think I ought not to omit here, that if any one has a mind to form 
a quadratic equation with any two given impoſſible roots whatever, (if 
I may be allowed the expreſſion,) it may be done by the foregoing rule, 
provided that theſe impoſſible roots be in ſuch a form as is proper for a 
quadratic equation: as for example, ſuppoſe I would form a quadratic 
equation with theſe two impoſſible roots, to wit, 2 +4/—3 and 2 — 
z, I put 5s for —3; for though no poſſible quantity multiplied 
into itſelf can produce a negative, yet an impoſſible one may, that being 
the very thing wherein the impoſſibility confiſts ; making then s5= — 3, 
I have s=/—3, and fo the two roots of the equation will now be 
2 +5, and 2—s ; the ſum of theſe two roots is 4, and the product of 
their multiplication 4— 55s; but if s5=—3, —$s5=—+ 3, and 4—ss 
=—=4-+3=7 ; therefore the equation with theſe roots will be x x = 4 x 
7: and this will be further evident by the reſolution ; for if xx — 
4 x—7, that is, if xx—4 x =—7,: we ſhall have xx—qx+4=—37, 
and x—2==/—}, and x=2 ＋ 3, or 2—//— 3. 


Ag; therefore the two roots of this equation 


How to determine the ſigns of the poſſible roots of a 


quadratic equation without reſolving it. 


109. If all the terms of a quadratic equation be thrown on one ſide 
of the equation, ſo as to be made equal to nothing; and if the term 
wherein x x, the ſquare of the unknown quantity is concerned, be made 
the firſt, that wherein x, the ſimple power is concerned, be made the fe- 
cond, and the abſolute term, as it is called, be made the third; the 
number of affirmative and negative roots in ſuch an equation may be 
four. d by the following rule, to wit, As often as the figns are changed 
in paſſmg through all the terms from the firſt to the laſt, of jo many afjfir- 
mative roots will the equation confiſt ; but as often as the ſigus are the ſame, 
ſo many negative roots will be found in the equation. his is true in all 
equations whatever, though at preſent we ſhall only demonſtrate it in 
the caſe of a (quadratic equation: but firſt we ſhall give the following 
explication of the rule. 


. 


Let the equation be axx—bx-+c=0. Here there are two changes 


in paſſing through the terms from the firſt to the laſt, to wit, from 
— | ＋a4xx 
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+axxto —bx, and from — bx to +c; therefore the roots of this 
£quation are both affirmative, 
8 Ain . 
Let the equation be a xXx - x—c o. Here from Tax x to —bsx 
is one change, and from —bx to — c is none; therefore this equation 
conſiſts of an affirmative and a negative root. 


„ n 
Let the equation be ax x+bx—c=0. Here in paſſing from + 


axxto +bx, there is no change of ſign, but in paſſing from + bx to 


e there is a change; therefore this equation alſo conſiſts of an affirma- 
tive and a negative root, od | | 
CASE .4-: 
Laſtly, let the equation be axx + bx e o. Here there are no 
changes, and conſequently the roots of this equation are both negative. 


All theſe caſes I ſhall demonſtrate in the following manner. 
Pts CASSEL 

Let the equation be ax x —bx eo, or axx==bx—c. Here 
the product of the two roots is - by the laſt article, that is, the product 


of the two roots is an affirmative quantity, and therefore thoſe roots muſt 
either be both affirmative or both negative; but they cannot be both ne- 


gative, becauſe their ſum is 2 by the ſame article; therefore they 
muſt both be affirmative. 1 Sf 
| CAS E 2, | 
Let the equation be axx - -c Do, or ax & bx +c. Here 
the product of the two roots is —7 and conſequently thoſe roots muſt 
be of different kinds, one affirmative and the other negative; and becauſe 
their ſum, + 5 is an affirmative quantity, it is an argument that the 


greater root is affirmative. 
| CASE 3. 


Let the equation be axx + bx—c=0, or axx=—bx-+c, Here 
REES, 


again the product of the two roots is —, which argues one root to be 
A a 2 — affir- 


VE - _—— tf 0 2 "IST 4 l 


488 The reſolution of affected quadratic equations. Book iii 
| | NW. 


affirmative and the other negative ; - and becauſe their ſum x is a ne- 


gative quantity, it is an indication that of theſe two roots, the . is 
the n one. 
C48 4. 


Laſtly, let the equation be are Eberecso, or axx==—bx—C, 


Here the product of the two roots is += > an affirmative quantity; 


therefore the roots are either both . or both negative; but they 


cannot be both affirmative, becauſe their fum =; is * 3 there- 


fore they muſt both be negative. 
Impoſſible roots excluded out of the foregoing rigs 


The rule here given for determining che number of affirmative and | 


negative roots relates only to poſſible roots; for impoſſible ones cannot be 5 


ſaid to on to any claſs, either of affirmatives or negatives; nay fo 
capricious are they in this reſpect, that in one and the fame equation, the 
very ſame impoſſible roots al ſometimes appear under one form, and 


ſometimes under the other: as for example, this 2 K * ＋ 3 


Do may be filled up two ways without affecting either the equation 
or it's roots; to wit, either thus, x x—ox + 3 =o, the roots of which 
equation according to the foregoing rule are both affirmative ; or thus, 
xx+0x—+ 3 , the roots of which equation, though it be the ſame 
with the other, and differs only in form, are both negative: the reaſon 
of this abſurdity is, that the two roots of the equation x x-+ o are 
impoſſible, an occaſioned this confuſion by putting on one ſhape in one 
equation, and another ſhape in the other: this will further appear from 
the reſolution; for if xx + 3 o, we have xXx 3, and x =—+ 


3. 72 z, which are both impoſſible quantities. Again, the 
equation x — 3 o may be filled up various ways; as thus, x —o x* 
+ox—3=0o, in which equation, according to the foregoing rule, 


there are three affirmative roots; or thus, x. o x*—ox— 3=0, in 


which equation there is but one affirmative root and two negative ones: 
hence an experienced Analyſt would immediately conclude (as is really 
the caſe) that two of the roots of the equation x%— 3 were im- 
poſſible, and that they ſtood for affirmative quantities in the former way 
of putting the equation, and for negative ones in the latter. This will fur- 
ther appear, when we come to treat of cubic equations. 


LN 


Of 
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Of biquadratics, and other equations in the form 0 
8 5 qguadratics. Ws 
110. Thus much for the reſolution, nature, and properties of a qua- 
dratic equation: I ſhall only add an example or two more of other equa-- 
tions that ſometimes put on the form of quadratics, and have done, 


EXAMPLE 12. 


1600 | 


5 Let the equation to be reſolved be, r X 1163 e 


1600+x*=116xx; therefore x*=116xx— 1600. This equation is, 


properly 7 a biquadratic, that is, an equation wherein the fourth 


power 0 unknown quantity is concerned: now as every poſſible 

uadratic equation has two roots, which will equally anſwer the condition 
2 ſo a cubic equation, that is, an equation that riſes to the third 
power of the unknown quantity may have three ſuch roots, a biqua- 
_ dratic four, &c : but the 7 * x*=116x x— 1600, though it be a 

biquadratic, and admits of four roots, yet it is in the form of a quadra- 
tic, if we gonſider xx as the unknown quantity; in which caſe . muſt, 
be looked upon as the ſquare of the unknown quantity, and. the equa- 
tion muſt be referred to the general one in art. 103, thus; 4 * 
116, C=— 1600, BB= 13450, 4AC=— 6400, SSSS7050, 284, 


B-+s B'—s 1 - . | 
100, 2 16 ; therefore in this equation, xx 100, or 


16: now if xx= 100, we ſhall have or — 10; if 16, we 


ſhall have x= ＋ or — 4; therefore the four roots of this biquadratic 
equation are, +10, — 10, +4 and — 4: but though in this equa- 
tion x has four fignifications, xx has but two, vig. 100 and 16, either 


of which being ſubſtituted inſtead of xx in the original equation, will 


anſwer that equality, as may eaſily be tryed. 


VN. B. Whenever of the four roots of a biquadratic equation any two 


are equal and contrary to the other two, the equation will be in form. 
of a quadratie, and may be reſolved accordingly. 


EXAMPLE 13. 
Let the equation be . — x x = 553 here we have 576 — * = 


z 5x, and & t 55xx= 576, and x*==—55x*-+ 576; therefore ac- 
cCording to the general equation in art. 103, A=1, B. — 55, C= 


576, B B=3025, 4 AC=2304, = 5329, S=73, g. 
B— 
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— == 64 ; therefore in this equation, xx = + 9 or —64 : if xx 


=—+9, x = or —3 z if xx==—64, * will be equal to / 64, 
or =/—64, both which values are impoſſible; fo that in this equa- 
tion x has but two values, + or — 3, the other two being impoſſible; 
and x x has two values, to wit, 49g and — 64, which are both poſſi- 
ble, and which being ſubſtituted inſtead of xx into the original equation, 
will anſwer that equality. From this example it is eaſy to fee, that a bi- 
quadratic equation may have far roots, and never can have more; yet 


it may ſometimes have fewer, upon the account of ſome of it's roots 
coming impoſſible ; nay inſtances might eaſily be given wherein all the 
roots of a biquadratic equation are impoſſible. | 
If any one diſapproves of the reſolutions here given, he may perhaps 
reliſh the following better; let the equation be Ax BC; here 
putting 2 for x x, and conſequently zz for x., the equation will be chang. 
ed into this common quadratic, Azz =B z +C; which being © 24. 
Z or x &, and conſequently x itſelf will be known: ſu ppoſe the equa- 
tion to be Ax=Bx*-+ C; here putting z for , the equation will be 
changed into a quadratic, as before, to wit, A BN C, the reſo- 
Jution whereof will give z or x*, and conſequently x by an extraction of 
the cube root: laſtly, let the equation be Ax =Bx\/x+C; here 

. putting z 2 for x, and æ for Vx, the equation will be Az2z=Bz+C, 

| as before; whence z, and conſequently zz or x will be known. 


The ſolution of ſome problems producing quadratic equations, 
Uo | P R O0 B L E M 69. | 


411. Tris required to divide the number ſixty into tao ſuch parts, that 
the product of their multiplicati on may amount to eight hundred fixtyfour, 


SOLUTION. 


Put x for one of the parts; then will the other part be 60 —x, and 
the product of their multiplication will be 60 x —xx ; whence the equa- 
1 tion will be 60x—xx=864 ; therefore xx + 864 = 60x, and x x 
9 1 ==box—864 : this equation compared with the general one in art. 10 2, 
__ | OT gives A=1, B==60, C= — 864, BB = 3600, 4AC==— 3450, 
nt : 3 A Bs 8 | 

SS I44, S== 12, 9 == 36, 7 2 243 erefore the parts 
ſought are 24 and 36; which upon tryal will anſwer the conditions of 
the problem. | | 


Obſervas 


* 
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Obſervations upon the foregoing problem. 
OB8sERvVATION ift. 


In this problem we may clearly ſee the neceſſity of the unknown. 
quantity's having ſometimes two dilline values in one and the ſame equa- 
tion: for here, if I put x for the greater part of 60, the leſs will be 
60—x, and the equation will be 60x—x x == 864 : ſuppoſe now I put 
x for the leſs part; then the greater will be 60—x, and the equation 
will ſtill be 60x—xx==864 ; therefore, whether x be put for the 
greater or the leſs part, we ſtill fall into the ſame equation 60 x— x x 
—=$64 ; whence I infer, that this equation muſt either give us both the 
parts fought, or neither; ſince no reaſon can be ſhewn why it ſhould. 
give us one part rather than the other, e 


OBSERVATION 2d, 


Hence alſo we ſee the neceſſity ſometimes of impoſlible roots, to wit, 
when the caſes of problems to be ſolved by them become impoſlible : as 
for inſtance, if any number, as 60, be divided into two parts, the nearer 
the two parts approach towards an equality, the greater will be the pro- 
duct of their multiplication ; and therefore if the parts be equal, the pro- 
duct will be the greateſt poſſible : thus if the parts be 24 and 436, the 
product will be 864 ; if they be 25 and 35, the product will be 875; if 

zo and 3o, the product will be goo, which will be the greateſt poflible :. 
let us now for once put an impoſſible caſe, and let it be required to di- 
vide the number 60 into two ſuch parts that the product of their multi- 
plication may amount to go1 ; here the equation will be 60x—xx=9o1 ;. 


which being reſolved according to art. 103, gives x = ILSS, 


OT. 


v8 . but theſe values of x may be reduced to more ſimple 


terms thus; — = — 1x 4 therefore V—4= 2 A= 

WA — 1x2 therefore A ; but = 303 therefore the 
two parts ſought are 30 I, and 30 — 1, both which are 
impoſſible upon the account of the impoſſibility of / — 1 ; and yet theſe 
two parts abſtractedly conſidered br” rer the conditions of the pro- 


blem; for if /—1 be made equal to s, the two parts will be 39+ 
| an 
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and 30—s; whoſe ſum is bo, and the product of whoſe multiplication 
is goo —55; but if s=\/—1, we ſhall have s5=—1, and —55 — 
+ 1, and 900 —55==9ot ; therefore the product of the two parts, 
30 ＋ —1, and 30—y/ —1 amount to 901, as was required, 


OBSERVATION 3d. 


Laſtly, we here alſo ſee the neceſſity of both the roots of a quadra- 
tic equation becoming impoſſible at once. Two impoſſible quantities 
added together, may ſometimes make a poſſible one, becauſe one quan- 


tity may be as much impoſſible one way as the other is the contrary 
way: thus the two impoſſible quantities 30 + /— 1 and 30 —/—1 
being added together make 60, the impoſſible ſurds +\/—1 and — 
i deſtroying one another; but a poſſible and an impoſſible quan- 
tity when added together can never als a poſſible one; and therefore 
the two parts of 60 in this problem muſt either be both poſſible, or 
both impoſſible, _ $4 | 
5 PROBLEM 70, 


112. There are three numbers in continual proportion, whereof the mid- 
dle term is fixty, and the ſum of the extremes one hundred tapentyfroe : 
What are the extremes ? | ” 
SOLUTION, 


For the extremes put æ& and 125-—x, and you will have this propor- 
tion; x is to 60 as 60 is to 125—x, whence by multiplying extremes 
and means, you have this equation, 125x—xx= 3600, or xx-+ 
3600 =125x, or x*==125x— 3600: here then A=1, B=125, 
C=— 3600, BB==15625, 4 AC=— 14400, s5= 1225, = 35, 
80 B—s _ Pie” 52 EIS 8 
=T == 80, r 2453 therefore in equation, * 45, OT 3 
but x repreſents either extreme, becauſe, which extreme ſoever x is put 
for, the other will be 125—x, and the fame equation will ariſe, to wit, 
12 5ͤ* X Xx == 3600 ; therefore the two extremes are 45 and 80; and 
they will anſwer the conditions of the problem; for 45 is to 60 as * is 
to 2, that is, as 3 to 4; and 60 is to 80 as 2 is to ©, which is alſo 
as 3 to 4. 

PROBLEM 71, 
113. Ut is required, having given the ſum or the difference of two num- 
* 34 with the ſum of their ſquares, to 7 the numbers. 


SOL Us 
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| $oLvuTION, 8 
Caſe 1/f. Let the Tum of the numbers ſought be 28, and the ſum of 


their ſquares 400; then putting x and 28 — for the two numbers 
fought, the ſquare of the former will be xx, the ſquare of the latter 


784 —56x-+ xx, and the ſum of their ſquares 2 xx — 56x +784 = 


400 ; and the ſame equation will ariſe, whether x be made to ſtand for 
one number or the other; therefore the two values of x in this equation. 
will be the two numbers ſought ; but if 2 xx— 56x + 784 = 400, we 


ſhall have 2xx— 56x = — 384; divide the whole by 2 for a more 
ſimple equation, and you will have xXx - 28x — 192; and xx= 


28K - 192; which equation being reſolved according to art. 103, gives 
4 ==12, or 16; — 12 and 16 are the two numbers ſought. 

Caſe ad. Let now the difference of two numbers be given, ſuppoſe 
4, and let the ſum of their ſquares be 400, as before; then putting æ 
for the leſs number, and x-+ 4 for the greater, the ſum of their ſquares 
will be 2 xx+ 8x-+16==400; whence 2 XK Xx ＋ 8x== 384, xx+4x 


==192, xx+4x+4=196, x+2===14, x=—+12 or — 163 


now it cannot be ſuppoſed that ＋ 12 and — 16 are the two numbers re- 
- quired in the problem, for their difference is 30, not 4 ; neither ought it 

to be expected; for when x was put for the leſs number, and x + 4. 
for the greater, the equation was 2xx+8x + 16= 400; but if x be 


put for the greater number, and naar page x— 4 for the leſs, the 


equation will be 2x X - X ＋ 16==400, different from the former; 
ſince then a different equation ariſes according as x is put for the greater 
or leſs number, it cannot be expected that one and the fame equation 


ſhould give both : the true ſtate of the caſe is this ; there are two pairs 
of numbers which will equally ſolve this queſtion, and the equation 2xx 


+8 x-+ 16 = 400 gives the leſſer number of each pair; for if we make 
x==12, and x+4==16, the numbers 12 and 16 will folve the prob- 
lem; on the other hand, if we make x =— 16, we ſhall have x +4 
=— 12, and the numbers — 16 and — 12 will equally ſolve the prob- 
lem; for their difference is +4, and the ſum of their ſquares -+ 400: 

here then we may obſerve, that affirmative and negative ſolutions of 
problems are of equal eſtimation in the nature of things, though perhaps 
not amongſt men, the narrowneſs of our minds contracting our views; 
but truth does juſtice alike to all: certainly negative numbers differ no 
more from affirmative ones, than affirmative ones do from one another, 
which is in degree, not in kind; and therefore in the nature of things, 
negative quantities ought no more to be excluded out of the ſcale of 
number, than affirmative ones, though in common life they are ſet aſide. 
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| PROBLEM 72. 


114. What two numbers are thoſe, whoſe ſum is ſeventeen, and the ſum of 
' their cubes one thouſand three hundred forty three ? eas 
49 9s att] „„ 5 
For the two numbers ſought put x and 17—, and the cube of the 

former will ke x x'x, and the cubs of the Ritter 4g13-—867 x 5155 

xxx, às appears from the following computation : | 

5 17 —* RY 
"= 8 1 F 
289 — 17 xx 
—— 


* 


289 — 34K N 
NP to ind 
 4913=—578x+17xx—x! 
| —2839x+34xx 
| O01: 4913==867px+ la-. ; 
Therefore the ſum of theſe two cubes will be 51 x x—— 867 x + 4913 
= 1343, and the equation will be the fame, whichſoever of the two 
numbers ſought x is made to ſtand for; but if 51 && — 869 x+ 4913 
==1343, we ſhall have 51xx—— 867xz=—3570; divide the whole 
by 51, which though not neceffary, is however convenient, to render 
the equation more ſimple, ſince it may be done without fractions, and 
you will have, xx—17x=—70; which being reduced as in art. 
103, gives X==7, Or 10; therefore 7 and 10 are the two numbers ſought. 
PROBLEM 73. 


115. Let there be a ſquare whoſe fide is a hundred and ten inches; it 
2s required to aſſign the length and breadth of a refangled parallels- 
gram or long ſquare, whoſe perimeter ſhall be greater than that of 
the ſquare by four inches, but whoſe area ſhall be leſs than the area 
of the ſquare by four ſquare inches. 3 | 

N. B. By the perimeter of a plain figure is meant the length of a 

line that will encompaſs it round; fo that the 8 of a ſquare is 
equal to four times it's ſide; and the perimeier of a rectangled parallelo- 
gram is equal to twice it's length and twice it's breadth added together. 


SOLUTION, 


Since the ſide of the given ſquare is 110 inches, it's area will be 
12100 ſquare inches; therefore the area of the parallelogram ſought 
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will be 12096 ſquare inches: again, the perimeter of the given ſquare 
is 440 inches; therefore the perimeter of the parallelogram fought muſt 
be 444 inches; therefore baff it's perimeter, or it's length and breadth 
added together muſt be 222 inches; therefore, if either the length or 
breadth be called x, the other will be 222 —x, and the area will be 
222 * -& Xx 12096; which equation reſolved according to art. 103, 
will give x =96, or 1263 P32 the breadth of the parallelogram 
ſought muſt be 96 inches, and the length 126 inches: and theſe num- 
bers will anſwer the conditions of the queſtion ; for twice the length 
will be 252, twice the breadth 192, and the whole perimeter 444 ; 
moreover 126 x 96, or the area will be 12096, as the problem requires. 


SCHOLIUM. 


This problem ſhews how groffly they are miſtaken who think to eſti- 
mate the areas or magnitudes of plain figares by their perimeters, as if 
ſuch figures were greater or leſs in proportion as their perimeters were 
ſo; bs: end here we ſee, that the perimeter of one figure may be greater 
. than that of another by four inches, and at the fame time it's area may 
be leſs than the area of that other by four ſquare inches. This error, it 
is true, does not obtain but in low and vulgar minds, nor there neither 
any longer than whileſt it continues to be a matter of mere ſpeculation, 
and truth and falſhood are equally indifferent to them : for whenever 
men come to apply their notions, and find it their intereſt not to be 
miſtaken, then it is, and frequently not till then, that they begin to look 
about them, correct their errors, and entertain more juſt and accurate 
notions of things. The greateſt part of mankind have a natural averſion 
to abſtract thinking, and where their intereſt is not concerned, will ra- 
ther, ſubmit their opinions to humour, caprice and cuſtom, or be content 
to be without any opinions at all, than they will examine ſtrictly into 
the nature of things. 155 
IO PROBLEM 74. 


116. One buys a certain number of Oxen for eighty guineas ; where it muſt 
be obſerved, that if he had bought four more for the ſame money, they 
would have come to him a guinea apiece cheaper : What was the num- 
ber of oxen? | | 
SOLUTION, 


For the number of oxen put x; then to find the price of a ſingle ox, 
fay, if x oxen coſt 80 guineas, what will one ox coſt ? and the anſwer 
8 Es | 
is = and for the fame reaſon, if he had bought 4 more, that is, x 4-4 


Shs 7 for 
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[ for the ſame money, the price of an ox would have been bro py but ac- 


cording to the problem, the latter price is leſs than the former by one 


guinea ; whence we have this equation, 7 — 181 


; therefore 80 


| TA | _ 2 therefore 9 x4 Fx or 320 ＋ 70x—xx=80x 
ll _ therefore xx +80x=76x-+ 320; therefore xx=—4x—+ 320. Here 
then A=1, B=—4, C= 320, BB= 16, 4AC= 1280, 6 1296, 

10 EH I6, = = — 20 ; therefore x =-+ 16, or — 20 
therefore the number of oxen was 16, the negative root —20 having 
no place in this problem; and this number 16 anſwers the condition of 
the problem; for if 16 oxen coſt 80 guineas, one will coſt 5 guineas; 
but if 20 oxen coſt 80 guineas, one will coſt 4 guineas. 

8 ws t 0 80 
NV. B. The equation , not 
becauſe the number — 20 would ſolve the problem, but becauſe it would 

ſolve the equation; for if we make x=— 20, we ſhall have — ==—4s 


x+4 2 — 53 therefore if x be made equal to — 20, we ſhall have 
Wn I z becauſe both ſides are equal to — 53 and ſo in all 


other caſes we ſhall always find, that the ſeveral roots of an equation will 
be ſuch as will equally ſolve that equation, though perhaps they may 
not be equally proper to ſolve the problem from whence the equation 
was deduced : but of this more in another place. 

"I, PROBLEM 7%5. 


117. A certain company at à tavern had a reckening of ſeven pounds four 
ſhillings to pay; upon which two of the company ſneaking off, obliged 
the reſt to pay one ſhilling apiece more then they ſhould have done: What 
was the number of per ſons Ce 


SOLUTION. 
For the number of perſons put x ; then to find the number of ſhillings 
every man ſhould have paid, ſay, if x perſons were to have paid 144 
BR = 7 Ee * chilingz 


—— — — 
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ſhillings, what muſt one man have paid ? and the anſwer is 4 there- 


. 


* is the number of ſhillings every man ſhould have * 


for the ſame reaſon —= is the number of ſhillings every man did pay; 
but according to the en, this latter reckoning i is greater than the 


former by one ſhilling ; z; whence the equation will be +1 + === 
144x 


therefore 144 + x =7 ; therefore x—2 * 144+ x, or xx+ 142 


—288=144x; een therefore xx xk 288. 

Here then A=1, B= 2, C==288, BB=4, 4AC==1152, . 
B-+s B—s 

1156, = 34, FT = 19, ge, therefore x = + 18, 

or — 16; but negative roots have no place in this fort of problems; 

therefore the number of perſons. was 18, Which anſwers the condition; 


for — ==8, and — =. 


PROBLEM 76. 


118. What WY is that, which being added to it's ſquare root — 
mate two hundred and ten? 


SOLUTION. 


For the number ſought put xx; then will it's ſquare root be x, and 
the equation will be x x += 210, or ** - K 2103 where Ar 


Banos, C= 210, BB=1, 4AC=840, ne, Fate, = 
2 14. 1. therefore x = 14, or — 15 therefore xx or 


the number ſought, equals 196 or 225, ſuppoſing the ſquare root of 
225 to be — 15; and either of theſe two numbers will anſwer the con- 
dition ; for 196+ 14==210, and 225—15 =210. 


PROBLEM 77. 


119. What fo numbers are thoſe, the product of whoſe multiplication is 


one hundred ninety two, and the ſum 7 whoſe ſquares is fix hundred 
and forty ? 


SOLU 
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SOLUTION, 


For the two numbers ſought put x and S den will the ſquare of 
the former be x x, and that of the latter 40 4, and th tres of what 


ſquares will be ** ＋ . 640; which equation will be the lame, 
whichſoever of the two Nn fought x is made to ſtand for; but i 


| 864 

1 | | xx+ IE =640, we ſhall have * 36864=640x x ; and x* == 
[| | | | 3 here then A=1, B= 640, Cz=— 36864, BB= 
1 | 409600, A. 147456, 55 =262144, 5== $12, i * 


= 2643 therefore xx=4576, or 64 ; therefabe” x==+ or . 


or ++ or —8; therefore the tro numbers Hugh ure Þ: ara 24. 
| PROBLEM 78. 


— 


120. One 3 out a near ro A we in goods, which he fold again 
or and gained as much cent as the co 
Au: 74 . 7 Eran what th coſt him. 408 e 


N. B. One's gain per cent is ſo much as he gains, every hundred pounds 
he lays out; or If he does not lay out fo 2 as a — 5 — e his 

ber cent however, is ſo much as he would have gained if he had 
eee thus if he lays out 
20 pounds and gains 2 pounds, he is faid to make 10 per cent of his mo- 


ney, becauſe 20 pounds is to 2 pounds as e 10 pounds. 


SOLUTION. 


Put x for the laid out, ee 24— ; fay then 
by the golden rule, i in laying out x he gained 24— *, what would 
he have gained if he had laid out 100 pounds to the fame advantage? 


2400 — loox 2400 — 100 x 


= and the anſwer will be therefore vill be 
1. huis gain per cent; but according to the problem, this gain is equal to x, 
j | the money laid out; therefore — , = and ** 2400— 
||. | loo here then A=1, B= — 100, . BB= toooo, 4AC 
NM "_— 
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| = 9600, 55= 19600, 5==140, 0, 0 there 
fore the money laid out was 20 pounds; therefore his gain per 20 was 
4 pounds; therefore his gain per cent was 20 pounds, equal to the mo- 
ney laid out. n | 
wi PROBLEM 79. 


121. One les out thirty three pounds fifteen ſhillings in clotb, hh he 
ſold again for forty erght ſhillings per piece, and gained as much in the 
whole as a fingle piece coft : I demand how he bought in his cloth per piece. 


| : SOLUTION. 
Put x for the number of ſhillings every ſingle piece was bought for 
and the gain per piece will be 48—-x ; ſay then by the rule of pro rti- 
on, if in laying out x he gained 48 —x, what did he gain in EN g 
out 33 pounds 15 ſhillings, or 675 ſhillings? and the * 
, therefore INS — will be his whole gain; but 
according to the problem, the whole gain was equal to æ, the money 
——— 2 therefore x x= 
32400 —675x; therefore A=1, B = —b75, C= 32400, BB 
55 B ＋ 5 


given for a ſingle piece; therefore x = 


| 455625, 440 129600, 55= 585225, eg, 


nas therefore x 45, or — 7203 therefore the money 


every ſingle piece was bought for, was 45 ſhillings, and the gain 
i Bk illings ; but if 45 ſhillings Bo 3 ſailüngs 1 3 
15 ſhillings, or 675 ſhillings, will gain 4 5 ſhillings; therefore the whole 
gain was 45 ſhillings, equal to the money given for a ſingle piece. 

N. B. It is not impoſſible but that ſometimes two different problems 
may produce one and the fame equation ;. and then the equation muſt 
provide equally for both: therefore in ſuch a caſe, though the equati- 
on has two roots, and both affirmative, yet it muſt not be expected that 
both roots ſhould equally ferve for the ſolution of one problem, and 
that there ſhould be no ſolution left for the other; we ought rather 
to conclude, whenever an equation gives two roots, and both affirmative, 
whereof one only will ſolve the problem that produced the equation, 
we ought, I ſay, rather to conclude, that the other root is for the fo- 
lution of ſome other problem producing the fame equation; a curious 
ir ſtance whereof we have in the two following problems. 


PR o- 
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PROBLEM 80. 


122. 'Two travellers A and B, ſet out from two places CandD at the | 

ame time, A from C bound for , and B from D bound for C; 
when they met and had computed their travels, it was found, that A 
had travelled thirty miles more than B, and that at their rate of tra- 


velling, A expected to reach D in four days, and B to reach C oo 
days: TI demand the d diſtance between e and D. 


80 1D rrNo n. 


Put x for the ts of miles between C and D; then it is plain 
that A and B both together had travelled x 8 there- 


fore CR eee juſt ſo much did 


the miles avon By: B come ſhort of >; but by the ſuppoſition, 4's 


miles exceeded thoſe of B by 30; therefore 4 muſt have travelled — 
4 


ir = 


miles; and B muſt have travelled 5 —— 15 or 2 


miles; Re Oe the remaining part of 4's journey is how: 32 miles, 
which he expects to perform in four days, and the remaining net of B's 
journey is i L miles, which he expe®s to perform in 9 days: theſe | 
things being allowed, Jet us now enquire into the number of * each 

hath travelled already; and firſt for A fay, if A expeti to travel © — 


| nn . miles ? * the 
5 x+30 
anſwer is 3 = 2; then for B fay, if B expect 


travel i miles in 9 days, in how many days did he travel — 


8 gxx—30 4XX+-39 
miles? „ 0 ; therefore hath travelled © —30 


days, 
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days, and B 5 days from the time of their firſt ſetting out ; 


but as they both ſet out at the ſame time, and are now met, they muſt 


both have travelled the ſame number of days ; therefore 4 2: of 


* — JO 8828 


2 — ©. = . multiply both ſides of the equation into x—39, and you | 


— —— 


and you will have 4*Xx+30xx+30=29x = zo x 30; extract 
the ſquare root of both ſides, and you will have == 2 x x ++ 30 === 3 x 
* — 30: this general equation reſolves itſelf into 4 particular ones, viz. 
| iſt, +2xx+30=-+3xX—30. 
2d, +2xx+30=—3xx— 30. 
zu, —2xx+30=+3xx—30. 
4th, — 2 x x + 30 =—13 x x — 30. 


But as the two laſt of theſe equations give but the ſame values as the two 
former, I ſhall only make uſe of the two former, thus; 


1ſt, Suppoſe +2 x x+30== + 3 x x—30, then we ſhall have 2 x+ 
60=3x—9o, and x==150. | 


2dly, Suppoſe -+ 2 xx+30 =—7 x x—3o, then we ſhall have 2x 
+ bo =—3 x+ go, and x ; therefore the diſtance between the 
two places C and D muſt either be 1 50 miles, or 6 miles; but 6 
miles it cannot be, becauſe when A came up to B, he had travelled 30 
miles more than B, and had not yet reached D ; therefore the diſtance be- 
tween the two places C and D mult be 150 miles; which will fatisfy 
the problem; for then A muſt have travelled 75+ 15, or go miles, 
and B75—15 or 60 miles, from the time of their ſetting out; there- 
fore A has 60 miles, and B go to travel; but if A could travel 60 miles 
in 4 days, he muſt, at the ſame rate, have travelled go miles in 6 days, 
and if B could travel 90 miles in 9 days, he muſt have travelled 60 
miles alſo in 6 days; therefore they both travelled the fame number 


of days from the time of their firſt ſetting out to the time of their 
meeting, as the problem requires. 


will have 4 xx + 30 = 


G:c- PAO. 
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| PROBLEM 81. 


wo travellers A and B, ſet out from two 8 C and D at 3 
Na A fam C with a defign to paſs ugh D, and B 
D uit 405 to travel the ſame way: after A had overtaken B, 
and they omputed their travels, it was found, that they had both 
together travelled thirty miles, that A had paſſed through D. four days be- 
fore, and that B at his. rate of travelling, was a nine days journey diſt- 
ant from C: I demand the diſtance between the two places C and D. 


SoLruTIoN. 


Put x for the aunaber of miles from C toD; FIR it is plain, that 4 
muſt have travelled more miles than B by x; but they both together travel- 
led zo miles, by the ſuppoſition ; therefore as much as A's miles exceeded 
15, juſt ſo much muſt B's miles come ſhort of 15; but the whole _ 


ference was x, as above; therefore A muſt have travelled 1 5+5, or 
2 miles and B muſt have cravelled 15,0 or 5 
therefore A's diſtance from D, after he bad overtaken B, was — 3 - 


miles, which he had travelled in 4 days, and B's diſtance from C was 
z0+x 


miles; 


miles, which by the problem he could travel in 9 days; ; there- 
fore to find how many days each had travelled already, lay, if A hath 


travelled SPL = ” miles from Din 4 days, in how many . did he 


travel 39 2 - miles ſince his departure Gon: 07 nd the Sis is 


0 ; | 5 
REA. 4X Jos 
30— Xx 30 — K 

2 


; again ſay, if B could travel 5 5 miles, the 


whole diſtance from C, in 9 days, i in how many * did he travel — — 2 


miles knee his ſetting out from D? and the anſwer is 9530 — = zbut 


as they both ſet out at the ſame time, and A has now overtaken B, they 
— both have travelled the fame number of days; therefore we have 


this 
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4 D 21 


this equation, 30 — = Ter * multiply both ſides into 30o—x, 
and you will have 4x 30-+x= N _ ; again, multiply 


by 30 ＋ x, and you will. have 4X 39+XX30+x==9x30—x XJO—Xx; 

but the product of zo—x x 39—x differs nothing from the product of 

„ - go XX — zo, as will appear upon tryal, and will be further evi- 
dent from hence, that 30—x and „30 differ no more from one another 


than an affirmative quantity does from an equal negative one, and there- 
fore each multiplied into itſelf muſt give the ſame product; therefore the 


equation as it now ſtands is, 4xx+ 30xx+ 30= 9xx— JOx x— 30; 
but this equation is the ſame with the equation deduced from the laſt pro- 
blem, which juſtifies what I obſerved before, art. 121, that different pro? 
blems may produce the fame equation; therefore the two roots of this 
equation will be 6 and 1 50, as in the laſt article ; therefore the diſtance 
between the two places C and D muſt either be 6 miles, or 1 50 miles; 
but 150 miles it cannot be, becauſe, after A had paſſed from C beyond 
D, and at laſt had overtaken B, they had both travelled but 30 miles; 
therefore the diſtance from C to D muſt be 6 miles ; and this number 
will anſwer the conditions of the problem ; for then 4, when he had 
overtaken B, had travelled 15 ＋3 or 18 miles, and B 15—3 or 12 
miles; therefore A had got 12 miles beyond D in 4 days time, and B 
was 18 miles diſtant from C, which he could travel in ꝙ days; but at 
the rate of 12 miles in 4 days, A muſt have performed his 18 miles 
journey in 6 days; and at the rate of 18 miles in ꝙ days, B muſt have 
rformed his 12 miles journey alſo in 6 days; therefore from the time 
of their firſt ſetting. out to the time of A's overtaking B, they had both 
' travelled the ſame number of days, as the problem requires; therefore 
the ſuppoſition whereupon this calculation was founded, to wit, that the 
diſtance of C from D was 6 miles, is juſt. w_ 
N. B. The folutions here given of the two laſt problems, are in my 
opinion, the moſt natural, though ſomewhat different from the reſt. 


A LEMM A. 


124. The ſum of a ſeries of quantities in arithmetical progreſſion may be 
had, by adding the greateſt and leaſt terms together, and then multiplying ei- 
ther half that ſum by the whole number of terms, or the whole ſum by half” 
the number of terms, or laſtly, by multiplying the whole ſum into the whole 
number of terms and then taking half the product: thus in the ſeries 2, 4, 

CET | 6, 8 


5 
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| 6, 8, 10, 12, where the leaſt term is 2, the greateſt 12, their ſum 14, 
i | and the number of terms 6; the ſum of all the terms taken together will 
Ho | | AR ET EREET OTG e Fe, 

2 2 . This will beſt appear by writing 
down the ſeries 2, 4, 6, 8, 10, 12, and then by writing down over it 
the ſame ſeries inverted, 12, 10, 8, 6, 4, 2: for if this be done, 2, the 
firſt term of the lower ſeries added to 12, the firſt term of the upper 
ſeries, (which is the ſame as the greateſt and leaſt terms of the fame ſe- 

ties added together) will make 14; in like manner every term of the 
| lower ſeries added to the next above it will make 14 ; therefore both the 

3 ſerieſes together will be equal to 14 as often taken as there are terms 

| in either ſeries, that is, 6 times 14, or 84; therefore either ſeries taken 


be 7x6, or 14 * 3, or 


008-647 2 
VV 12. 
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| The deſign of this lemma is, to add the terms of a ſeries together, 
where only the greateſt and leaſt terms and the number of terms are 
known, or ſuppoſed to be known; the intermediate terms bemg either 
1 not aſſigned, or too many to be ſummed up by a continual addition. 


PROBLEM 82. 


12 5. A traveller, as A, ſets out from a certain place, and travels one 
mile the firſt day, two miles the ſecond day, three the third, four the 
fourth, &c ; and five days after, another, as B, ſets out from the ſame 
place, and travels the ſame road at the rate of twelve miles every day : 

demand how long and how far A muſt travel before be is overtaken by B. 


' SOLUTION, 


Put x for the number of days A travelled before he was overtaken by 
B; then to find an expreſſion for the number of miles travelled by him 
in that time, I obſerve that in three days A travelled over 1＋ 2 -+ 3 
miles, that is, he travels over a ſeries of miles in arithmetical progreſſion, 
whereof the number of terms is 3, the greateſt term 3, and the leaſt 
term 1; in four days he travels over a ſeries whereof the number of 
terms is 4, the greateſt term 4, and the leaſt 1; therefore univerſally, in 
any number x of days, he muſt travel over a ſeries of miles in arithmeti- 
Ki ie Fel whereof the number of terms is x, the greateſt term x, 
and the leaſt term 1; but the ſum of the extremes of this ſeries is x + 1, 
which multiplied by x the number of terms, gives x x + x, wr aan 

| where- 
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xx+x x x+ x 


whereof is —— ; therefore by the lemma foregoing, — T 


5 will be 
the ſum of this ſeries, and conſequently the miles travelled by A before 
he was overtaken: again, if A travels x days, B muſt have travelled 

x— days, which at the rate of 12 miles a day, gives 12x —60 for 
the miles travelled by B when he overtook 4 ; but as they both 
ſet out- from the fame place, and are now got together, they muſt have 
travelled the fame number of miles; whence we have this equation, 


XXxX+ x 


=12X— 60; therefore x x + x= 24 x —120; therefore x x 


=23xX—120 ; compare this equation with the general one in art, 103, | 
and you will have A I, B = 23, C= — 120, BB= 529, 4 AC=— 


| | Bs Bs 
| 480, SS=49, , — 1 5, 8 therefore x =8, or 


15: now for the better application of theſe roots to the ſolution of this 
problem, it muſt be obſerved, that the problem is more limited than the 
equation deduced from it ; juſt as if, in tranſlating out of one language 
into another, the terms of the latter, inſtead of being adequate to thoſe 
of the former, ſhould be found to be of a more extenſive ſignification: 
in the problem it is only ſuppoſed that B overtakes 4, whereas in the 

equation it is ſuppoſed that A and B are got both together by having tra- 
velled the fame number of miles from their firſt ſetting out, without ſpe- 
cifying whether this ariſes from B's overtaking A, or from A's over- 
taking B; both which in this caſe mult neceffarily happen in the courſe 
of their travels, provided they be but continued long enough for that 
purpoſe : for ſince at firſt, B is the ſwifter traveller, whenever they come 

together, it muſt ariſe from B's overtaking A, which happens after A 
has travelled 8 days; then if we ſuppoſe them ſtill to continue their tra- 
vels, B paſſes by A, and continues before him for ſome time; but after 

12 days, A becomes the ſwifter traveller, and muſt neceſſarily come up to 

B again after he has travelled 15 days: therefore though the two roots, 
8 and 15, will both anſwer. the condition of the equation, yet but one 
of them, to wit, 8, will anſwer the condition of the problem ; and that 

both of them will anſwer the condition of the equation, will be evident 
as follows. 
In 8 days A travels over a ſeries of miles whereof the number of 
terms is 8, the greateſt 8, and the leaſt 1; the ſum of which ſeries is 
6 miles; but when A has travelled 8 days, R muſt have travelled 3 
2 during which time, at the rate of 12 miles a day, he alſo muſt have 
travelled 36 miles; therefore after A had travelled 8 days, A and B muſt 
neceſſarily find themſelves together: again, in 15 days, 4 muſt have 
| 3 Ya travel- 
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travelled over a ſeries of miles, whereof the number of terms is 1 5, the 
greateſt 15, the leaſt 1, and the ſum 120 miles; but when A had tra- 
yelled 15 days, B muſt have travelled 10 days, which at 12 miles a 
day gives alſo 120 miles; therefore now again A and B muſt find them- 


+ Cres \ togeth er; and conſequently 8 and 15 equally anſwer the ſuppoſition 
in 


contain the equation, 


N. B. If we ares B after 5 days to have begun to follow A, and 
to have travelled on y 10 miles a day, he could never have overtaken ” 
nor A him, fo that in this caſe, both the roots would have become im- 


ſſible, as will be found by the reſolution of an 9 founded upon 
* ſuppoſition, 85 


ProBLEM 83. 


126. I 16 required to Sch the number ten into bu ſuch POP that 


the produtt of their multiplication being added to the * 77 their _ 
may make ſeventyſix, a 


SOLUTION, 


The two parts ſought, x and 5 
The product of their multiplication, 10x — 
The ſum of their ſquares, 2 xx— 20 * ＋ 100. 


e product of their multiplication 2 
J to the ſum of their ſquares, * x*— 10x-+ 100 ==76, 


Whence x = 4, or 6; but this equation will be the ſame, which part 
ſoever x is put for; therefore the two parts ſought are 4 and 6. 


PROBLEM 84. 


I Ks Tis required to find two numbers with the following properties, to 
wit, that tavice the fut with three times the ſecond may make fixty, and 


moreover, that twice the ſquare of the firſt with three times the fquare 
of the ſecond may make eight hundred and forty, 


SOLUTION. 


1 or the two en ſought put x and ), * 5 we ſhall have 
1 2 * ＋ 30% = bo, an 
Equ. ad, 2x*+ 3 *=840, 
From the firſt equation, 2 * —＋ 3 y==bo, we have 


Egqu. 3%. FEES ===, 3 and by fquaring both ſides 


| 3 
we have Egqu. 4th, e —.— . 


From 
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From the ſecond equation, 2 xx-+ 3yy = 840, we have 

Equ. 5th, xx = IF, m_ 

Compare the two values of xx in the fourth and fifth equations, which muſt 
neceſſarily be equal one to the other, and you will TRY * 7 2 


== _ 2 multiply both ſides into 2, by halving the denominators, 


ill have © . 9 +99 


- 


and you'w ==840—3yy; therefore 3600—360y 
＋ Y = 1680—byy ; therefore 3600 — 360y-+1 5yy=1680 ; therefore 
1555 — 360y=— 1920; therefore 15yy=360y— 1920 ; divide by 15 
for a more ſimple equation, and you will have yy=24y— 128; whence 
y=8, or 16: ſuppoſe y==8, then ſince by the third equation x 
— we ſhall have x18 ; ſuppoſe y= 16, then we ſhall have x or 
— ; therefore there are two pair of numbers that will equally 
anſwer the conditions of this problem, to wit, 18 and 8, and alſo 6 and 
16: for a proof, let us firſt ſuppoſe the numbers to be 18 and 8; and 
we ſhall have twice the firſt number with three times the ſecond = 36 
＋ 24==60; and twice the ſquare of the firſt together with three times 
the ſquare of the ſecond equal to 648+ 192 = 840: ſecondly, let us 
1 the numbers to be 6 and 16; and we ſhall have twice the firſt 
with three times the ſecond equal to 12+ 48 = 60; and twice the 
ſquare of the firſt with three times the ſquare of the ſecond equal to 
72 + 768 840. x | ; 
e e i PROBLEM 85. 

128, To find four numbers in continual proportion, and ſuch, that the 
ſum of the two middle terms may be eighteen, and that of the extremes 
tuentyſeven. | [56 55 . 

Note, Four numbers are ſaid to be in continual proportion, when the 

firſt is to the ſecond as the ſecond is to the third, and the ſecond is to 
the third as the third is to the fourth. 


SOLUTION, 


For the two middle: terms put x and y, without intending which is to 
be the greater; then the extreme next to x may be found by ſaying, 


as y is to X ſo is xX to = and the extreme next to y may be found by 
TEE faying, 
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ſaying, as x is to y fo is y 0 25 therefore the extremes are DS d 
and their ſum 1 therefore the fundamental equations are 1ſt, x-+y 
"3 | X34 y? | | x 
—18, or x=18—y; and 2dly, PT =27, or MM 27 xy; in- 
ſtead of x in this equation put 18 —y, it's value in the laſt, and you 
will have 3 5832 — 972 y+ 54%—5 ; therefore * 1 ＋ = $832— 


97 y+ 543y; you will alſo have 27 * or 275 18 —y==486y—277y; 
therefore 5832 — 9725 ＋ 545% =486y—27yy ; tranſpoſe 486y— 
27yy, and you will have 81yy— 14585 ＋ 5832 =o; divide all by 81, 
which may be done without a fraction, and you will have yy— 185 
72=0; which equation being reſolved, either by the general theorem 
or any other way, gives y b, or 12 ; and fince the equation will be 
the ſame, whichſoever of the two middle terms y ſtands for, it follows, 
that the two middle terms are 6 and 12; whence the extreme next to 6 
is 3, and that next to 12 is 24; and the numbers are either 3, 6, 12 
24, or 24, 12, 6 and 3, for either way they will anſwer the con- 
ditions of the problem. . 55 
nenen. 


— 


129. There are three numbers in Farm fads a whoſe ſum is 
nineteen, and the ſum of their ſquares one ed thirtythree ; What 
gre the numbers? 1 | | 


SOLUTION. 


For the three numbers ſought put x, y and x; then ſince by the firſt 
condition, x is to y as y is to 2, by multiplying extremes and means we 
have yy = x J; again, by the ſecond condition of the problem we have, 
x+y +2= 19, and 19—y==x—+2, and (ſquaring both ſides) 361 
— 38z+yy=xx+2x2+22; ſubtract yy from one fide of the equa- 
tion, and it's equal xz from the other, and you will have 361 — 38 y 
= XT IZ; by the third condition of the 
problem: having thus expunged both x and 2 at once, reſolve the equa- 
tion 361 — 38y== 133, and you will have y the middle term equal to 6, 
and 19—y, or the ſum of the extremes = 13 ; therefore the problem 
propoſed is now reduced to this, via. Of three numbers in continual pro- 
portion, whereof fix the middle term, and thirteen the ſum of the extremes are 
given, to find the extremes : this problem is of the fame nature with that 
in art. 112, and being reſolved, gives 4 and 9 for the extremes; there- 
fore the three numbers ſought are 4, 6 and q, or 9, 6 and 4, 


PR Q- 


Art. 130. PRODUCING QUADRATIC EQUATIONS. * 
PROBLEM B87. 


1 130. To find b find tao numbers fuch, that their difference multiplied into the 
1 e of their ſquares ſhall make thirtytwo, but their ſum multi- 


led into the Jum of their ſquares ſhall make two hundred ſeventytwo, 
SOLUTION, 


For the two nun numbers ſou rs ſought put x and y; andthe firſt fundamental tal equa- 
tion will be X—y x xy , or * 7 7 FREY or x—2xy+5* 
xx ＋ e = 32 therefore 


. 
Equ. Iſt, & — 2K = _=_———= 
The ſecond fundamental equation is, x K F=272; therefore 


272 
Equ. 2d, rn 
From twice the ſecond equation FR. $44 
ſubtract the firſt, that is, from 2  LIIAZ Ex +7 
— 1 
ſüubtract "A . 7.5 
| | "1 2 | | HIS. 
and you will have x Trg | 


— 2 
that is, & . ) therefore r == 512, and x+1=(/ 512, 


or the cube root of 5 12 8: thus we have got the ſum of the two 
numbers ſought, to wit, 8; whence their difference may be found by 


> =4; therefore x — , or the difference of the two numbers fought, 


equals 2 ; th erefore the problem propoſed is now reduced to this; Hav- 
ing given eight the ſum, and two the difference of the tano numbers x and 
y, to find thoſe numbers; and by art. 26 we ſhall have x = 5, and y =3; 
which numbers will anſwer the conditions of the queſtion, 

N. B. After we had found x +y, the ſum of the numbers equal to 8, 
we might have found the ſum of their ſquares by the ſecond equation, 
which gave & + y* = _—_ = = == 34 ; and then the problem would 
have been reduced to this; What two numbers are thoſe, whoſe ſum is eight, 


and the ſum of their ſquares thirtyfour? which would have produced a 


quadratic equation, as 1n art, 113, whoſe two roots would have been 5 
and 3, as before. 


D d PRO- 


rt ——— eq. „„ — — 
renn; 2 3 4 2 1 — —_ 
S N . 
hs | 


- 2 = n - = - 
= bs IE 0a — — — + =_- 8 — _ 
— — — n <> os 
=, = : . © 
* ae E _ Z 
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PROBLEM 88. 


131. To find two numbers fuch, that their difference added to the dif- 


ference of their ſquares may make fourteen, and their fum _ to the 
fo of their ſquares may make twenty fix. 


SOLUTION. 


"os the two amber ſought put x and y, ind you 6 well have the two 

following equations; 
Equ. iſt, Gt FER *= 14. 

Equ. 2d, x-+y+x* +y*=26. 
Add theſe two equations together, and you will have 2 ** + 2% = 40, 
xx +x==20, and x==+ 4, or — 5; again, ſubtract the firſt equation 
from the ſecond, and ot op will have 255 ＋ 25 12, yy-+y==6, and 
y=-—+2, or — 3; and as theſe two values of y were obtained without 


_ manner of dependence upon thoſe of x, it is plain that either of the 
u 


es of x may be joined with either of the values of y; and fo we have 
no fewer than four pairs of numbers which will equally fatisfy the condi- 
tions of the equations, to wit, +4 and +2, +4 and — 3, — 5 and 
+2, — 5 and — 3; but it is the firſt pair only, which, conſiſting of 
affirmative numbers, is proper for the ſolution of the problem, thus ; 
the difference of 4 and 2 is 2, the difference of their ſquares 12, and 
2+12==14; again, the ſum of 4 and 2 is 6, the ſum of their ſquares 
20, and 6 ＋ 20 = 26 : let us ſee however how the other pairs will fa- 
tisfy the conditions of the equations; make then x equal to 4, y, that is, 
+y=— 3, and you will have —y==-+ 3 ; whence x—y==4-+3==7, 
xt—y*=16—9g==7, and 7+7 =14 ; again, x+y=4—3==1, 
and x*+y*= 16 o ==25, and 1 +25==26: in the next place, make 
x=— 35, and y 2, then we ſhall have X——Y=2——2 =", 
X*—}=25—4=21, and —7 +21 =14 ; again, #+y=—5-+2 
= 3, and x*+y*==25 +4 =29, and —3-+ 29==26 : laſtly, make 
Xe=— 5, and y=—13, and you will have x—y=— 5 +3=—2, 
and x*—y*=25—9==16, and — 2 16==14; again, 8 
an 8, and & E = 25 == 34, and — 834 26. 


PROBLEM 89. 


132. What two numbers are \ thoſe, whoſe ſum, when added together, is 
equal to their dels when multiphed together ; and this _ or pro- 
&, when added to the fum of Meir ſquares, makes - tæwelv 


For 
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9 SOLUTION, 1 
For the two numbers ſought put x and y, and the fundamental equa- 


tions will be 1ſt, x+y xy; and ſecondly, x+y+x*+y*=12: in 
the firſt of theſe fundamental equations, where x y = yx, we have 


Jx—x=y; but yx—x is the product of y—1xx, or of xxy—1; 
therefore XXY—] ws, and x == — > but if inſtead of x, this value 


be ſubſtituted into the ſecond fundamental equation, the equation will 


riſe to a biquadratic, for the reſolution whereof, no rules have hi- 


therto been given; therefore to extricate ourſelves out of this difficulty, 


it will be ny to have recourſe to ſome other artifice, by trying other 
s; for the ſum of the two numbers ſought put 2; then 


poſitions, as thu 
will z be alſo the product of their multiplication, by the ſuppoſition ; 
and fince this product z added to the ſum of their ſquares gives 12, the 
ſum of their ſquares will be 12 -; but every one knows, that if to the 
ſum of the ſquares of any two numbers he added their double product, 
there will ariſe the ſquare of their ſum ; therefore 12 —z+2 2, or 12 
+2==2*; which equation being reſolved, gives z=—+ 4, Cc; and 
therefore the queſtion-is now reduced to this; What two numbers are thoſe, 
whoſe ſum is four, and the product of whoſe multiplication is four? for the 
numbers ſought, put x and 4 — x, and you will have 4x—x x ; and 


changing the ſigns, xx — 4 x==—-4 ; and compleating the ſquare, xx — 


4x+4=0; and extracting the ſquare root, x—2 == o ; whence 
* Da, or 2, for the roots of this equation are equal; therefore 2 and 
2 are the numbers deſired in the queſtion ; and they will anſwer the 
conditions; for in the firſt place, 2+2==4=2 x2; and in the next 
place, 4 the ſum of 2 and 2, being added to 8, the ſum of their ſquares, 
gives 12. 


COROLLARY. 


Prom our firſt attempt to ſolve this problem we may learn thus much 
however, that if any number whatever be made equal to y, then theſe 


2 


— 1 


two numbers y and will always have this property, that their ſum 


when added together will be equal to their product when multiplied to- 


gether; thus if 3 y, and conſequently Wa erz we ſhall have 


3 ＋1 41, and 4x3 or 12 41; whence it follows, that this problem 
cannot be ſolved in whole numbers in any other caſe than that we have 
here put, 


D d 2 PR o- 
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PROBLEM 90. 


133. What two numbers are thoſe, whoſe ſum added to the product of = 
" their multiplication makes thirtyfour, and the ſame ſum ſubtructed 
from the ſum of their ſquares leaves fortytwo ? Fo HR £5 


SOLUTION. 


3 ä Here to avoid all difficulties that would otherwife ariſe, put 2 for 
the ſum of the two numbers ſought ; then ſince this ſum added to the 
product of their multiplication makes 34, the product of their multipli- 
cation will be 344—2; but this ſum ⁊ ſubtracted from the ſum of their 
ſquares, leaves 42; therefore the ſum of their ſquares is 42 +2 ; to this 
add their double product 68— 22, and you will have 110—z=—=2*; 
whence 3==+ 10, Gc, and 34—2z=24; therefore now the queſtion 
is, What two numbers are thoſe, whoſe ſum is ten, and the produtt of their = 
_ multiplication twentyfour ? and by art, 111 the two numbers fought are 
. Whoever would ſee more queſtions of this nature, may conſult Bacher's 
comment upon the 3 3d queſtion of the firſt book of Diopbantus's Arith- 
metics. | | 101165 | | 
N. B. Having now done with quadratic equations, at leaſt for a time, 
it may perhaps be expected, that according to order of method I ſhould 
on to equations of higher forms : but I ſhall take the liberty for 
once to diſpence with that method ; not but that I intend (God willing) 
to treat fully and diſtinctly of theſe equations hereafter ; but in the 
mean time I think it more adviſeable to employ the reader's thoughts in 
ſome other things, which I take to be of much greater importance, and 


more proper for his information. 
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BOOK IV. 

Of general problems, and general theorems deduced from 
| them; together with the manner of applying, and de- 
 monſtrating theſe theorems ſynthetically. mg 


— . .t 


1 


The deſign of this fourth book more fully explained. © 


ITHERTO my young Analyſt has been indulged for 
the moſt part in a Gre of mixt Algebra, where letters 
were put only for unknown quantities: but if he would 

- reaſon abſtractedly upon his problems, and draw general 
concluſions from them, he muſt put letters not only for his —— 
quantities, but alſo for fuch as are known; and ſo 1 and ſolve his. 
problems indefinitely, By this means in the firſt place he will obtain in- 
definite anſwers, which in many caſes are much preferable to more par- 
ticular ones, as they ſuit and ſolve all particular caſes to which they are 
applicable ; and in the next place he will be able to prove his work ſyn- 
an, which will not only confirm his former analyſis, but will 
alſo further enure and reconcile him to the operations of ſymbolical or 
ſpecious Arithmetic; and ſo render him entire maſter of this ſort of com- 
putation. A ſufficient ſpeeimen of this ſort of reaſoning both in the ana- 
lytical and ſynthetical way, has already been given in our general theo- 
rem for the reſolution of a quadratie equation, ſo that no more needs be 
ſaid by way of preparation; it remains therefore now, that we look back 
upon ſome of the problems 2 ſolved, and ſhew how to ſolve them 
over again in general terms, as follows. | 


134. | 


P R OB 
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PROBLEM 1. (See art. 26.) 


TG Te OS ww er onmys bet - ep Bw. + 


2 135. What tuo numbers are thoſe, whyſe fum is a, and difference by 
S$oLVvTION, 


Put x for the leſs number; then will the greater be x+6, and their 
ſum 2x-+b=0;/ whence 2x -l and x (the leſs F will be 


| LIEN whence *+þ (the greater number) will be = 9 bo 
— ſo the you” number is found to be 2255. and 
yn 2 2 
the leſs © w_ 


z where 4. on b are left Cad til ſome 1 


lar caſe. + this problem i is pr propoſed to be compared with the general one ; 
and then the quantities @ and & will not only Fe determined in that caſe, 
but the problem may be ſolved by the general theorem without any fur- 
ther analy/is. As for example, let it be propoſed, as in art. 26, to find two 
numbers whoſe ſum is 48, and difference 14 : here it is plain that a in the 
general problem anſwers to 48 in the particular caſe, and b to 143; whence 


= 1 the greater number) Eten, and Wy (or 
the leſs ener WE. 10 " 4 =S=17; ſo that the nutabers be. 


are 31 and 17; which will anſwer the conditions of the queſtion, Again, 


ſuppoſe we were to find two numbers whoſe ſum is 3 5, Fa and whoſe dif- 
ference is 9: in this caſe it is plain that and þ have other ſignifications; 


eee and therefore Ti 


(or the Lomas num- 


ber) will be 22, and 27 the leſs number) will be 13. 


Theſe theorems are Seite of being tranſlated out of Algebraic lan- 
guage into any other ; though to no great purpoſe that I know of, to 
_— as Fes ane any thing of ſymbolical Arithmetic; - for in my opini- 


we 126 much more diſtinct as they are, and 15 liable to ambi- 
0 


regoing problem, together with the anſwer \ na. to 
& bring Merged into common Englith, will Rand thus : 


PROBLEM. 


I is required, PIE iven the ſum and difference of any 100 nunibert, 
0 find the numbers themſelves. 


Ji 
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Anſ. 1ſt, Add the difference to the ſum, and half the aggregate will le 
the greater number. adly, Subtract the difference from the ſum, and half 
the remainder will be the leſs number. | 3 


Tphat this is a true tranſlation is plain: for what * —— but half the 
. | Aer 


aggregate of the ſum and difference added together? and what is 


but half the remainder, after the difference is ſubtracted from the ſum ? 
Me come now in the laſt place to examine this theorem as it ſtands 
in general terms, and to try whether it will anſwer the conditions of the 
problem in the letters themſelves. It was propoſed to find two numbers, 
whoſe ſum is a, and whoſe difference is 6; and the anſwer was, that the 
greater number was <2 and the leſs - L 7 now that this is a true 


anſwer, will be evident from a bare addition and ſubtraction of the num- 


Ee added to 


bers themſelves, without any other principles; for if 
=> , their ſum will be 5 or a, which anſwers the firſt condition of the- 
a—b a+b EW 


: be ſubtracted Soak 


problem ; and if 


be 25 or 5, which anſwers the ſecond condition. 


This is that which is called a ſynthetical demonſtration, and doubtleſs 
ſhews the truth of the theorem to which it belongs, as well as the analyſis 
whereby that theorem was inveſtigated ; but not ſo much to the ſatiſ- 
faction of the mind : for a ſynthetical demonſtration only ſhews that a 
propoſition is true; whereas an analytical one ſhews not only that a 

ropoſition is true, but why it is ſo, places you in the condition of.the 
inventer hunſelf, and unveils the whole. myſtery, Synthetical demon- 
ſtrations uſually require fewer principles than analytical ones, as will evi- 
dently appear, by comparing both, in this very example; and this I take 
to be the reaſon why the ancients, generally ſpeaking, choſe to demon- 
ſtrate their propoſitions this way; not with a deſign to conceal their 
analyſis, as ſome have, unjuſtly enough, imagined ; but becauſe this ſort 
of demonſtration required fewer principles to proceed upon, and thoſe too, 
ſuch as were commonly known. 


ee ee rac ET "FSOILEM 2. 
136. What three numbers are thoſe, whereof the ſum of the firſt and ſe- 


cond is a, that of the firſt and third b, and that of the ſecond and third c? 
8 o Lu- 


„the remainder will 


2i6 or GENERAL PROBLEMS Bock iv. 
Sol T Io R. 1 


Put x for the firſt number ſought ; then will the ſecond number be 
a—x, becauſe the firſt and ſecond numbers together make 4; for a like 
reaſon the third number will be 5 — x, becauſe the firſt and third toge- 

ther make : add now the ſecond and third numbers together, and you 
will have a+b—2 x==Cc ; therefore Ot therefore 24 


5— 
a+b=—c; and x (or the firſt number) 22 ; ſubtract now 
this firſt number ED Bom a, or which is all one, add D 


to a, and you wil have the ſecond number equalto _—_ re = 


Deetz 2=btc, again, ſubtract the firſt number 
A 


— from 6, and you vil move the third number equal to —— — 


. and thus we have all the three numbers ſought, 
to wit, | The firſt, 8 ies 
The ſecond, | . 
The third. Sales 


To apply this general ſolution to ſome particular caſe, I ſhall make 
uſe of that in art. 42, where it was required to find three ſuch numbers, 
that the ſum of the firſt and ſecond ma make 60, that of the firſt and 
third 80, and that of the ſecond and 92 : in this caſe it is plain 


that a= 60, 1 and c =92 ; . 2 — or the firſt num- 


ber will be 243 . or the Goren nin will be 36; and 


tate or the third number will be 563 which avittbery upon 


2257 be will be found to be ſuch as the problem requires. But that the 
mw 15 are not only true in this particular caſe, but are uni- 
beſt appear from the ſynthetical demonſtration following. 


Iſt, 


vetfally ſo, 
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iſt, The firſt number * and the ſecond number —— zoe 


being ed together make _ or a, according to the the firſt condition, 
the other quantities deſtroying one another. 
A 
2dly, The firſt number e 8 and the third number 


2 


being added together make 5 or b, according to the ſecond condition. 


. 22 and the third number 2 


Laſtly, The ſecond number 


being added together make _ or c, according to the third condition. 


This problem may alſo be ſolved ſomewhat more elegantly thus: put 

s for the unknown ſum of all the three numbers ſought ; then if c, the 
ſum of the ſecond and third numbers be ſubtracted from , the ſum of 
all three, there will remain the firſt number equal to -c; in like man- 
ner b, the ſum of the firſt and third kr gy EA from , the ſum 
of all three, leaves the ſecond number equal to s; and a, the ſum of 
the firſt and ſecond numbers, ſubtracted from 5s, the ſum of all three, 
leaves the third number equal to s—4a ; add now all theſe three numbers 
together, to wit, 5—c, 5—6b and 5—48, and .the ſum will be 36— 4 
—bþ— c; but the ſum is 6, by the ſuppoſition ; therefore 35 —a—b—c 


| 3 5 
==5; and 1 0 whence we have the following theorem: 
b | 
Make 9 0 then if” the numbers a, b and c be taten back- 


2 
wards, and ſubtrafed ſeverally from 8, the three remainders s — c, s— b 
and 8s — a will be the three numbers fought, in order as they are ſuppoſed 
in the problem. Thus if 4 = 60, b= 80, and c =92, as before, we ſhall 


b 
have —— © or S$=116; whence the firſt number will be 116 — 92 


or 24, the ſecond 116 — 80 or 36, and the third 1 16—60 or 56, 


SCHOLIUM, 


What three numbers are thoſe, whereof the product of the firſt and 
ſecond is a, that of the firſt and third b, and that of the ſecond and 


third c? 
E e S OL u- 
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80 Luo N. 
Put p for the product of all the three numbers; then ſince c is the pro- 
duct of the two laſt, we ſhall have the firſt number equal % for a like 


abba the road e 5 and the third equale C,, and the product of 


all three equals - 5 5 5 therefore j* = abc, n 


DEMONSTRATION, 


or the product of the firſt and ſecond numbers, 2 * 1 


be © be 
2a; . of the reſt. 
PROBLEM * 


137. It is required to find two numbers whoſe di Herence i is b, and the 
difference of whoſe ſquares is a. | 


SOLUTION, 


Put x for the leſs number, and conſequently x +4 for the greater; 
then will the ſquare of the leſs number be x x, that of the greater xx + 
26x + bb, and the difference of their ſquares 2bx+bb==a ; therefore 

a—bb 
2bx =a—bb, and æ (the leſs number) = Z 3 whence x-+6 (the 


a—bb b a—bb+26bb . a+bb 
greater) = == +> = ”Y = 
To apply this general ſolution, let it be required to find two numbers 
whoſe difference is 4, and the difference of whoſe ſquares is 112: here 


bh 
a 112, b=4, bb=16, I 12, . — 2 163 therefore the 


numbers are 12 op 16. The general centration is as follows: if 


— bb . A+ 68 


the leſs number = * be ſubtracted from the greater 7 wor their diffe- 


rence will be 25 or 6, according to the firſt condition of the problem ; 


—þ —2abb+6 
again, the ſquare of the leſs number © DDE by — 25 — and the 


a bb b* + . 
ſquare of the greater _ is — — 3 ; ſubtract the ſquare of the 


leſs 
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leſs from that of the greater, and you will have the difference of their 
ſquares = = Da, as the ſecond condition requires. 


PROBLEM 4. 


138, Let r and s be two given multiplicators, whereof r is the greater; it 

is required to divide a given number as a into two ſuch parts, that 
the greater part when multiplied into the leſs multiplicator may be 
equal to the leſs part when multiplied by the greater multiplicator. 


SOLUTION, 


part multiplied into the leſs multiplicator be 5 x, and the leſs part multi- 
plied into the greater multiplicator will be ar — rx; but according to the 
problem, theſe products are to be equal; therefore sx=ar—rx, and 


ar 

| T5 
F ar 45-41 1 

leſs part) equals „„ RR ot v9, ſo the greater 


PER | as 
part ſought is war og and the leſs bor np 


and x (the greater of the two parts ſought) = ; whence a—x, (the 


The APPLICATION, 


To apply this canon, let it be required to divide 84. into two ſuch 
parts, that five times one part may be equal to ſeven times the other: here 


a=84, r the greater multiplicator = 7, s= 5, ar 2884 


as 5x84. 1 | 
= 12 35 . the greater part is 49, and the leſs 3 5; 
and they will anſwer the conditions; for firſt, 49+ 35 =84 ; and ſe- 
condly, 49 x 5 =245== 35 x7. Again, let it be required to divide 9g in- 


"TIA Hr 4. 2 
8 3 a 5 6 3 
here a=99, 7 =F, S==7, rp S=5, S 2 i. 555 
| ah 2 es Fr = © 


ar : WG 
ba Wd» Bd nn = = 99*5=455 ſo the two parts are 54 and 


45; which is true; for firſt, 54 45 = 99; and ſecondly, * of 54 
36 =t of 45. 1 | 


E e 2 As 


Put x for the greater part, and a— x for the leſs; then will the greater | 


rx+sx=ar; but rx+5x i8xxr-+5s; therefore xXx ＋ S ar; 
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to two ſuch parts, that; of one part may be equal to; of the other: 


MS 
3 
— 8 
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— _ 


| EE 5 
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As to the demonſtration of this general ſolution, it muſt be obſerved 
that in this problem there are two conditions; firſt, that the two parts 
' when added together muſt make 4; and ſecondly, that the greater part 
multiplied into the leſs multiplicator muſt be equal to the leſs part mul- 
tiplied into the greater multiplicator ; as to the firſt of the conditions, it 


a aue ties 
is certain that the parts No a 1 when added together will make 


1-5 


ara 3 | arÞas r+5 
: = AN s refore —— =a * 
* but ar a =axr-+s5, therefo r = 


XI: as to the ſecond condition, if the greater part 


4 
1-5 


i be multi- 


a 
r +58S 
ars 
r+5? 


if the leſs part — be - multiplied into 7, the greater multiplicator, the 


plied into s, the leſs multiplicator, the product will be and again, 


product will alſo be — therefore the two products are equal, as the 


problem requires; and fo the conditions are both ſatisfied. Q. E. D. 

N. B. If any one has a mind to throw the foregoing theorem into 
words, it may eafily be done, and in ſuch a manner as almoſt to 
it's own evidence along with it; for by the rule of proportion, 7 ＋＋s is to 
ras a to =; and +5 is to 52s @ to — therefore, A. the ſum of 
the teuo multiplicators is to the greater or leſs multiplicator, ſo is the ſum 
of the two parts ſought to the greater or leſs part: and this, I fay, is 
pretty evident; for had T been the number to be divided, the parts 
would certainly have been r and 5; therefore if a greater or leſs num- 


ber than 7 +s is to be divided, the parts ought to be greater or leſs than 
r and s in the fame proportion. | N 


PROBLEM 5. 


139. Let er and s be tuo given multiplicators whereof r is the greater ; 
it is required to divide a given number as a into two ſuch parts, that r 
times one part being added to s times the other may make ſome other 
given number, as bz. 


| SOLUTION, SEES 
Put x for the part that is to be multiplied by r, and conſequently 


42 — X for the other part that is to be multiplied by s, and the Ones 
wil 
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will be yx and as —5 x, and their ſum will be rx @ 5 —s x==6; there- 


fore rx—5sx=b—as, that is, xxr —5=b—as; therefore x (the 
| — | 


part to be dhe by r) = therefore a -* (the part to be 


3 ede. ar—b 


multiplied by s) = 


The Arier 10 


Let it be required to divide 20 into two ſuch parts, that three times 
one part being added to five times the other may make 84: here a= 20, 
b—as 


b=84, r=5, $=3, a5==60, b—as=24, — =; (onthe par to be 


multiplied by 5) =%= ” ar loo, ar—b = 16, = 


=> (or the part 


to be multiplied by 3) = =; therefore the parts Panic wp are 8 and 12; 
for firſt, 8+ 12 220; phy three times 8-+ five times 12 =84. 
Again, let it be required to divide 100 into two ſuch parts, that 2 of 
one part being ſubtracted from 4 of the other, may leave 39: here it muſt 
be obſerved, that to ſubtract i of any one quantity from another, is the ſame 


as to add ONE of it; therefore this problem when reduced to. the form 
of the ob. one, will ſtand thus: To divide a hundred into two ſuch 


parts, that — man: * one part being added to +2 G of the other may make 


_ CC 
8 Here a = 100, 1210 ** 
I — 200 b—as 114 
==, * 5 2 — 75, rinnen ue, 720 - 
233 
n ere er, Mb End 
6 3 3 I 33 
Il 


—28; ſo the two parts are 28 and 72; for 28+ 72 = =100; and moreover 
Jof 28, that is, 21, ſubtracted from 4 of 72, that is, from 60, leaves 39. 


The GENERAL DEMONSTRATION. 


The two parts — — and kl — when added together, make 
ar 


22.2 Os GENERAL PROBLEMS 

ar—b+ hb —as  ar——4s. — at 
. S4: : gain part 

p— . again, the 1 85 


— 
being multiplied into 7, it's ꝓroper multiplicator, gives 3 


— andthe 


— 


= multiplied into the other SET Eg * Lives 


other part 


— — 2 add theſe two products e and they will make 


S forth IRR] E E. D. 
71—5 1—5 


If any one hereafter ſhall think me too conciſe in the ſolutions of theſe 
general problems, he muſt have recourſe to the particular ones in the ar- 
ticles I ſhall refer him to, which he will find explained more at large: 
and as to the application of theſe general ſolutions to thoſe particular caſes, 
it is to be preſumed that by this time the learner will be able in ſome 
meaſure to perform that part himſelf; and therefore I ſhall for the future 


leave it to him, except where I ſhall think my affiſtance may be of 
* 5 


PROBLEM 6. (See art. 35.) 


140. One meeting a company of beggars, gives to each p pence, and has 
a pence over; but if he would have given them q pence apiece, he 


would have found he had wanted b pence for that purpoſe : What Was 
the number of 2 2 


8 oLVUTIO N, 
The number of perſons, x. 
Pence given, p x. 

Pence in all, p Xx ＋ 4. 


The — would have been given upon the other ſuppoſition, qx. 
8 for the number of pence in all, qx— 5. 


Eau. 2 -p 4 therefore adam therefore q x 
—px=a+b; therefore == 


F 


1 the number of perſons 1 
b b — 
— 1 and the pence in all wil be 2 „ e wy 


=, then the pence given will be 
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= NET : again, the number of pence that would have been given- 
upon the ſecond ſuppoſition is 0, and therefore the other expreſſi- 
an f the ner of e in alt wild b. 
3 FORTY om. 
and the perfect agreement between this account and the former, is an 
infallible argument that the number of perſons was rightly aſſigned. 


PROBLE M 7. (See art. 64.) 


141. 1t is required to divide a given number as a into two ſuch parts, 
that one part may be to the other as r to s. 


SOLUTION, 
The two parts ſought, x and a—x. 
Proportion, x is to a—x as 7 to 5s. 


Equation, x ar —rx; therefore rx ＋ S ar; therefore x 
3 5 


(or the firſt number ) =7 1 therefore a—x (or the ſecond number) 
#4 as | | ar as 
„ ; therefore the two numbers are — and —— 
1 15 r | 


robs rats 
DEMONSTRATION. | 


1ſt, The two numbers 
ar +as 
r +5 | 
2dly, The firſt number — is to the ſecond number 7,9 
is to as; becauſe throwing away the common denominator 1s no more 
in reality than multiplying both fractions by it; and every one knows, 
that the multiplication of two quantities by the ſame number, makes no 
alteration in the proportion they bore one to the other : again, ar is to 
as (dividing both by a) as r to s; for it is as well known that a com- 
mon diviſion affects proportion no more than a common multiplication : 
ſince then the firſt number is to the ſecond as ar to as, and ar is to as 
as r tos, it follows, that the firſt number is to the ſecond as 7 to s. Q. E. D. 


4 


ar 88 1 +; | 
_— and 5 when added together make 


=04. 


ts 
as ar 


PR 0- 
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. PROBLEM 8, (See art. 66.) 


142. What number is that, which being feoeralhy 1 * 
numbers, a a greater number, and b a leſs, will make the former ſiun 
to the latter as r to 5? therefore r muſt be greater than s. 


1 | „ VOLVTION:: 
The number ſought, x. ' | Y 
Proportion, a x is to 6x as r tos, oe! 

Equation, br Tx x; therefore br rx -& Sas; there- 


fore rx— 5x =as—br ; therefore x 8 


DEMONSTRATION, 
as—br „ Of_dr - i 
The number ——— being added to a, gives . ; and the fame 


he 2536 ar—br , AS—þbs 
number being added to b, gives .; now * * . 
as ar—br istoas—bs, that is, as rx a—b is to * 42—5, that is, as 
ro, D, 1 Mos Hs 
SCHOLIUM. 


This problem was to find a number, which being ſeverally added to 
a and b, will make the former ſum to the latter as 7 to 5; a us now 
change the numbers à and & one for another, as alſo the numbers V and 5 
one for another, and then the problem will ſtand thus: To find a num- 
ber which being ſeverally added to b and a, will make the former ſum to the 
latter as s tor: but the condition of this problem is exactly the fame 
with that of the former, and therefore the anſwer ought ſtill to be the 
fame ; that is, as changing & and 5 one for another, and 7» and s one for 
another, had no effect upon the problem, but left it entirely the ſame 
as at firſt; ſo if the expreſſion of 1 number ſought be juſt, the chang- 
ing of à and 5 one for another, and of r and s one for another, ought 
to make no alteration in that expreſſion, and the number ſought ought 
{till to be the fame; for truth will always be conſiſtent with herſelf. 
Let us try this however, and ſee what will be the effect of ſuch a change: 


now the number ſought was —— but upon this change, as be- 
comes br, and br becomes as, and r—s becomes s—7r, and the whole 


br—as 


Ks 66-1 77 
expreſſion will be turned into this, ——— ; but — — is the ſame 


as 
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as—br 4 | 1 | Ly ne 
as .; for changing the ſign of both the numerator and denomi- 


nator of any fraction, no more affects the value of that fraction, than 
in diviſion the changing of the ſign both of the diviſor and dividend af- 
fects the value of the quotient: thus then we find, that the changing 
of a and þ one for another and of and s one for another, no more 


affects the theorem for determining the number ſought, than it did the 
problem from whence it was derived. 
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PROBLEM g. 


143. Lis required to divide @ given number as a into two ſuch parts, 
| that the exceſs of one part 2 = e another given number as b, may be 
to what the other wants of b, as r tos; ſuppoſing r greater than s. 


SOLUTION. 


Put x for the greater part, and a—x for the leſs; then the exceſs of x 
above 5 will be x—6 ; and the exceſs of þ above a— x will be x— 
4 ＋ b, as appears by ſubtracting a—x from 5; but by the problem, 
the former exceſs is to the latter as 7 to s; therefore x—b is to x—a—+b 
asr to 5; multiply extremes and means, and you will have sx—bs 


=rx—ar+br; therefore rx — 5x =ar—br—bs, and x (the 
ar—br—þbs 


greater part) =—— ee, ; therefore a —x ( the leſs part) — 7 
eee _br+bs—as | ſo th R ar—br—bs 
F m— WE es © 5 * part 18 . 
Sr ＋5— 
and the leſs part —.— hc 


EXAMPLE, 
Let it be required (as in art. 41,) to divide the number 48 into two 
ſuch parts, that one part may be three times as much above 20 as the 
other wants of 20: here a= 48, b=20, r=3, 5=1 ; for to ſay. 


that the exceſs muſt be three times the defect, is no other than to ſay, 
that the excels muſt be to the defect as 3 to 1; the reſt is eaſy. 


The GENERAL DEMONSTRATION. 


ft, The greater part —— and the leſs part 1 . 


J. 


JEN being 
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being added together make —>— — 2 again, the exceſs of the great- 
wan drone þ LEM —b A ee 
& part above þ, „ e —7 r 4 A4. 


27.— —2 b 
7 — 7 


4 » and the excels of b above the leſs part, which i is what the 


— br — 2 ob — OY 
Kh i kts of b, 5 br- of en r 5s — by . 


as—2bs 


r therefore the exceſs of one part above þ is to what the 


ar—2br, as—2bs 


other wants of ö, as . is to 8 that is, as a7 — 2 1 is to 


as—2bs, that is, as * 4 26 is to x4 26, or as 7 tos. Q. E. D. 


PROBLEM 10. (see art. 55.) 


144. There are two places whoſe diſtance from each ache is a, and from 
whence two perſons ſet out at the ſame time with a. de 7 to meet, one 
travelling at the rate of p miles in q hours, and the at the rate 
Hr miles in s hours : I demand how lng and how far each travelled 


before they met. 
SOLUTION, 


The number of hours travelled by each, x. 
Miles travelled by the firſt, £ 55 


By the Daw _ 
5 


a tt 

By them both, # 9 2 

Equation, 2 — Sa; therefore px — — 4; therefore pox 
+ qrx=aqs; therefore x (or the number of hours travelled by each) 


= — 5 now to find how many miles the firſt travelled, ſay, if in 


9 hours be travelled p miles, how. many will he travel in a number of 
hours equal to ry 7 ? for a fourth number, I multiply the third num- 


_ags _ 


1 
ber 5 by the ſecond p, and the product i is Fr this * 
| vide 
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divide by the firſt number 9, and the quotient is <£*- u, for dividing 
the numerator divides the whole fraction: by the Rune way of reaſoning, 
the number of miles travelled by the other will be found to be r 5 
45 4 


p5+gr 


therefore the whole. number of miles travelled by them both is 
a, which demonſtrates the ſolution. 


EXAMPLE. 


Let the diſtance of the two places be 154 miles; let the firſt travel at 


the rate of 4 miles in 2 hours, and the ond after the rate of 5 miles 
in 4 hours; then we ſhall have a= 154, Pz. qa=2, r=x5;, 5=4, 


a 144 154824 
pS= I2, qr = TOs PS TFT =S 22, Ds yr 22 —== $0, 
_aps _154x3*x4 9, 47 _ I54x2X5 a | 
Her = "bs = 84, 5 = 22 o: therefore 


each travelled 56 hours; „ the firſt travelled 84 miles, and the other 70. 


S no M. 


If in the foregoing problem we change 2 into r wy into s, and 

vice verſa, the conſequence will be, that the firſt Raw er will now 
travel at the ſame rate as the ſecond did before, and the ſecond at the 
ſame rate as the firſt did before; but the motion whereby. theſe two tra- 
vellers approach towards each other will till be the ſame, and therefore 
the time this motion is performed in, that is, the time that each travel- 
led, muſt {till be the fame : let us then make the changes abovemen- 
tioned, firſt in the expreſſion of the time, and ſee whether that expreſ- 
fion will {till continue the fame ; then let us make the fame changes in 
the two expreſſions of the miles, and ſee whether by this means, theſe 
expreſſions will not be converted each into the other : firſt then, the ex- 
aqs 


po organ , by changing p into r, and q into 


77 55 7 which is the ſame as e ; there- 


fore the expreſſion of the time ſuffers no alteration by theſe changes: 
ſecondly, the number of miles travelled by the firſt was <=, which 


preſſion of the time, which 1 is 


s, and vice verſa, becomes 


PS qr 
after the changes abovementioned, becomes SEN whieh is the ſame 


F f 2 as 
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2 
6 TEST. — by the ſecond ; and therefore ? — 
the expreſſion Will be changed i into the expreſſion Sed: EY 


pg fir; 
thus will the caſe o the firſt traveller be changed into that of the ſecond, 


VER | 
PROBLEM II. (See art 46.) 


1 5. Suppoſe that p Henne? of gold out of water wergh q pounds in a- 
ter, a that r pounds of filver weigh s pounds in water; ſuppoſe 
a I that a maſs weighing a pounds, * conſſſting of both gold 1s 
ver, when weighed in water, weighs only b pounds : I demand the di- 
find? en 9 gald and ſilver in the maſs. 


SOLUTION. | 


The number of pounds of gold. in the maſs, x. 
Of filver, a—x. 


The weight of the former i in water, * 

Of the latter, . 

Equation, 75 * — = 6 ; therefore gx + — 2 pin p; 
therefore e therefore Pr.., 
therefore x (or the number of pounds of gold in the maſs) = LE 0, g 


— bpr aps __ agr—bpr 
rs TY qr—ps * 


DEMONSTRATION, 


JR 42 — K* (or the pounds of ſlver) = = =— 


Firſt, the weight of the gold - 55 ha > and the weight of the ſilver 


ww 4, 
aqr - pr aqr—aps 
2 eee 77 b. Dad. 


2dly, We muſt find in the next place, how much each weighs in wa- 
ter, by ſaying, if p pounds of gold weigh 9 pounds in water, what will 


| 5 — s * and the anfwer will be 2 = 


F in like manner, 
the 


LF 
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ags—bps 
gr—ps 
dy, Add both theſe weights t that is —— * 
3 y. weights ogether, is, . 
bqr— __ 5 
n 
PR OBLEM 12. 


the weight of the ſilver in water will be found to be 


and 


0 — 


=} , and they will make or b. 25D. 


146. There are co pipes, whereof one vill fill a ciſtern in the time p, 
and the other in the time q: Ii what time will 29 both * it? 


SOLUTION, 


Put x fi the time ſought ; then fay, if in the time þ the firſt pipe 
will diſcharge one n how much will it _— in the time x? 


and the anſwer will be : ; and for the fame reaſon, - will reprefent the 


quantity diſcharged by the other pipe in the ſame time x; therefore 7 ＋ 


- will be the quantity diſcharged by them both ; but by the problem, they 
_ ought both to diſcharge one ciſternful in this time; therefore we have this 


equation, 2 7 =1 ; therefore * * Ap; therefore 2 bsi. ; 


9 


therefore x (or the time ſought) = ——. 


DEMONSTRATION. 


iſt, If in the time p the firſt pipe diſcharges one ciſternful, in the time 


Wa 7 
3&7 it will . the quantity 5 
1 And for the ſame ny ER in the ſame time 2 7 the other pipe 
a 3 
will diſcharge che quantity 5 
3d, Therefore in the time 7 5 7 both pipes together will diſcharge 
the quantity 714 =1, that is, one ciſternful. 2, E. D. 


Px o- 
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PROBLEM 13. 


147. One has a certain number n, of children whoſe ages are in arith- 

metical progreſſion ; the common difference of the progreſſion is d, and 

aud the age of the eldeſt child is to that of the youngeſy as r tos: What 
ave the ages of the elagſt and youngeſt? FT Rag wrt x 


Here I might put x for the age of the eldeſt child, and conſequently 
- for the age of the ſecond, and fo on; but the work will ſucceed 
better, if we put x — d or x— 14 for the age of the firſt child, x— 24 
for the age of the ſecond, x — 3 d for the age of the third, x—4 d for 
the age of the fourth, &c ; for by this means, the number of every child, 

reckoning from the firſt incluſively, will alſo be the coefficient of & in 
the expreſſion of his age; but according to this 3 the 
number of the laſt, or youngeſt child will be ; therefore his age will 
be x— d; whence we have this proportion, x —d is to x— ud as 7 to 
; and this equation, rx—dnr==sx—ds ; therefore rx—$x — dnr 


=- ds; therefore rx—sx=dnr—ds; therefore wn 

| . e 

therefore x—d. (or the age of the eldeſt child) is —————== 

Anr - Ar 9 9 . . dnr —ds nd 

D and x ud (or the age of the youngeſt) * 
dns —d 

8 wn 


| DEMONSTRATION. 


According to this computation, the age of the eldeſt is to that of the 
dur - Ai, dns—ds 
youngeſt as — ha” = "in 


that is, as dur — dr is to dus ds, 


that is, as ar —7 is to 16—, that is, as * n 1 is to n-, that 


JS, as r to 4. 23 E. D. | 
wa PROBLEM 14, (See art. 68.) 


148. What number is that, which being |ſeverally-added to a, b and c, 

all given numbers, will make the three ſiums to be in continual. geo- 

_ metrical tion? where the reader may, if he pleaſes, ſuppoſe 
4 ts be the greateſt, and c the leaſt of the three numbers given. 


SOL Us 
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80 LVU T IOM. 


Put x for the number ſought; and then the proportion will ſtand thus, 
2 * ＋ 4 is to x ＋ 6 as x ＋ is to x-+c. 
Multiply extremes and means, and you will have this equation, x x LEA 
Tex TA xXx AT 20K - 5; throw away x x from both fides, and 
you will have ax + cx ac ==2bx -+bb; therefore ax — 2b & ＋ cx+ 
ac; therefore ax —2 bx+cx==bb—ac; therefore x (or the 


| bb—ac 
number ſought ( 3 
DEMONSTRATION. 
©, If the number fought <2 be added to the firſt given 
IIt, e number 1 gn 8 to e given 


aa—2ab+bb G=—0 x4 ——d 


| number. 4, the ſum will be 


o which 
1 n call the firſt extreme. 
2dly, If OD 22 be added to the ſecond number 5, the ſum will 
bb —achab—2bb+bc ab—bb—ac +bc. 2 
—_—— .. a—2b+c i a—2b+c * 


for the better conceiving of this fraction, I divide the numerator into 
two parts, viz. 46 —- 6, and —ac+bc; then it is plain that the firſt 
part ab—bb is the product of a—Þ x6, and the ſecond part —ac + 
bc is the product of a—bx—c; therefore the whole numerator is the 
a—bxb—c 
2 —2 -f 


product of a—bxb—c, and the middle term is 


bb— | 
_ 3d, 2 added to the third given number c, makes 


BB —2be ce ene 
a—2b+c © a—2b+c? 


which therefore will be the laſt extreme. 


SW =; © Ze that is, as a—bxa—b is to a—6 


5 -c, that is, as 4 —6 is to -c. 


| sthly, 
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5thly, If we compare the ſecond and third terms together, we ſhall 
find that the ſecond ſum is to the third as = _ 7 555 is to — 
that is, as 4 3 is to b—c x b—c, that is, as a—bis to Vc. 
| 6thly, Since then the firſt ſum is to the ſecond as a —b is to — c, 
and the ſecond ſum is to the third alſo as a—b is to b—c, it follows, 
that the firſt ſum is to the ſecond as the ſecond is to the third, and 
conſequently, that the three ſums are in continual proportion. Q. E. D. 


8 HOL ITV N. 


The laſt problem was, to find a number, which being ſeverally added 
to three given ones a, + and c, will make them continual proportionals : 
let us now change this problem into another, by changing the extreme 
numbers à and c one for the other; and then the queſtion will be, to 
find a number, which being ſeverally added to c, ô and a, will make 
them continual proportionals: here it is plain, firſt, that the number. 
ſought in this caſe, muſt be the fame with the number ſought in the 
former; 2dly, that the middle proportional muſt alſo be the fame here as 

there; and laſtly, that the extremes muſt be the fame in both caſes, but 
interchanged one for the other: now if the expreſſions in the former 
caſe be juſt, the ſubſtitution of à and c one for the other ought to have 
the ſame effect in thoſe expreſſions as it had in the nature of the problem 
itſelf; let us try this, by actually changing à and c one for the other in 
all thoſe expreſſions, and let us ſee whe will be the conſequence. 


Firſt then, the number ſought in the former caſe was ——> r put 


4 for c and c for a, and then that expreſſion will be changed into this, 

— but 55 — 4 is the ſame as bb—ac, and —25 2 

is the ſame as a—2b-+c; therefore the number ſought in this caſe is 
bb— 

—_— 22 7 the ſame 4 in the former. 


' 2dly, The middle proportional in the former caſe was - won — = — ; 
change a and c one for the other, and then the expreſſion will be 


e but c- 56 6— 4 is the fame as b—cxa—b or a—b 


„c, becauſe a change of the ſigns in both factors will have no more 
effect 
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effect upon the product, than if no ſuch change had been made; and 
e—2b+4 is the ſame as a—26b-+c, as was before obſerved; therefore 


the middle proportional in this caſe is <=" ; —=, which is the fame 


as in the former. 


3dly, The firſt extreme in the former caſe was - — . put « 


and c for one another in this expreſſion, and it will be changed into 
— _ S = — 7 - ; therefore the firſt extreme in this caſe is 
the fame with the laſt in the former, SAT IF 
But I would not be miſtaken in this ſcholium, or in any other of the 
like nature, as if I introduced them to confirm the ſolutions of the pro- 
blems to which they are annexed ; for thoſe problems need no ſuch con- 
firmation : my chief deſign herein, is to ſhew the beauty and conſiſtency 
of truth, the neceſſary connexion one truth has with another, and how 
much more clearly and diſtinctly this harmony is to be Ae in the 
mathematical ſciences than in any other whatſoever; and yet after all, it 
is not impoſſible but that I may in a great meaſure loſe my labour. 


PROBLEM 15. (See art. 38.) 
149. What two numbers are thoſe, whereof the greater is to the leſs as 
p to q, and the product of their multiplication is to their ſum as r to s:? 
SOLUTION. 
Put x for the leſs number, and the greater will be found by ſaying, 
as 9 is to p, fo is x the leſs number to 7 the greater; whence their 


1 3 „ Ro. = other hand, if the greater 


1 q 
number 55 be multiplied into x, the product will be ==, therefore 


X X 


the product of theſe two ae will be to their ſum as 275 is to 


hab fo that is, as px top—+q; but according to the problem, the 


product is to the ſum as 7 to 5; therefore px is to p++q as r to 5; 
whence we have this equation, psx=pr +9r; and x (the lefs num- 


G ber 


— _ 
ST 

- 8 

* 


Er — 2 AN - \ 
„ —— — — — — 
oF 2 
fv EN PIs - — * — — 7 
Py BY „* . 
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ber ſought) i, therefore — . "3 for dividing the * 


nominator 1 the whole fraction; therefore © 174 = (or the greater 
465 = 


75 * 3 ; 5 : 
| R | 


number) == 


iſt, The greater number is to the leſs t , 


divide pr +qr by itſelf, and the quotient will be 1 ; fo _ we may 


now fay, that the greater number is to the leſs as 15 to 77 that is, 2s 
= ito >, that is as : is to 1, that is, as 5 is to 9. 


7 5 
20 ad, The greater number TA and the leſs 22 being added 
Pe _f et 
together make = 4 2 N 
but PPT 2477 =þ7 3 ; therefore the ſum of the two numbers 
fought 3 is = 
3d, The greater * multiplied into the leſs Z r ESL 
rrxptg TY 
. produces 2 


Athly, Therefore the produc of the two numbers ſought is to wer 


ſum as 5 is to 22 that is, as 


4 777 
MT PROBLEM 16. (Seeart. 63.) 


150, One draws a certain quantity of wine out of a full veſſel that held 
a certain number of gallons _ to a; and then recruiting the veſſel 
with water, takes a 's rod & aught of as much wine and water toge- 
ther as before he did of wine ; and fo he goes on for four draughts one 
after — always taking the ſame quantity at a draught, and then 

recruiting 


rr 1s to rs, or as 1 tos. 
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recruiting the veſſel with water; inſomuch that at laſt, the number 
of gallons of pure wine left in the veſſel was only equal to b: I de- 
mand how much he took at every draught, 


SOLUTION, 


For the number of gallons left in the veſſel after every draught, which 
was always the ſame, put x; then it is plain that at every draught, the 
whole quantity of liquor in the veſſel, whether it was pure wine, or 
wine and water mixt, . muſt be diminiſhed in the proportion of a to x ; 
therefore the wine muſt be diminiſhed in that proportion without being 
recruited ; whence we have the following proportions ; 1ſt, as @ is to x, 
ſo is x, the quantity of pure wine left in the veſſel after the firſt draught, 
to =, the wine left in the veſſel aſter the ſecond draught ; 2dly, as 4 
is to x, ſo is — the wine left after the ſecond draught, to = the wine 


left after the third draught ; laſtly,” as @ is to x, ſo is > the wine left 


after the third draught, to 5, the wine left after the fourth draught ; 


but according to the problem, the quantity of wine left after the fourth 
| b b 


* . 
draught was 6; therefore ==; therefore x*= &b, = at x—; make — 
| a® OF 0 a 2 


—45+, and then we ſhall have x*= A, and x (or the quantity of li- 
quor left in the veſſel after every draught) Sas; whence a—x (or the 


quantity taken at every draught) will be a—as=ax1—s. 


ELLAMPLMS. 


Suppoſe the veſſel when full held 81 gallons, and that there were 16 
_ gallons of pure wine left after the fourth draught ; then we ſhall have 


» 


„ 16 4 5 1 
a=81, 5 816, 7 n SS==", =, I-. =, 4x1 


== 1x : =27; therefore 27 gallons were taken at every draught. 


DEMONSTRATION, 


Since the wine in the veſſel was diminiſhed at every draught in the 
proportion of à to x, that is, in the proportion of 2 to as, or of 1 to s, it 
follows, that as 1 is tos, ſo is x or as, the wine left after the firſt draught, 
to ass, the wine left after the ſecond draught ; and for the fame reaſon, 

| G g 2 | as 


. 


requir 
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aS1istos fois asf to as, the wine left after the third draught; and 
laſtly, as 1 is tos ſo is as) to as, the wine left after the fourth draught; 
but a =4a%* - by the ſuppoſition, =; therefore the quantity of pure 


wine left in the veſſel after the fourth draught was 6. 9. E. D. 
N. B. As there are but few numbers which admit of an exact ſquare 


root, ſo there are fewer ſtill which admit of exact roots of higher kinds; 
but in the courſe of this work, IT ſhall ſhew how to extract all roots 


with equal facility, and to as great a degree of exactneſs as is Mey 
8 to wit, by a full table of logarithms. 


PROBLEM 17, 


151. What tuo numbers are thoſe, the product of whoſe , multiplication 
16 p. and the quotient of the greater divided by the * is q ? 


SOLUTION. 


Put x for the greater number, and conſequently 2 for the leſs; then 


will the quotient of the greater divided by the leſs be == ; but according 


& 


Xx 


to the problem, this quotient ought to be 7; therefore a ; and xx 


P and x (the greater number ſought) = pq: again, fince 2 8 2 


we have © 27 5 3 2 and © 2 (or the leſs number ſought) = = We _ 


ſo that the greater of * two numbers ſought is Vp g, and the les 75 =, 
DBI ANI. 


Let the produd of the two numbers ſought bs. 144. a the quctient 
of the greater divided by the leſs 16; then we fhall have p= 144, 


q=16, pf = 144 x 16, A = 12x4=48 ; : = >, 7 n= Fe 
3 ; therefore the numbers are 48 and 3. 1 


DEMONSTRATION. 
ut; 29 multiplied 0 gives 7p; ; therefore / 54 multi- 
plied into 9 gives p. 
2dly, 
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2dly, 59 being divided by © gives 1275 therefore /p? being 

divided by V : gives 9. L. E. D. | 
e e FIT PROBLEM 18. 
152. Let x and y be tuo unknown quantities, and a, b, c, d, e, f Eno 
quantities: I is required to find the values of x and y by the belp of 
; the two following equations, to wit, ax by c, and dx Sey cf. 
SOLUTION, Pn, 

Equation 1ſt, ax+by==c. | 
uation 2d, dx + ey. Maney the firſt equation by d, and 
you will have adx +bdy=cd; multiply the ſecond equation by à, 
and 


ou will have adx + aey = af; ſubtrat the former equation thus 
produced from the latter, and you will have 5 


Equ. 3d, ae—bdxy=af—cd; whence 


2d 
Therefore by == — fl put this value inſtead of by in the firſt 


bf—bcd 
equation, and you will have ax + 2 2 bo 55 ==c; multiply the whole 


into ae - 5d, and you will have age—abdxx + abf—bed=nce— 
bcd; throw away — bcd from both ſides of the equation, and you will 


have aae—abdxx+abf=ace; divide the whole by a, and you will 
have ae—bdxx+bf=ce; therefore ae -d xx ce - ; therefore 


— c— and fo the quantities x and y are at laſt found to be 


and vice verſa, will change y into x; now the expreſſion of y is . 


change 


wa 
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change in this expreſſion à into &, and d into e, and vice versa, and it 
= LS | bf—ce ce—bf „J „„ BT £4 ho 
Will then ſtand thus, Ie TI 10 5 . 
By this and many other inſtances that might be produced, it might ea- 
ſily . made Ace. that theſe ſpeculations are ſometimes no le 1 
in calculation, than they are entertaining to men of taſte and genius, 
though perhaps they may be found too ſubtil to be reliſhed by the raw 
and narrow minds of young beginnerrs ESO 
For the better conceiving of the foregoing expreſſions, diſpoſe the quan- 
tities in the order following: 4 1 15 
2 £ 


| C TIT 

Firſt put down a and d, the two coefficients of x, one after the other in 
the ſame order as they land in the tao fundamental equations; under theſe, 
and in the ſame order, put down c and f, the two abſolute terms; and laſt- 
by under theſe again, put down b and e, the two coefficients of y; this done, 
compare the firſt couple a and d with the ſecond c and f, multiplying the 
terms croſſwiſe, and af—cd will be the numerator of the value of y; again, 
compare the ſecond couple c and f with the third b and e, multiplying them 
in like manner, and 'ce—bf vill be the numerator of x; laſtly, compare 
the rf pair a and d with the laſt b and e, multiplying them as before, 
and ae — bd will be a common denominator to both the former numerators ; 


ſo that the coefficients of x enter into the numerator of y, thoſe of yy into 
the numerator of x, and both into the common denominator. ; 


"EXAMPLE. 


Let it be required to determine x and by the help of the two fol- 
lowing equations; 3 X — 4 , an „ 


5 * = 14. 
The terms being diſpoſed according to the foregoing method, will ſtand 
thus; | Z 5 
= . 5 
— 4 —6 ü 5 | 


Firſt then I compare the firſt pair 3 and 5 with the ſecond 6 and 14, 
thus; 3x14==42, 5x6==30, and the latter product ſubtracted from 
the former leaves 12 for the numerator of y; in the next place I com- 
pare the ſecond pair 6 and 14 with the third — 4 and —6, thus; 6 x 
—=—36, 14x—4=—756, and the latter cons ſubtracted from the 
former leaves +20, the numerator of x ; laſtly, I compare the firſt couple 
3 and 5 with the third —4 and —6, thus; 3x—0==— 18, 5x—4 


= — 20, 
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=—20, and the | latter product ſubtracted from the former leaves 
+2 for a common denominator to both x and y; fo that we have x =* 
or 10, and y or 6; egnen numbers 10 and 6 will anſwer the con- 
ditions propoſed. 


N. B. If any 9 terms a x, by, ds, ey be wanting, the * | 


cients muſt be fupplied with — ; as if ax be W a muſt be 
ſuppoſed equal to o. 


The GENERAL DEMONSTRATION. 
rs af —cd 


iſt, Since x = —3þ andy = -=, we ſhall have ax== 
ace—abf * —bcd ace—bcd 
ae, and by= 77 ; therefore axbby== Sc. 
ede - df aef - c de 


2dly, dt ae d and 35 therefore e 
—bd | 
aef— =P] YE. D. 


ace—bd 
PROBLEM 19. 


153. Two fern A and B were talking of their money : ſays A to B, 


give me q of ye our money, and T ſhall then have r times as much as you 
will have 


then have s times as much as you will 
bad each? 


So rr Io. 


For As and B's money put x and y reſpectively ; and the fundamen- | 


tal equations will be x +gz=ry—9gr, and 
Jog=ox—gqs; 


and theſe equations when reduced to the form for the laſt problem, will 


ſtand thus ; * —Ty =—q—9gr, and 
| S* =+ +95. 
Diſpoſe the coefficients and abſolute terms as in the laſt problem, and they 
will ſtand thus; y s 
m—_— +g +95 
— —1 


Compare the firſt couple with the ſecond, and you will have 1 * 7 75 75 


; ſays B to A, give me 4 of your money, and I ſhall 
ve left : How much money 


=9q—+9s5, and 5x —qg—gr=—qs—9grs; ſubtract the latter product 
from the former, and you will have q ＋ 295+9r 5 for the numerator 
of y ; compare the ſecond couple with the third, and you will have 


——grx—1=+9+gr, and g+95x —r=—gr—grs; ſub- 
tract 
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tract the latter product from the former, and you will have 7 ＋ 29r<+-grs 
for the numerator of x; compare the firſt couple with the laſt, and you 
will have 1x—1==—1, and SXx—r=—75,; ſubtract the latter pro- 
duct from the former, and you will have 75— 1 for, a common deno- 


minator; therefore x (or As money) was — 5 — : —; and y (or 
» * q+249q5s-+qgrs ag | | | = | 
B's money) was „ 


If q be taken equal to 75s 1, it will deſtroy the denominator, and 

the ſolution will come out in hole numbers, thus; A's money will be 
t+2r+7s5, and B's will be 1 ＋ 2 ＋ ; as for example, ee '«.._- 
and == 7; then you will have 75 1 2 20; put q== 20, and the 
problem will ſtand thus; fays A to B, give me 20 ſhillings of Jour mo- 
ney, and I ſhall then have three times as much as you will have left; 
ſays B to A, give me 20 ſhillings of your money, and I ſhall then have 
7 times as much as you will have left: the anſwer to which is, that 
A's money, or 1 +27 ＋ TS 28 ſhillings ; and B's money, or 1-+2s 
+75= 36 ſhillings. 28 . 

Note, That if A upon receiving g of B's money had a ſum equal to 
what B had | in that caſe x muſt be made equal to 1, 


; The GENERAL DEMONSTRATION, 


iſt, If to A's money, to wit, — — , be added 9, the ſum 
will be — — — and if from B's money, to wit, —— . 


be ſubtracted g, the remainder will be Z — L., which if multiplied 
by 7, will be equal to the former ſum; and therefore the firſt condi- 
tion of the problem is anfwered. 


2dly, If to B's money be added 9, the ſum will be found to be 
ES and if from A's money be ſubtracted g, the remainder will 


be found to be A E, which being multiplied by 5, will be equal to 

the former ſum ; and therefore the ſecond condition of the problem is 
_ anſwered, Q, E. D. 8 

| PROBLEM 20, (See art. 81.) bd bp 

154. It is required to find two numbers x and y of ſuch a nature, tha 

i both be multiplied into r, the firſt produf# ſhall be a ſquare, and the 


ſecond 
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ſecond the fide or root of that 1 uare ; but if both be multiplied into s, 
the firſt product ſhall be a cube, and the ſecond the root of that cube. 
|  $orlvrTIoN. 55 
The numbers x and y being multiplied both into 7, produce & and 
ry, whereof the former is to be the ſquare of the latter; whence we 
have this equation, x , and x: again, x and y multiplied 
both into s, produce sx and g, whereof the former is to be the cube of 
the latter; whence we have this equation, sx=5%y? and x Hi; there- 


fore 59% =7y*, becauſe both are equal to x ; divide both ſides by y*, and 


art BY cone Þ 8 r po” 
you will have 4 r, and y ; but if y ==, ==, and 17 or 
; ROE 55 7 
K ==; therefore the numbers are, x =, and y ==. 


DEMONSTRATION. 
If the numbers — and - be multiplied both into v, their products 
will be - and - whereof the former is a {quare, and the latter is ws 
root of that ſquare; and if the ſame comedian 1 and - be multiplied 


; 723 3 | 
both into s, the products will be = and -, whereof the former is a 
cube, and the latter the root of. that cube. "©. E. D. 


PROBLEM 21, (Sce art. 130.) 


15 5. What two numbers are thoſe, whoſe difference being multiplied inte 
the difference of their ſquares will make a, and whoſe fum being mu- 
tiplied into the ſum of their ſquares will make b 


HT VT TON. 


For the two numbers ſought put x and y ; then according to the firſt 


ſuppoſition, xy -, or x—yx X- xx+y, or xx 2 K* +3" 
xXx a; therefore | 


— 

ee 

Again, according to the ſecond ſuppoſition, x EN; therefore 
Hh Equ. 


Equ. 1ſt, * — 2 * t 
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Equ. ad, * ＋ 2 
From twice the ſecond pen * the firſt 
2 
that is, from A EF, _— 
ſubtra& 9 * 5 
—a 


and as will remain K + 229 4 


& ＋ . 
chat! is, gr rn = - therefore FFy=2b—oa; make 2b —a= 


that is, put 7 for the cube root of 2b—8, and you will have 
Equ. zu, x yr. 


A in the firſt equation we had x*—2 xy+y*= 


2 

x+y —＋ that 
Þ, ==; make nn, that is, put 5 for the ſquare root of =, 
and you will have 


Equ. 4th, „D 
Add the third and fourth equations together, and you will hive 2x= 
_ 


r-+5, and x= ; ſubtract the fourth equation from the third, and 


you will have 20 =F—s, pail = ; whence we have the fol- 


lowing canon: 


Make 2 b— a2 r, NE rr, and the numbers * will * 
r+8 1—8 1 MF 


DEMONSTRATION, 


The difference of the numbers na * — 15 s, and the difference 


of their ſquares is 75, as is eaſily tryed; nde the difference of the 


numbers multiplied into the difference of their reread is 75 5= os a: 
again, che ſum of the numbers — and the ſum of 


their 
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their ſquares is ; therefore the ſum of the mumbers multiplied in- 


to the ſum of their ſquares is —.— but 2b -a by the canon, 


* 
AE 


and rss=04 by the fame; therefore the ſum of the numbers multiplied 


into the ſum of their ſquares is . =6. N E. N. 


2 
PROBLEM 232. 


156. Out of a common pack of fiftytwo cards, let part be diſtributed in- 
to ſeveral diſtinct parcels or heaps in the manner Fer ng : upon the 
loweſt card of every heap let as many others be laid as are ſufficient 
fo make up it's number tæbelve; as if four be the number gf the loweſt 
card, let eight others be laid upon it; if five, let ſeven ; if a, let 
tawekve —a, &c: It is required, having given the number of heaps, 
which we ſhall call n, as alſo the number of cards ſtill remaining in 

_ the gealer's hand, which we ſhall call r, to find the ſum of the numbers 

of all the bottom cards put together. 2 


SOLUTION. 


Let a, b, c, &c expreſs the number of the bottom card in the ſeveral 
heaps ; then will 12 — a expreſs the number of all the cards lying upon 
the bottom card of the firſt heap, that is, the number of all the cards of 


the firſt heap except the loweſt, will be 12—9; therefore 13—a will be 


the number of all the cards in the firſt heap ; for the ſame reaſon, 13 —6 
will be the number of all the cards in the ſecond heap ; and 13 —<c the 
number of all thoſe in the third, and fo on; therefore the number of all 
the cards in all the heaps will be 13 xz— a— b—c &c: make a+6 
＋ e &c (or the ſum of the numbers of all the bottom cards) == x, and 
then we ſhall have the number of all the cards drawn out into heaps 
=13n—#x ; but theſe, together with 7, the number of cards undrawn 
out, make up the whole pack 52 ; therefore we have this equation, 
13u — Xx -T 523 be 2. x + $2 = Izu rr; therefore x = 137 


—62-+r; but g2=13x4; therefore 13 — 52 en - 4; there- 
fore x= 13 xn—4 ++; in words thus: From the number of heaps 


ſubtract four; multiply the reſt by thirteen ; and this product added to the 
number of cards flill remaining in the dealer's hand, «will give the ſum of 
_the numbers of all the bottom cards put together : as for example, let there 
be three heaps, and thirty cards remaining; now 4 ſubtracted from 3 
leaves — 1; this multiplied by 13 1 13, and this product added 
| H h 2 to 
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to 3o, the number of cards remaining, gives 17 for the ſum of the 
numbers of all the bottom cards, 

A more univerſal theorem is as follows : 
. Let n be the number of heaps as before, p the number of cards in a pack ; 
let as many cards be laid upon the loweſt 7 of every heap as are ſuffictent to 
make up it's number q; 27 laſthy, let r be the number of remaining cards 


as before; and the ſum of the he Y all the bottom cards will be found to 
be q+1x0+r—P. 


PROBLEM 23. 


157. It is required to determine the values of three unknown quanti ties 
x, y and 2 by the help of three equations of the following form, to wit, 
px +qy-+rz==s, where the quantities repreſented by p, q, r, s, are 

all ſuppoſed to be bum. 

N. B. I know not whether I have not already been too tedious in my 
18th problem, and therefore I ſhall not trouble my reader with the in- 
veſtigation of the following theorem; I ſhall only give him a few hints, 
which, if at any time he attempts it himſelf, may be of ſome uſe to him : 
but firſt 1 ſhall give him the theorem irſelf, which is as follows: 


VOLDOTION. 


Firſt put down the three coefficients of x one after another as th o fland ; in 
the three equations, which coefficients we ll call BW 
c | under theſe, put down the three abſolute terms, ſuppoſe 
1 d, e, f; under theſe again write down the coefficients of Z, 
„ ſuppoſe g, h, k; and under theſe write the coefficients 
k 


of y, ſuppoſe l, m, n: from theſe four ſerieſes thus put. 
down, m 15 be 464 two others, to wit, a, 8, 75 


and 3, e, C; and from theſe two laft a third, to wit, 
u, b, x, all which muſs be written down as in the follow- 
9 ing diagram ; and the terms of the three laſt ſerieſes 
| muſt be had by a croſs multiplication thus: make ae 
e bd a, ah—bg=8, am—bl=y; make alſo 

bf=—ceu=d bk—ch=e, and by—cm=(; laſt- 
8 ly, make 3 4 ( — 45, and 8 — 
==x, and this laſt ſeries n, ü, x will ſolve the problem: 


9 | fer y will be . and 2 will be A whence X will 


| eafily be had by any of the three fundamental equa- 
I tions, if inſtead of y and z be ſubſtituted their values 


here found, 
Who- 
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Whoever attempts the inveſtigation of this theorem, had beſt do it by 
the method laid down in the 18th problem ; for if px -A r, 
we ſhall have px +qy=5—72 ; where the quantity 5—7z muſt be 
looked upon as the abſolute term: this oblerved, if he makes uſe of the 
coefficients contained in the ſerieſes above deſcribed, and applies the method 
ef the 18th problem to the two firſt equations, he will find the value of y, 


==, and if he applies the 


when contracted by our notation, to be 


J—2 


ſame method to the ſecond and third equations, he will find y _— . 
a — 82 9— 2 : 
wp ja” pn ; which being 
reſolved ant contradted, gives 3 = A, and when he A” "ON 1 


terms a, Þ, , Cc were obtained, he will naturally fall into the method 
above deſcribed; and laſtly, when he has got this theorem for determin- 
ing the value of z, he will as eaſily find the value of y, to wit, by put- 
ting the coefficients of y in the place of thoſe of x, a vice verſa. 
N. B. Coming now to give ſome examples of the ſolution of general 
roblems producing quadratic equations, I muſt advertiſe the reader once 
for all, that whenever I am to expreſs the ſquare root of any quantity, 
which properly ſpeaking, is no ſquare, to avoid the introducing of furd 
roots, 1 do it for the moſt part by the letter 5, putting * for the num- 
ber whoſe ſquare root is to be ſignified by 5: thus if I am to expreſs the 


aa—4b 


ureter dy: wit lan hs equation 


ſquare root of , becauſe the denominator 4 is a ſquare number, 


I exclude it out of the value of 4, and fo put for 44-4 6, whence 


Fe 3 52 55 : . $ 7 | 
44 : . root will be Og but if I was to expreſs the ſquare 


9 3 
root of 


| ſquare numbers, J might put ss for the whole fraction; but conſider- 


ing that 3 is the product of - multiplied into 0 . whereof 


b _— 7 | | | 
4 ſince here neither the numerator nor denominator are 


124 
the former factor is a ſquare, and the latter is no ſquare, I rather chooſe 
— 4 b—o 58s 
to put 5s for the latter factor —_ , and ſo make 1 2 obo 
Note alſo, That I ſhall reſolve all the following equations in the ordi- 
nary way, without having recourſe to the general theorem in art. 103. 
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PROBLEM 24. (See art, 11.) 


2358, What two numbers are theſe, whoſe fon rs a and the Ke of 
gh multiplication is b? 


The two numbers ſought, x and a—x, | 
'The product of their multiplication, a X — K Rx 3 3 whence changing 


the ſigns, xx—ax==—b, and compleating the ſquare, xx - A 2 


— 46 
4 — ==; extract the ſauare root of both ſides, that 


5 

is, of 4 on one fide, and of - on the other, and yu will 
have — 72 ; and = 'Y whence the following canon: 

Make aa —4b 8s, and the greater number will he "5. and the fs. 
, 

The SYN TRETICAL DEMONSTRATION, 

1ſt, —— added to — . 2 oc 0: 

aal), 5 multplied into = gives == = (by ſubſtituting 
—ag-+ 4 inſtead of eka eh, E. D. 


An example to the foregoing canon. 


What two numbers are thoſe, whoſe ſum is twentyfive, and the product 
of whoſe multiplication is 144.? Here 2 =25, 6 144, 44— 46 or $5= 


— F 
49, 27, — 16, a f 11 ſo the numbers are 9 and 16. 


. 25. (See art. 113.) 


1 17 tue numbers are thoſe, whoſe fum i is a, andthe fom of their 
res 


8 0 L u- 
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SOLUTION, 


The two numbers ſought, x and a — x. 
The ſquare of the former, xx. 
The ſquare of the latter, aa - 24 ＋ xx. 


The ſum of their ſquares f eee therefore 2 xx —- 


b—aa +. e > 
24x =b—aa, and xxX—ax= ———, W 


5— 44 2b—aa 33 


— a and # extract the ſquare roots, that is, the n af 


— — F ſide, and of — on the other, and you will have 


a LS: 228 
W and x = » whence the following canon: 
a+s 

Make 2b—aa=5s, and you will ye” Ver the greater number, 

a7 — fer the leſs. | 
DEMoNSTRATION. 
1, _ added to 1 gives 4, 
NL 2a5 +55 | 

2dly, ne the ſquare of 
eee . and therefore the ſum of their ſquares is — 2 7 26 = 
aa+5s 24 ＋ 26 — 44 


- = (by the canon) b. , E. D. 


2 2 


An example ta the foregoing canon. 


What two nuit der are thoſe, whoſe ſum is 28, and the ſum of their 
ſquares 400? Here a==28, 5 = 4oo, 26—44 or 26 = 16, S$= 4, 
a +s a —5 | . 


— = 16, — =12 ; therefore the numbers are 12 and 16, 


PROBLEM 26. (See art, 114.) 


Ly eds tuo numbers are theſe we ſum is a, and the ſum of their 
cubes b? 


Rok Ks 


3%. 


24 
1 
= 
"hs, 
; 
i 
—_— 
_ + 
bt 
Wh 
= 


— EEE _ — — 
— 8 
— E 1 1 P —— n 1 1 

— — f * —— : — * * . 4 gw * 6.42 _ l 
** 8 ; „ az £0 r — 


x ICE 
* = "2" 
— 2 — —_ — gar Soon = 
= -— ES. GE = 
iy 1 — . . . — — 4 
$a” * 2 N 
3 * n F a 


h divide by za, and you will have xx—ax= 


ax—ax+—=—+ 
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SOLUTION. 


The two 8 ſought, E and a —. gies 
The cube of the former, x.. TOHTEu 
The cube of the latter, —— zen- (1 | 
The ſum of their cubes, 4. — 3 ＋ 3 * = therefore 35 
5— 2 
34 


, and 
, ad 44 b—& 4 b—@ LG 4b—0 - IIs 


$$ 3a 124 4 * 38 "Wu 
the ſquare root of both fides, that is, of — on one fide, and 


extract 


= a 
of 7 the other, and you will have *— 22 =—and ** 


whence the following canon: 


Make TEE ss, and you wil ow LE fr the greater number, 
— — for the 26. 
DEMONSTRATION, 
iſt, — added to — g 2 85 " | 
ai The cube 4X1 2 . the cube of 
— is leiter, therefore the ſum of their 8 is 
— WES CEL . canon, = h. 9. E. D. 


An example to the foregoing canon. 


What two numbers are thoſe, whoſe ſum is 7, and the ſum of their 


— 2 
| or g eq, S=3, _ : 


cubes 133? Here a==7, b=133, 


mas] 


= 5, ==2; rern 


PROBLEM 27. 
161. E is required to find two numbers whoſe difference is d, and which 
dividing a given number as a, will have two quotients whoſe diffe- 


rence is b. : 
6 
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SOLUTION, 


The two numbers ſought, æ and x ＋ d. 
TE 
The two quotients, r and ——;. 


a. a ad 


Their difference, — 


e e ö; therefore bxx+bdx 
44 1 


42d 
= 46, and RT" ; therefore xx+dx + — 1727 ab 724 
44d 


dd 
© 6 aides 2 2 -; extract the Gquare root of xx+dx+ Fas one ſide, and of 


4 — 
= on the other, and you will have x + 2 == , Whence x = 3 


or 8 ; {et alide the negative root, and you will have x (the leſs 


5 : 
9 —— ce 4 
diviſor) == — 5 . x +4 (the greater) = —— r and 
we ſhall have the following canon: . | 


Make % +dd==ss, and You will have —— XY br the greater diviſer, 


fr the leſs. 


3 


N. B. That - i . 


that 145 = + da; therefore Ss Is greater than dd, and s greater than d; 


is an affirmative quantity, is evident from hence, 


2 


therefore * is affirmative. 


The demonſtration of the canon. 


Aſt, If the leſs diviſor = be ſubtracted from the greater — te 
remainder will be 43; RD the difference of the diviſors is 1 


⁊2dly, If the dividend à be { nir divided by the two diviſors © 77 4 
and =" # the two quotients will be —— _ and — —— reſpectively, 


ae the former will be the greater, as having a leſs denominator ; ; Gore 
ES 6 OY ore 
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2 4 24 2as+2ad—2a5+2ad 


fore the difference of the quotients is . an FS n 
ad 4ad 
===n=7 Ta by the canon, =þ; 2E D. 
* 


An example 70 the for going canon. 
Let it be required to find two diviſors whoſe difference is 1, and 
which dividing a given numb er as 144, Will have two quotients whoſe 


ad 
difference is 2. Here & 2222 144, b==2, d==1, 35 ＋ dd or 6 289, 


217, — =0, — 83 therefore the diviſors are 8 and 9, and 


the 88 18 and 16. 


SCHOLIUM. 


If in this laſt problem we had put x for the * n and x — 4 
ad 
x — d& 
—6, which is different from the former ; - and Ts it could not be 


expected, that in that equation, the two roots ſhould be the numbers 
fought, but rather the two different values of x, the leſſer of them. 


for the leſs, the equation would have been — _ - =, oO 


PROBLEM 28. (See art, 118.) 


162. What number is that, which being added to it's . root, will 
make a? a 
8 OLUTION, 


Put xx for the number ſought, and you will have this equation, x x 
5 1 ©. Shs 26 SP 


Sa; therefore xx + 1 x += =a+= = ——— - there- 
MAY hd az” Ba? am 
1 s S—_ ——1 
fore * 2 therefore x = 3 : : If x be made = =_ 
4 — £ SS—=2$—+1I 1 — } — 
: 2 you will have xx = 77 xe made equal to $ 1 | 
a SS+2SH+HI ” ih | 
you will have xx = 7 ; whence the following canon: 
22 . 88—28 
Make 4a ＋ 1 ss, and the number ſought will be - = | or 
$8+28-+1 


4 4 


„ 
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— „ according as the ſquare root to be added is taken affirmatively 


or negatively, 


DEMONSTRATION. 


Caſe 1ſt, If to the number . be. be added it's affirmative ſquare 
4 A q 


| 3 how. 
root 2» Or FIC , the ſum will be A 
Caſe 2d, If to the number ED 54 de added it's negative ſquare 


SS—1 3 
Da, by the canon. 


—— 2-2 OO 
. the ſum will again be 


2 
2. E. D. 


S 


==0, as before. 


PROBLEM 29. (See art. 129.) 


163. 1. is required to find three numbers in continual proportion, whoſe 
ſum is a, and the ſum of their ſquares a b. 


Therefore 6 (or 5 is the quotient of the ſum of the ſquares divided 


by the ſum of the numbers; which way of notation will be of ſome 
ſmall advantage in the computation that follows. 


SOLUTION. 


For the three numbers ſought put x, y and z; then ſince theſe num 
bers are in continual proportion, that is, ſince x is to y as y is to 2, we 
have yy = x; again, ſince by the ſuppoſition, x + y S a, we have 
a—y=x—+2, and ſquaring both ſides, a*—2ay+yy=xx+2x2+22 ; 
ſubtract y* from one fide, and it's equal x2 from the other, and you 
will have aa—2ay=xx +x23+2*=x*+ *+2*=ab ; ſince then 
aa—2ay=ab, divide by à and you will have a—2y==6, and y (the 


middle term) = ,; ſubtract this from a, the ſum of all the three 


A lu 
bus _ 8 
numbers ſought, and you will have gr the ſum of the extremes ; 


2 
let us call this ſum 2 J and let us allo call 


„; then as x is one of the extremes, 2/—x will be the other; and the 
product of the extremes will be 2/x—xx==m" ; therefore xx — 2 Tx 
—=— x, and xx—2Ix+Þ = - , and x—l===7, and 
K ln; whence may be derived the following canon: 

25 1 Make 


or the middle term, 
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| a--b a—bÞb 


=—=21, 


Make — =m, and |'— m. =, and the three num- 
bers ſought will be In, m and If. 
DEMONSTRATION. 


1, Since by the ſuppoſition — we have m = H 


l+nxl—7n; therefore the three numbers /-- 7, m and — are in 
continual proportion, by the latter end of the 15th article, becauſe the 
ſquare of the middle term is equal to the product of the extremes; which 
anſwers the firſt condition of the problem. 


2dly, If the three numbers In, n, and L be added together, 


their ſum will be al man = by the canon, a; which 
anſwers the ſecond condition: in like manner, if m or baer be ſubtract- 
ed from 21 or <<: you will have 21— m . 


3dly, The ſquare of In is + 211+, the ſquare of m is m, and 


the ſquare of [J—7n is F—21n+#; add theſe three' ſquares together, 
and their ſum will be 2F + + 2 =2 + m*+2F—2 n by the 


canon, =4Þ - — 2 En x 2 — Dab, by the ſecond ſtep; there- 
fore all the conditions of the problem are ſatisfied. Q. E. D. : 


An example to the foregoing canon. 
Let the ſum of the three numbers be 19, and let the ſum of their 


ſquares be 133 ; then we ſhall have a= 19, ==> = 7, _ or 2/ 
I . 
=13, 12 , 2 or mn = , J —m* or * = „ =, Au h, 


; therefore the numbers are 9, 6 and 4, or 4, 6 and 9. 
PROBLEM 30. 


164. It is required to find four numbers in continual proportion, and ſuch, 
that the ſum of the extremes may be.a, and that of the middle terms b. 

3 For what is meant by 4 numbers being in continual proportion, 
art. 128. 8 


8 0 L uv- 
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SOLUTION, | 


For the two middle terms put and y; then the extremes will be 


found, one by ſaying, as y is to x ſo 1 is x to * , and the other by fay- 


ing, as x is 1 05 vo 25 225 ; ſo the extremes are 13 and 2, and their 


| * K * 
ſum 7 * * = 


* ye b, or x =b—y; and 2dly, 


therefore the fundamental equations are, 1ſt, 


= 3 


==4, Of & ＋ D a xy; 


inſtead of x in this laſt equation uſe icy y, it's value in the firſt, and you 


will have x 6 — 3 bby-+ 3 byy—y, and x .= b1— 7 tby+36yy; 
you will alſo have axy, or ayx b—y=aby—ayy ; therefore the equa- 
tion will now be 3 b&yy— 3 bby ＋ H =aby—ayy, tranſpoſe b, _ alſo 


aby—ayy, and then the equation will ſtand thus, 8 
,, or thus, yy —byxa+ 36 3b==—6, therefore Jy —by= 


LLC 55 abb—b bb a—b bb 
and fro RE Ts 40126 © 4 ab 4 


WW... extract the ſquare root of „-= on one ſide, and of 
 bbss b bs hb bs 
I the other, and you will have „z == and y = 22 

hs 


2 * mrs - and ſince the equation wil be the ſame, which ſoever of 


the two middle terms y is made to ſtand for, the greater or the leſs, we 
have the following canon : 


a—b 


b 
Make - 2 and you will have 1s PO the greater of the 


b 
two middle terms, and 2 X 12 fer . leſs. 


The middle terms then being thus obtained by the help of the ing 
canon, the extremes will eafily be had from the nature of continual 


b b 
proportionality as above, to wit, by faying, 4 - x TY is fo * 18, 


| 2 
FD on, T7 2 b ay 
or as 1=—8 is to 1-+8, fo is 2 Ap of. 2 13 z # roſes 7 1 
79 


* * 


—, 


194 
15 ul 
1 


11 oY 


14, 
11 
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is the greater extreme : and as 25 1 ＋s is to 2 1 — 5 er as 1＋ 15 


2 
1—8 1 
I+s8? therefore >-x 10 is the Hſer 


extreme; and the four 3 putting the mw extreme fp, will Hand 


b ELL Do 
thus ; 2 1 2 lr => and > * 


b — b 
#0 1—5, fois >x1—8 90 2 * 


3 
1s; 


DEMONSTRATION. 


That theſe four numbers muſt be continual proportionals is dna * 
the extremes were found upon that ſuppoſition: and that the two mid- 


b 
dle terms when added together muſt make þ is as plain ; for 2 * 1 +5 


* DnB therefore the main buſineſs of this demon- 


arten will be to prove that the ſum of the extremes is 4; we are there- 


2 


— 


> b I +£ b 127 3 7 
fore to enquire whether Fi 26, 0 dividing by >, 


q— 2 
1-5 1— 24a 15 1—5 


— !.— 0 


| TT Ty b . 1 —5 an Is being added toge⸗ 


144 ＋-1— 4 NE ty 
— at T 1 3 +3550, and 1—5 


TE: ] ns . 6 ? 
therefore — L 


Si F therefore 


the enquiry is now reduced to o this, whether Ir = : now to 
determine this, both the numerator 2-+ 6 $5, as the denominator 1 —'ss, 


—þ 
muſt be examined apart thus; 55 = — a+3 —7-<1. by ihe canon; therefore 
6a—66 2 62—65 


9 z therefore 2 fy 65s or the numerator = : wok EIT 
| a — 5 
35 again, . 3 therefore — — a+36 3 therefore 


155, 
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1 —a+b b 
x —5s, or the denominator, r = N therefore 


265 
12 


2 to a fraction whoſe numerator i — or 5 and whoſe de- 
8a 


5 2 
nominator is Pays ; 
2+65s 


— or th ſum of the extremes after being divided by > : , equals 


NO 


but ſuch a fraction is equal to — 


= ; therefore before any ſuch diviſion was made, the ſum of the ex- 


tremes was 4. Q. E. D. 


An example to the foregoing canon. 
Let the ſum of the extremes be 7 that of the middle terms 18; 


— | I I 
and you will have a= 27, b=18, TITS [br =73 E's 
# — 
14 1 „z 1＋ 12, . 6 and ſo the two 


middle terms are 12 and 6; whence the extremes are 24 and 3; and 
the 4 numbers in order are 24, 12, 6 and 3, or 3, 6, 12 and 24. 


PROBLEM, 31. 


165. What two numbers are thoſe, whoſe ſum added to the this of their 
ſquares is a, and whoſe difference added to the difference of their 
fquares is b? ? 


SOLUTION. 


Put x and y for the two numbers ſought, and the fundamental. equa- 
tions will be 1ſt, Y a; 2dly, x—y+ x —y =b; 
which equations when reduced to order will ſtand thus; . 

Equ. iſt, "ER PIPES: | | 
Equ. 2d, xx E- 
Add theſe two aft equations together, and you will have 2xx+2x=4+b; 


a- I a+b 1 20 + 26+1 
whence xx4-1x= 7 and xx+1x+= = — ＋— 2 


55 
„ 


| I | rr 
mY, extract the root of xx + 1 4 on one ſide, and of on the 


other, and you will have x45 = = 5 , and x=—= of again, ſubtract 


the ſecond equation from the "firſt and you will have 2 F ＋ 25 4 


— end 


— 


32 * or + - therefore 


\ 4 4 
we! ft 
1 
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1 | =, | ; 1 24 —26＋ 1 95 
WW EN 1 Es 2 a, 
whencey +5 =>, 40 v. ; TRA the following canon; 
Make phe I Bt, e bee. and you will have the 


| Wy tes 


A 


* 


beet, 


Sn 21 ＋25—4 
or — 


"1 4p 1 ; r * 
The ſum of 1 * 


1—1 18 1 — 21 
wn IE 
hg Lk 
4+ 
Therefore the ſum of their ſquares is 


and 


74 — 254 
2 — Za to 
3 298— 15 
this = — of 5 numbers aboye found, to wit, 3 * and you 
will have the ſum of the numbers added to the ſum of their ſquares 
equal to ae 7 but - 1 * the canon; therefore 
Pf $f — 


rr -A and — 4 | of the ſum of the numbers added 


to the ſum of their ſquares, equals a: ain, the difference of 


So—nT, 7—  2r—2s 


and 3 I or 7 3 and the difference of their = 8 
122. 
_ * 

Lifference. of their ſquares is 


E; therefore the difference of the numbers added to che 
— b 

. 8 by the canon, b. * D. 
An example 10 the fora canon. 


Let the ſam of the numbers added to the ſum of their ſquares be 26, 
and their difference added to the difference of their ſquares 14; and we 


md | . 


Thall have 4455 14. 2a42b+3 or l, q, 
I 

24. n or $SS=25, 25, ——=2; and ee 

fought will be 4 and 2. PR o- 
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PROBLEM 32. 


166. What two numbers are thoſe, the ſum of whoſe ſquares 1s a, at 
the product of their multiplication b? y whe fe 1 


SOLUTION, 
| 3 ; 
For the two numbers ſought put & and = ,and the ſum of their ſquares 


will be * =; therefore x*-+6b*==ax* therefore xw—ax*=—þb, 


| a a 
and aw—axx += 7 —55 = 
of x%—a x* += on one fide, and of \ on the other, and you will have 


12— 


a= ===>, and = ; and ſince this equation will be the 
fame, whichſoever of the unknown quantities x is made to ſtand for, you 
will have the following canon: | I = 

Male aa—4bb==ss, and you will have the ſquare of the greater num- 


S 1— 8 


ber equal to — „ and the ſquare of the leſs equal to n 


- 


£ DEMONSTRATION. 


If the ſquare of the greater number, which is —— be added to the 


3 5 the ſum of their ſquares will 
a ＋ 5 


quare of the leſs number, which 1 


be — or 4: again, if the ſquare of the greater number which is 


— 


be multiplied into the fquare of the leſs number which is =, the 


product of theſe two ſquares will be 7 Yi om eee by the 


5 4 
4 bb | 
canon, = 2 =bb; but if the ſquare of the greater number multi- 


plied into the ſquare of the leſs gives bb, then the greater number mul. 
tiplied into the leſs will give 6, Q, E. D. | 


K k Mr 


2 58 "OF GENERAL PROBLEMS Book iv. 


An example 10 the foregoing canon. 


Let the ſum of the ſquare of the two numbers ſought be 400, and 
the product of their multiplication 192; then you will have a= 4oo, 
a+s 5 


| 9 — or £5= 12544, S= 112, or the ſquare of the 


greater number == 256, — or the ſquare of the leſs number = 144 ; 
| therefore the greater number is 16, and the leſs 12. 


PROBLE * 33. 


167. Let a flone be dropt into an empty pit or well : E it required, hav- 
ing given the time from the firſt dropping of the ſtone to the bearing of 
the found from the bottom, to aſſign the depth of the awell, 


SOLUTION, 


The ſolution of this problem is founded upon three philoſophical prin- 
ciples, all which muſt here be taken for granted: The firſt is, that the 
ſpaces through which a heavy body falls from reſt in different times, are 
as the ſquares of thoſe times: thus the ſpace deſcribed in two ſeconds 
of time, is to the ſpace deſcribed in three ſeconds, not ag 2 to 3, but as 
4 to 9. The ſecond is, that ſetting aſide the reſiſtence of the air, which 
is not here conſidered, all bodies both great and ſmall}, heavy and light, 
are accelerated alike, and deſcend through the ſame ſpace in the fame 
time. The third is, that all ſounds, at leaſt, all ſuch as are ſtrong enough 
to affect our ſenſes, are propagated through the air with the ſame ve- 
locity, and conſequently deſcribe ſpaces proportionable to the time of 
their motion. The firſt of theſe principles was demonſtrated long fince 
by it's firſt diſcoverer Galileo, and the two laſt by the celebrated Sir 
Jaac Newton. Theſe things then being ſuppoſed, let x be put for the 
depth of the well, let à repreſent the ſpace through which a heavy body 
falls from reſt in one ſecond of time, 6 the ſpace through which a ſound 
paſſes in the ſame time, and let c be the time given in ſeconds from the 
_ firſt defcent of the ſtone to the hearing of the ſound ; then to find how 
long the ſtone muſt be in deſcending to the bottom of the well, fay, as 
the ſpace à is to the ſpace x, to wit, the whole depth of the well, fo is 
1, the ſquare of the time wherein the former ſpace is deſcribed, to wit, 


the ſquare of one ſecond, to =, the ſquare of the time wherein the lat- 


ter 
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ter ſpace is deſcribed; therefore 2 will repreſent the ti me the ſtone 
. takes in deſcending through the whole _ of the well: again, to = 
find the time the ſound takes in aſcending through the ſame ſpace, ſay, 
as the ſpace þ is to the ſpace x, ſo is one ſecond, the time 3 the 


former ſpace is deſcribed, to 5 the time wherein the latter ſpace is 


deſcribed : but theſe times together, that is, the time of the ſtone's b 1 0 
deſcent, and the time of the ſound's aſcent, make up the whole time ä | 
; therefore we have this equation, + = =2£; therefore x + 
* Abc. This is a ſort of a quadratic equation, ſince x is the ſquare 
of Ax; or at leaſt it is in the form of a quadratic equation, and muſt 
be reſolved accordingly, Here then the coefficient of the ſecond term is 


5 . | 
5 whoſe half is 27 the ſquare of this is = which being added 


EE 35 

to both fides of the equation, gives eb WEB eD hem 
hb-+4abc i 4 bx bb 
WE a make 66 + 44abc=5s, and you will have x + a 25 
$$ 


b 


$ 
r therefore \/ x = 


— hob 5 wi 
on Os whereof the former root is negative, and the latter affirma- 


tive; but the nature of this problem will not admit that x be 2 
ſed negative; for we muſt be conſiſtent with ourſelves, and if we ſup- 
pole V to be negative in any one part of this ſolution, it muſt be fo 


in all the reſt; whence it will follow, that 955 the time of the deſcent 
of the ſtone through the depth of the well is negative, which is abſurd ; 


7 that * wan, 


it is for this reaſon that I reje& the negative root * and retain the 
pi 1 5—3 2 . 
affirmative one 2 2 making = Fr and conſequently * the ; 
2 
5—3 


depth of the well | 
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> any one aſks, how I came to know that even the accepted root 


752 was affirmative; this was eaſily diſcovered by obſerving, that 5; be- 


mg equal to 565 ＋ 4 abc, will be greater than 4b; therefore 3 will be 
greater an wy and opens $—6 will be an affirmative ot 


1805 
alt 2 of the . to one ſide, and fo nk 2 *» v5 © — 


| 2 
— 7, 
=0; - Gran x09 ; but to POTTY ſince x 75 


5 5 4 or the time of the deſcent of the ſtone to the 
5 


bottom of the well, ** to — we ſhall alſo _ 7 „ Which was 


„ we ſhall have 


— 


4ab* 


the time of the Gund 8 aſcent through the ſame fancy, a to 


whence is derived the following canon: 
Make ba -+ 4abc equal to ss, and you will have the depth of the well equal 


nn 
to 5 the time of the flone” s Een, equal to 


$—b 
w and the time of the 


2 


— b 
found s aſcent equal to = b; 


DEMONSTRATION, 


If the SO of the well. be rightly aſſigned, the time of the ſtone” 8 
deſcent, and the time of the ſound's aſcent added together, ought to make 


up the whole time c, from the dropping of the ſtone to the hearing of the 


—3 bs—26bb 
ſound : now the time of the Rone's deſcent was : _ e, 


» OF © 4ab , mul- 


tiplying both the Pammerator and denominator by 263 and the time of the 


1 4 * 


ſoundꝰs aſcent was . „ HA, add theſe two times toge- 
— Y 5 2b b 

ther, to wit, © — —, and IF : and the am will be 

rn fb 4abe 


by the canon, c. R, E. D. 


1 446 = 4ab Sc H O- 
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SCHOLIUM, 


Monſieur Huygens, juſtly celebrated for having been the author of 
ſo many curious and uſeful diſcoveries, both to the learned world in 
particular, and to mankind in general, having obſerved that the length 
of a pendulum that ſwings ſeconds is 3 feet 8 lines and a half, Paris mea-- 
ſure; and having alſo by an uncommon ſagacity found out this curious 
theorem, that the time of the deſcent of a heavy body-through half the. 
length of any pendulum, is to the time of one ſingle oſcillation of that 
pendulum either forwards or Backwards, as the diameter of a circle is 
to the circumference ; from bath theſe together, and from Galtileo's theo- 
rem above mentioned, has demonſtrated, that the ſpace through which 
a heavy body falls from reſt in one ſecond of time, is 15 % Paris feet, or } 
more accurately, 15. 957 Paris feet, that is, 16. 1222 Engliſh feet, in- 
creaſing the number of Paris feet in the proportion of 1000 to 1068. 
This diſcovery, I fay, is owing to the 750 of that excellent Mathe- 

matician Monſieur Huygens; nor do we owe leſs to the care and diligence 
of our learned countreyman Mr. Derbam, who in his experiments and 
obſervations upon the motion of ſounds, from a far greater diſtance than 
any before him had ever obſerved them, found it to be at the rate of 
about 1142 feet in a ſecond: therefore 16.1222 feet is the ſpace which 
in the reſolution of the laſt problem we called a, and 1142 fot is what 
we called 5; therefore 44 264.4888, and 4452 73646, and bb—- 
1304164. Having then got and 446 ready calculated to our hand, 
which in all caſes will be the ſame, the ſolution of the foregoing pro- 
blem will become much caſier: as for example, ſuppoſe the time from 
the beginning of the fall to the hearing of the ſound was 10 ſeconds; 
then we ſhall have c= 10, 44bc==736460, bb-+4abc or 5 22040624, 


' S=1428.5, 5—b=280.5, 5—bþ= $2082 25; this therefore divi- 
| ded by 44 or 64.49, gives 1273 feet for the depth of the well: .more- 
—þ _ | 
— by che. ano; but J—3 
is found already to be 286.5; and this divided by 2 @ or 32. 24; gives 
8.89 ſeconds for the time of the ſtone's deſcent : laſtly, the time of the 
| | 2 2 


S=— þ ; $—þ 
ſound's aſcent was Fre according to the canon ; and 


over the time of the ſtone's deſcent was 


was found 


a 8 


S—þ 


445 
or 


before to be 1273; divide this by ö or 1142, and you will have 
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or the time of the ſound's aſcent equal to 1.11 of a ſecond : add this to the 
former time, to wit, 8.89 ſeconds, and the whole time will amount to 
10 ſeconds, as it ought. | 
If any one be deſirous to ſee} wo the ſpace through which a Err 
body be Boa from reſt in one ſecond of time is deduced from Huygens's 
theorem above mentioned, it is done-as follows ; let / be the length of 
a pendulum that ſwings ſeconds ; and then according to that theorem, 
the time wherein a —— body deſcends from reſt through a ſpace equal 
to %, will be to the time oy one oſcillation of the pendulum whoſe length 
is J. as the diameter of a circle is to the circumference; but the time 
of one oſcillation of the pendulum / is one ſecond by the ſuppoſition ; 
or if we put 5s for the unknown ſpace through which a heavy body falls 
from reſt in one ſecond of time, then the time of one oſcillation of the 
pendulum / will be the fame with the time of deſcent through the ſpace 
5, and the proportion will now ſtand thus; the time of deſcent through 
:{will be to the time of deſcent through s, as the diameter of a 2 
1s to the circutnference ; and therefore the ſquare of the former time 
will be to the ſquare of the latter, as the ſquare of the diameter is to the 
ſquare of the ese but the ſquare of the time of deſcent through 
21 is to the ſquare of the time of deſcent throuę gh s, as 11 is to s, accord- 
ing to What has been delivered above; — — 11s to 5, as the ſquare 
of the diameter of a circle is to the ſquare of the circumference ; but 
the diameter of a circle is to the circumference as 113 to 355, (ſee 
ſchel. 1. to art. 179;) and the ſquare of the former is to the {quare of the 
latter as 12769 is to 126025 ; moreover / the length of a pendulum 
that ſwings ſeconds is found b experience to be 3 feet 8; lines, Paris 
meaſure, as above, that is, (by the introduction art. 23) 3.0 >59028 feet ; 
whence 112 1.529514 of a foot ; ſay then, as 12709 is to 126025, ſo 
is 1 529514 to 15.0957; and you will have 5 = 15.0957 French feet, 
or 16.1222 Engliſh feet. | 
Hence may be deduced by way of corollary, that as the ſquare of 
the diameter of a circle is to the ſquare of the circumference, fo is half 
the length of any pendulum to the f * through which a heavy body 
will fall from reſt the time of one „ellen of that FO. 
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THE 
$OLUTION OF TWO PROBLEMS: 


By Mr. ABRAHAM DE Motvae, 


The curious and elegant ſolutions of the two following problems about- 
proportionals were communicated by that moſt excellent Mathematician 
Mr. de Moivre, and his conſent has been obtained for the printing of 
them, They are here inſerted A1 ſuch as Mr. de Moi ure ſent 
them, exactly in his own words, 


PROBLEM 1, 


De ſum of four continual proportionals being given, as alfo:the ſum of 
their Raue, to find the propertionals. 


SOLUTION, 


Let the four proportionals be x, xxy, xyy, y: let their ſum be am , 
and the ſum of their ſquares b: we have therefore the two. o following 
equations ; XXY TN +) a, and 
* x*y XN = . 
The firſt equation is reduced to this ; 

UN LY a the ſecond to 
* EY = b. 

The firſt equation reduced, determines me to ſuppoſe 
x +y==2, and 
xx+yy=0: 

* ide the firſt equation is changed into 
u .. 

Now. for the ſecond, I ay, ſince x+y==2, then {quaring all, 
XX+2X 7 23; 


but & X ＋ n ſuppoſed u] 
therefore 5 1 1 
and 2x5 Y g-, | 
and 4Xxyy=2*— 2VZF+ VV: 
Again, ſince x x-+yy==v, then ſquaring all, 

Xi+ 2xxyy + =vv: 


but the ſecond equation redu ced is 
xx+yy Nb, or 
X= I ; 
therefore + yam =y 
 there= 
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therefore inſtead of the equation we had a little 85 which was 
* ＋ ä we may write | 


8 * 2Xx3y=vv, or 


b 
2 * - , or 


26 
AX x= - e but we had found before, that 


ee ys; e fo therefore we have now the 


: 26 
equation a e e or 


| 2b 
- raus: 


But by the transformation of the firſt equation we have had zv=a ; 


therefore 5 g 
and this value of v being ſubſtituted, we ſhall have 
— DA... 
BE & =- aer, or 
. t 
ne?” bad 9 1 
V n aa, Which is properly a quadratic. 


Now = being found in that equation, then v will be found: when z and 
v are known, R for 'tis plain that 


1 
X=" 2 +5 V 2V—22, and 


722 2—4 Vi- 2; as will appear, if we conſider 


thanby ſuppoſition x ++ y = 2, and 
xx+yy =v: 
Square the firſt of theſe two equations, and we ſhall have 
xx+2xy-+yy=22 ; but the ſecond equation is 
xx +yy=v; from which taking their Hence, 
2X) -]; we have 
XX 2K T =V—ZZV=2V=—=22; 


hence X—Y=/2V—22; 
but x+y=2; 
therefore 24 2 ＋· - 2, : 
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. I 
and * 2 4 2＋ Ae x. 
Again, it appears that ———— 
1 1 — 


Therefore the four proportionals are known. 
PROBLEM 2. 


9 ſum of fue — and the ſum n their . being given, 
1 the proportionals, 


SOLUTION. 


Let hs ſum of the proportionals be a, and the ſum of their ſquares 
b; then we have theſe two equations; 


xt -- xy xxyy+xy -V a, and 
ene RRM" 


The firſt may be reduced to —— 


the ſecond to 7. 
Divide che ſecond of theſe equations by the firſt ; then we ſhall have 
+ 5 
bs which equation being expanded, gives 


b 
e- e. 
Write under this, the firſt original equation, which was 
. L Y-LE xxyy+ xy -M. 
Let theſe two equations be added together ; then we ſhall have 


% 


5 
2 + 23x59 f , „ Or | * 


* ＋ xxyy + 214 * 25, 


Ty 
(ſuppoſing for abbreviation, that 122 * =:: ) 


But if, inſtead of adding thoſe 8 we now ubtract the upper- 
moſt from the lowermoſt, we ſhall have 
b 


TO EAT MESS Rt 


5 16 
„y + xy) =? hon or-. 


2 


L I | 1 1 


& „ P 3 — 
* & . - 2 
5 


>a < — n as # 3x o — 3 8. 3. 5 = = 434.= 
42 * e ext * FOR fo TIO 2 r 2 | 
* 
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26. 
xy Xx XxX ＋ Jy =lA— 23 which, known quantities to 
ſhorten, we may call d: we have therefore the qu: ation 


* ns 


xy * X d. 

Here T'am naturally determined to ſuppoſe xy , and eee 
therefore inſtead of the laſt equation, 
I have zd. 
My buſineſs now is to expreſs the other bahation, * ＋ Xx x5 
hy means of > and v: but ſince xx+yy==»v, then ſquaring all, we have 

* ＋ 2xxyy e == vv; from which, 
ſubtracting *. xxyy ++3*=5, which we had before ; then there 
remains & * =PV=S: | 
But xy=2 ; therefore xxyy=22, and therefore 

22 b . But we had before, ⁊ u 4. 
Let 2 be ns” nd, then we ſhall have 


5 = . -, or ad vu. 


Now v may eaſily be found in this equation; v being known, 2 will be 
known; both 2 w_ v being Tas, * and y will be known e 


yr: 222 22 ＋— = I 


J==> 1 [OFF 2— 5 22 2, as will appear if we con- 
ſider that by a en . ay 


XX Jy=0: 
For doubling the firſt of theſe two equations, we ſhall have 2 xy=2 2; 
and this being added to the ſecond, we have xx+2xy+yy=v+22, 


therefore x +y=\/v+22. 
Again, if we ſubtract the equation-2 xy=22 from the other xx+yy= 


we ſhall have xx — 2 XY Ty =v—22; wherefore * — = — 
Now from the two equations, 


x +y=y/v+22, 
and „Y ne , it is plain that 
Le, 1 
* Vu N 


I I. 
and y=7 VV+22—>  V—2 2, 


N. B. 


* 
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N. B. It perhaps may be pro oper for the ſake of the young Analyſt, to 
ſubjoyn an example to cae of the foregoing ſolutions -communicated 
by Mr. De Moi ure. 


Example to the ſolution 72 the 2. problem. 


— 2b 
Since 25 = — = 2 ＋ aa, if for £ p ED we put a then will 2 


=2d2 a, and  =d+/dd-aa: let a= 35, 5 340; then 
44— 


will 40 go, 5bo, . eee ee 


6 236 
= —.— an” . e TH, d+\/aa+dd or 427 
x 22=27 Cf (putting e PE the cube root of 2 0 2 ge, Lor vg ge = 
cee 2v—2 2g cc, 1 2 5 3 —— 
| — Alu 22 
or x 2c, — 2 or Y==c; 
whence the proportionals , xxy, xyy, , 
are | = 80, 40, 20, 1%, . 
that 1s, 16, 8, 4, 2. , 
Exampic to the ſolution of the ſecond problem. 
b —— 
Let 9 , 2 1364 then ad == 3844, — or S=42, —.— : 
or d=20, v*=42vVv-+ 400, . 
(putting c for the ſquare root of 2,) v 5c, = or & = = x 


=2C, vv+23=4/g9c=3 1 VV —2Z=V/C, 5 SV+23 


1 eee e 1 1 — 5 
＋ Vue 2 or , ß pom oC, 
xXx AC, XY==2C, yY==C; | 
and the proportionals *, x*y, xxyy, xy, ., 
will be er 
Or 32, 16, 8, 4, 2. 
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In what caſes a eule may admit of many anſivers. 


168. T has already been obſerved, that if in any problem the num- 
ber of independent conditions be equal to the number -of un- 
known quantities, ſuch a problem will admit but of one ſolu- 
tion; or if it admits of more, they will however be ſo deter- 
mined as to leave no room for arbitra wy Fg : but if the conditions 
be fewer m number than are the — 3 thoſe that are 
wanting may then be ſupplied by the Analyſt elf at pleaſure; and 
as there is infinite choice, it is nd wonder if in ſuck a caſe a problem ad- 
mits of an infinite number of anſwers, eſpecially where fractions are ta- 
ken into that number; but if the problem N55 to whole numbers 
only, then the n of anſwers will ſometimes. be: finite and ſome- 
times infinite, as the nature of the problem will bear, This will be ſaf- 
in iuſtrated by the two following examples. 


EXAMPLE "94 


Let it be required to find two. numbers whoſe 1 ig equal to ten Fmes 


their arfference. 
Here putting x and y for the two numbers ſought, it is plain that in 
this caſe we have but one condition, and conſequently but one equation, 
to wit, x-+y=10x —10y, which equation being reduced, gives * = 
f = and this is all the problem requires. Here then it is plain that the 
Analyſt is entirely at liberty to ſubſtitute whatever whole number, mixt 
number, or proper fraction he pleaſes for y, provided he does but 


make x== 11 and the two quantities x and y will ſolve the problem. 
As 
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As for inſtance, let - be put for y; then will x or 9 berg; and thoſe 
two fractions ; and! or 3 will ſolve the problem; for their difference is 
, and their ſum g. But if it be intended that x and y ſhall both be 
© whole numbers, then ſuch a whole number muſt be ſubſtituted for y as 
will admit of 9 for a diviſor without a remainder : but of ſuch whole 
numbers there is infinite choice, as 9, 18, 27, 36 Ge; therefore this 
- queſtion is capable of an infinite number of anſwers, both in whole num-- 
bers and fractions. | 
þ TXAMFErEE 


Let it now be required to find tao numbers x and y, the product of whoſe * 
multiplication is equal to ten times their difference. 

Here the equation will beyx== 10x — 10y, which being reduced, 

gives & 7 21 Here it is plain that y muſt be leſs than 10; for if 


10 


V was equal to 10, the fraftion 162 would be infinite, as vill be 
ſhewn in another place; and if y be greater than. 10, then 10—y, and 
i — will be a negative quantity, whereas the problem 
may be ſuppoſed to relate to affirmative quantities only: however, as there 
is infinite choice of fractions between o and 10, and as any of theſe 
may be ſubſtituted for y, the problem will ſtill be capable of an infinite 
number of ſolutions, if fractions may be admitted; but if it be required 
that x and y be both whole numbers, then there cannot be above nine 
ſuch numbers that can be put for y; nor perhaps all theſe neither, as re- 
mains in the next place to be ſhewn. Now to find what whole number 
being put for y will bring out x a whole number alſo, I reduce the 
quantity —.— to a more ſimple one, by dividing 10% by 1o—, or 
rather by —y+10, beginning with —y thus: 100 divided by —y - 
quotes — 10, which I put down in the quotient ; then multiplying the 
diviſor —y + 10 by — 10 the quotient, I find the product to be + 10y 
— x00, which being ſubtracted from 10y the dividend, leaves 100 for 
a remainder ; but not intending to carry on the diviſion any further, : 
repreſent the reſt of the quotient by the fraction — ; 0.x == = 
—10; therefore. that x may be a whole number, it is neceſſary that 


| 3 be a whole number; but this will be impoſſible, unleſs 10—y - 
be 


conſequently 
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be ſome one of the diviſors of 100, T'mean ſuch a number as will di- 
vide 100 without remainder: I enquire therefore in the next place, 
how many ſuch diviſors 100 will admit of that are under 10; for ſo 
long as y is any thing, 10 - mult be leſs than 10; and 1 find four 
ſuch Adios, to wit, 1, 2, 4 and 5; therefore if 10 —y be put equal to 


any of theſe, x or AW muſt come out a whole number ; and 


ALO <= 


it muſt alſo come out affirmative, for ſo long as 10 —9 is pag than 
nothing and leſs than 10, a hr 


will always be greater than = . that is, 
100 


than 10, and conſequently 1e 


then ſuppoſe firſt, 10—y==1, and we ſhall have y= =, and — 


16-34 
Kr 90. 2dly, if 10—y=2, we ſhall have y==8, and x==40. bs | 


if 10—y==4, we ſhall have y==b, and x==15. Laſtly, if 10—y=5, 
we ſhall have y==5, and x==10: therefore this queſtion admits of 4 ſo- 
- lutions in whole numbers, to wit, go and 9, 40 and 8, 15.and 6, and 
10 and 5; all ee equally anſwer the condition of the problem, as 
will appear upon trya 

'Thus having given the reader a taſte of what, he is to expect under 


-this head, I ſhall now make ſome preparation for the ſolution of ſuch 
problems as uſually fall under this denomination. 


DEFINITIONS. 


* any one quantity can be meaſured or divided another of the 
2 21 * remainder, the . is called a aa of the Ter ; 

as 15 is a multiple of 4, and 6 is a multiple of 6; for in this ſenſe, ever 
uantity is a multiple of itſelf, becauſe every quantity meaſures itſelf : 
t any one quantity can be 72 meaſured or divided by two or more others, 

it is then ſaid to be a common multiple of thoſe others; as 60 is a com- 
mon multiple of the numbers 2, 3, 4, 5, 6. 


COROLLARY, 


- if any two — quantities a and b be both multiples of a 
third, their 7 a b, and their difference a — b or b— a, wzll alſo be 
— — of the ſame; and if a and b be common multiples of any num- 
ber of quantities, their ſum and difference will alſo be common multiples 
of the ſame ; for whatever quantities will meaſure both à and &, the fame 

| 2 both their ſum and difference, (ſee art. 20, ax. 2d; there- 


fore 


STEAD x will be affirmative. Let us 


Art. 169, 170. Lemmas relating to multiples: and common meaſures, 271 


fore e converſo, whatever quantity or quantities a and bare multiples or 
common multiples of, the ſame will their ſam and difference be multiples 
or common multiples of. 18 1 Y 
N. B. The following lemmas. contain ſome curious properties, firſt 
of whole numbers, and then of fractions, worthy to be treated of as well 
for their own fakes, as for the uſe they have in 5 6 reſolution of ſome of 
the following problem. a 2% © 7015 
e 


A THEOREM. 


170, Let a and b be any two quantities whatever whoſe leaſt common 
multiple is : I. ſay then, that this leaſt common multiple c ſhall mea- 
ſure any other common multiple d of the ſame quantities. 

If this be denied, it muſt then be allowed that after c has meaſured d 
as often as is poſſible, there muſt ſtill remain a quantity as e leſs than c: 
be it ſo, and then c will meaſure d—e, Since then 2 and & both mea- 
ſure c, and c meaſures 4 — e, a and b will both meaſure d—e; therefore 
d—e is a common multiple of a and þ; but d is a common multiple of 
the ſame by the ſuppoſition ; therefore both d and d e are common 
multiples of and þ; therefore their difference e is a common multiple 
of the ſame, by art. 169; but e is leſs than c by the ſuppoſition; there- 
fore if c does not meaſure d without a remainder, it will be poflible for 
two quantities à and & to have a common multiple leſs than their leaſt ; 
but this is impoſſible ; therefore c does meaſure d without a remainder. 

CQERKOLLTARY; 


If the demonſtration here given had been applied to three or more 
quantities, it would equally have proved that their leaſt common mul- 
tiple will meaſure any other common multiple whatever of the ſame 
quantities. TR” | 
"DCROELEV MM. 


This way of demonſtrating the truth of a propoſition by running it's 
_ contrary into an abſurdity, or into an impoſſibility, or into a contradic- 
tion to ſomething already eſtabliſhed and demonſtrated, was with a great 
deal of ſubtilty practiced by the Ancients whenever a more direct proof 
could not fo eaſily be come at; and it is for that reaſon, that this ſort of 
_ demonſtrations is ſometimes leſs embarraſſed than thoſe. of the direct 
kind, where leſs ſubtilty is required: and certainly they are as firm, and 
as concluſive as any others whatever, as depending upon the ſame axioms 
and principles; and if they be not altogether ſo convincing, it — » 
| cauſe 
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becauſe the machinery and contrivance of them does not ſo immediately 
appear, eſpecially to young Mathematicians, who cannot as yet be ſup- 
poſed to be acquainted with all the different modes of thinking and rea- 
ſoning upon quantity: ore whenever I can, from a doubtful pro- 
poſition, by juſt reaſoning, deduce another that. is apparently falſe, it may 
ſerve for an infallible lark to ſhew, that the firſt poſition from whence 
the deduction was made, was not true; for truth can lead to nothing 
WR. NK | | 

| LEMMA 2. 


A PROBLEM, 


477. Tt is required, having given any two unequal numbers a and b, to 
find their leaſt common multiple. 


SOLUTION, Lf TRE 


As ab, the product of @ and & multiplied together, is a common mul- 
tiple of both, it may be divided by their leaſt common ade r with- 
out a remainder, by art. 170 : imagine it then to be fo divided, and let 
the quotient be c; then e converſo, if the product ab be divided by c, 


the quotient _ will be the leaſt common multiple of 2 and þ: whence 


3 7 
Linker, that © and 7 will be whole numbers ; for elſe, how ſhould = 


be any common multiple of @ and h, much leſs their leaſt common mul- 
tiple ? but if = and 25 be whole numbers, then e muſt be a common 


meaſure of @ and 5; and I fay in the next place, that it muſt be their 
greateſt common meaſure; for ſhould any number greater than c, ſup- 
poſe d, meaſure them both ; fince > and 7 would be whole numbers, 


| | | nl 
would be a common multiple of a and 6 leſs than — becauſe d is 


greater than c, and ſo @ and & would have a common multiple leſs than 
their leaſt, which is abſurd : therefore, Fa and b, the two numbers firſt 
propoſed, be multiplied together, and their product divided by their greateſt 
common meaſure, the quotient will be therr leaſt common multiple. Q. E. I. 
Thus if the numbers 12 and 15 be propoſed, whoſe greateſt common 
meuſure is 3; the product of their multiplication is 180, and this divi- 
died by 3 gives 60 for their leaſt common multiple. 


Co R 0 L- 
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COROLLARY I. 


Hence if the numbers given be prime to each other, that is, are fuch I 
as will admit of no common meaſure greater than unity, the produtF of nn 
their multiplication will be their leaſt common multiple : for in this caſe, 
. | | 


— =—==ab, 


| g 
COROLLARY 2. ; 


Tf the fraction - be reduced to it's leaft terms 25 Jay then that ae 


or bd (for they are equal) will be the leaſt common multiple of a and b: 
for in this caſe, if c be the greateſt common meaſure of à and b, we 


ſhall have d, and Nt „ and therefore ae or 5d will be = 
„„ 1 


A PROBLEM. 


172. Lis required, having given three or more numbers, to find their 
leaſt common multiple. 

Let the numbers given be a, 5, c and d, and the ſolution will be as 
follows: Firſt by the foregoing article find the leaſt common multiple of a 
and b, and call it e; then find the leaſt common multiple of e and c, and call 
it f; then find the leaſt common multiple of f and d, and call it g: I ſay 
then that the number g laſt found will be the leaſt common multiple of the 
numbers a, b, c and d. For firſt, that g will be a common multiple of 
thoſe numbers I thus demonſtrate: a and 4 muſt meaſure e, their leaſt 
common multiple ; and e will meaſure f, the leaſt common multiple of 
e and c; and F will meaſure g, the leaſt common multiple of / and 4; 
therefore both @ and þ will meaſure g: again, c will meaſure /, the leaſt 
common multiple of e and c; and f meaſures g as before; therefore c 
meaſures g; but 4 meaſures g ex erbe, therefore all the given num- 
bers a, b, c and d meaſure g; therefore g is a common multiple of them 
all. I fay in the next place that g is their leaſt common multiple: for 
if it be poſſible, let þ be a leſs, that is, let all the numbers a, 6, c and d 
meaſure a number + that ſhall be leſs than g; and ſince + is a common 
multiple of @ and & ex Hypol beſi, and e is their leaſt common multiple, e 
muſt meaſure h by art. 170; but £c meaſures þ ex hypotheſi; therefore 
ſince both e and c meaſure h, their leaſt common multiple F mult alfa 
meaſure þ; but d meaſures h ex hypotheſi; therefore ſince both / and d 
meaſure þ, their leaſt common multiple g muſt alſo meaſure þ, that is, a 

| Mm -  - greater 
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greater quantity muſt meaſure a leſs, which is abſurd; therefore g is the 
leaſt common multiple of the numbers given. Q. E. I. . 
Of this ſolution take the following example. Let it be required to 
find the leaſt common multiple of the numbers 8, 10, 12 and 14: now 
according to the laſt article, the leaſt common multiple of 8 and 10 is 403 
and the leaſt common multiple of 40 and 12 is 120 ; and the leaſt com- 
mon multiple of 120 and 14 is 940; therefore 840 is the leaſt com- 
mon multiple of the numbers 8, 10, 12 and 14. 
Ff 
A PROBLEM. 
173. Let a and b be any two unequal quantities wheresf e and d are 
multiples reſpectively: It is required to find as many more multiples as 
de pleaſe of the ſame quantities with the ſame difference, that is, that 
a's multiple may aliays exceed that f b by c d, if c be greater 


than d; or elſe that b's multiple may always exceed that of a by d—c, 
F d. be greater than c. 


80OoLUT Nox. 


Let ce and d-+e reprefent any two multiples of "this kind, that 
is, whoſe difference is c—d or d—<c, then fince both c and c e are 
multiples of a, e will alſo be a multiple of a, by art. 169 ; for the fame 
reaſon, ſince both d and dg e are multiples of 5, e will be a multiple 
of 5; therefore Fe be any common multiple of a and b, e and 
de will be multiples. of the ſame, and ſuch as were required, and not 
otherwiſe. Let now e be the leaſt common multiple of a and b; then it is 


plain that e+e and dA e will be the next in their kind greater than C 


and d, and that e+2e& and d+2e& will be the next greater than ce 


and d e, and ſo on ad infinitum : on the other hand c—e and d—e 


vill be the next in their kind leſs than c and d, and c—2e and d—2e 
the next leſs than c—e and d—e, and jo on, jo long as the ſubtrattion 
n be continued. | : gs < 

Whence it follows, that e be the leaſt common. multiple of a and b, 
and if either c or d or both be leſs than e, thoſe multiples c and d «ill be 


the leaſt in their hind: as for example, let a=4 and þ==6, then will 
8 and 18 be two multiples of à and b, whoſe difference is 10; and the 


will be the leaſt in their kind, becauſe the leaſt common multiple of à and 
b is 12, and 8 is leſs than 12: but if other multiples with the fame diffe- 
rence be required, they will eaſily be had by a continual addition of the 
leaſt common multiple 12; as 20 and 3o, 32 and 42, 44 and 54, &c 


ad inſinitum. 


LEMMA 5. 
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LEMMA 6. 
A THrEoREm. 


174. Let a and b be any two quantities whoſe greateſt common meaſure 
is e: I jay then that if any two unequal multiples of a and b be taken 
and compared, their difference can never be leſs than the greateſt com- 
mon meaſure c. . 

For ſince, by the ſuppoſition, c meaſures both à and h, it muſt not 

only meaſure all their multiples, but alſo the differences of thoſe multi- 
ples ; and therefore no difference can be leſs than cx. Q. E. D. 


LE MM A 6. | * 
. 


175. It is required, having given two numbers a and b, whereof a is 
ſuppoſed to be the greater, to find two unequal multiples of theſe numbers 
whoſe difference ſhall be the leaſt poſſible, that is by the laſt article, 
whoſe difference ſhall be the greateſt common meaſure of a and b. 


3 


SOLUTION. 


Let the greater number be 270, and the leſs 112, whoſe greateſt 
common meaſure found by art. 21, is 2: it is required then to find a 
multiple of 270, and another of x12, whoſe difference ſhall be 2, and 
that, whichſoever of the two multiples is intended for the greater. Here 
a==270, and b= 112, which two equations I put down one under the 
other in the form following: EY 

iſt, 1 9—ob=—+ 270, 

2d, oa — 15 2 — 112, | 
where o 4 and —©0b are only put down to make theſe equations of the 
ſame form with others, which I derive from them thus: firſt I divide 
270 the abſolute term of the firſt equation by 112 the abſolute term 
of the ſecond, without having regard to it's ſign, and the neareſt quo- 
tient too little is 2 ; therefore I multiply the ſecond equation by 2, and 
the product is 0 a—2b=—224 ; to this equation I add the firſt, 1 4 
—ob==-+ 270, and the ſum is 4 — 256 2 ＋ 46, which I put down 
under the other two for a third equation, as you wall find in the table 
annexed : this done, I again divide 112 the abſolute term of the ſecond 
equation, without regarding it's ſign, by 46 the abſolute term of the 
third, and the neareſt quotient too little is 2 ; therefore I multiply the 
third equation by 2, and the product is 24 — 46 ＋ 92; to this I add 
Mm 2 | — = 
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the equation next above it, vig. oa 16 — 112, and the ſum makes 
a fourth equation, to wit, 2 &— 56 — 20, which I put down under 
the reſt : then I divide 46 the abſolute. term of the third equation by 20 
the abſolute term of the fourth, and ſtill the neareſt quotient too little 
is 2 ; therefore to twice the fourth equation I add the third, and ſo have 
a fifth, to wit, 52 — 12 b==+6: this being put down, I divide 20 
the abſolute term of the fourth equation by 6 the abſolute term of the 
fifth, and the neareſt quotient too little is 3; therefore to thrice the fifth 
equation I add the fourth, and fo have a fixth, to wit, 17 4—41b=—2: 
laſtly I divide 6 the abſolute term of the fifth equation by 2 the abſo- 
lute term of the ſixth, and the true quotient is 3, but the neareſt too 
little is 2: now if to three times the ſixth equation I ſhould add the 
the fifth, I ſhould have 564—135h4=0; but becauſe I do not want 
an equation whoſe abſolute term is nothing, but only an equation whoſe 
abſolute term is the leaſt poſſible, inſtead of the true quotient 3 I uſe 2 
the neareſt quotient too little, as I have all along hitherto done, and fo 
adding the fifth equation to twice the fixth, I have, a ſeventh, to wit, 
39@—946 == 2. S 5 
Having thus finiſhed my ſeries of equations, it is evident that the two 
laſt equations will ſolve the problem; for if the multiple of à is to be 
greater than that of b, 39a and 9466 will be the multiples required, be- 
cauſe 39 9—946==+— 2 ; but if the multiple of & is intended to be grea- 
ter than that of a, then 174 and 416 will be the multiples ſought, be- 
cauſe 174—416=—2, and conſequently 415 — 17 a= +2. This 
will further be confirmed upon tryal ; for if a be 270, and b 112, we 
| ſhall have 39@a=10530, 945. 10528, 174=4590, 416=4592, 
qu. I, I4— ob=—+270,. ts 
2, 04— 16 — 112. 
3, 4 — 2b=+ 46. 
bo no 5b = — 20. 
5, 5$4—12b=—+ 6. 
6, 174 — 4152 — 2. 
7, 398—94b=—+ 2. | | 
Laſily, that this ſeries of abſolute terms in the equations above deſcri- 
bed will always terminate at laſt in the greateſt common meaſure of a 
and b, will be evident from the very method of finding the greateſt com- 
mon meaſure, laid down in art. 21, which is the very ſame with that 
whereby the abſolute terms are found : for to find the greateſt common 
meaſure of the numbers 270 and 112, 270 muſt be divided by 112, 
112 by 46, 46 by 20, 20 by 6, and 6 by 2, and the ſeries 270, 112, 
46, 20, 6, 2 Aa Moti in the greateſt common meaſure: but this ſeries 
is altogether the fame with the feries of abſolute terms found above, D 8 
at 
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that there, the greateſt common meaſure is twice repeated, which ariſes: 
from Hence, that the true quotient at laſt was not taken, but only the 
neareſt quotient too little; therefore one of the. two laſt equations will. 
always ſolve the problem. Q, E. D. "i 


CoROLLARY 1. 


3 1 . „ 137. 
Since the fraction 3 or 15 when reduced to it's leaſt terms, is i 6 


it follows by art. 1 255 that 56 2 135 is the leaſt common multiple 
of @ and h, and conſequently that 564 — 135 0 is the ſimpleſt equa- 
tion that can have o for it's abſolute term. Let now this equation be 
continually added to either of the two laſt equations which ſolves the 
problem, and you will have an infinite number of ſolutions more of the 
fame problem, that is, you will have an infinite number of equations 
whoſe abſolute terms are + or — 2: thus if to the laſt equation 394 
945 2 be added the equation 564 — 135 b==0,.you * 1 54a 
229. ; and if again be added the fame equation, you will have 1514 
— 364b==2, and ſo on: again, if to the laſt equation but one, to wit, 
174—41þz=—2 be added the equation 564 135 U o, you will 
have 734 — 170 —-2ß; and if again be added the fame equation, you 
will have 1294 — 3115. — 2, and fo on ad infinitum. 


Cote iL:ARY.33. | 


The abſolute terms of the equations above deſcribed will always be 

_ affirmative and negative alternately, and the abſolute term of the laſt 

equation will be negative or affirmative according as the number of equa- 

tions is even or odd : thus in the foregoing table the abſolute terms were 

+270, —112, +46, —20, +6, — 2, ＋ 2, and the laſt term was 
＋ 2 as poſſeſſing an odd place; . 0 | 


SCHOLIUM.. | 
If the foregoing problem be ſtated algebraically, it will ſtand thus; 
It is required, having given two numbers a and b, whoſe greateſt common 
meaſure is e, to find other two numbers x and y of ſuch a nature, that be- 
ing multiplied by the numbers a and b reſpectively, the difference of the 
products ax —by may be found equal to + or —c. | 
Here then we have but one equation for finding two unknown quan- 
tities, and that is the reaſon why the problem admits of an infinite num- 
ber of ſolutions, to wit, by a continual addition of the equation 564 — 
135b6==0, as in corollary 1: but though this equation may be conti- 
nually added to any of the equations exhibited in the foregoing table, and 
that ad infinitum, yet it cannot be ſubtracted from any of them; which 


18 
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is a manifeſt argument that thoſe equations are the moſt ſimple of their 
cind, that is, the moſt ſimple of all others that have the fame ahſolute 
rms ; ſee art. 173 : this will be more univerſally demonſtrated in art. 
177, In the mean time, in order to form general concluſions concern- 
ing the nature of thoſe equations, it will be proper in all the equations 
except the two firſt, to denote the coefficients of o and 6 at leaſt, in ge- 
neral terms, thus: in the third equation we have 14—2b==-+ 46 ; 
make p—=1 and P==2, and you will have pa - PBS A 46: in like 
manner in the fourth equation, if 4 be made equal to 2 and & equal to 
5, you will have ga—gYþ5=—20; and ſo on, See the equations ac- 
cording to this way of notation : 8 . 
Equ. 1, 14 — O = 270. 
5 2, a — 1528 — 112, 
3. pa—Pb==+ 46, 
4, Ja—2þ==— 20. 
5, ra—Rb=+ 6. 
6, 54 — SS — 2, 
7, fa T 2. 


LEMMA 7. 
A THEOREM. 


276. If in any of the equations exhibited in the laſt article, the coeffi- 
cients of a and b be multiplied croſſwiſe into the coefficients of a and b 
in the equation next it, whether above or below, b's coefficient bein 

confidered as affirmative ; T ſay then that the difference of the tao pro- 

dufts thence ariſing will always be equal to unity. 15 
As for example, let the two laſt equations be taken, and let 7 the co- 
efficient of @ in the laſt equation be multiplied into $ the coefficient of 
b in the laſt but one; let alſo T the coefficient of b in the laſt equation 
be multiplied into s the coefficient of à in the laſt but one: I fay then 
that the difference betwixt the two products ? & and T's will be equal to 
unity; and that the ſame will happen throughout the whole ſeries, pro- 
vided that the equations made choice of be ſuch as lie neareſt one another, 
To demonſtrate this, let the abſolute term of the laſt equation but 

two be divided by the abſolute term of the laſt but one, and let the near- 

eſt quotient too little be ꝝ; then it is plain from the nature of theſe e- 
quations, that ns + r7.@ will be equal to Ta, and that — 185 — Rb will 
be equal to — Th; therefore ns +r==7, andnS+R=T. Put now 
inſtead of t and T their values thus found, and you will have S ns 
—+ Sr, and Ts=nSs+5R; therefore the difference between 75 and 
T's will be the, ſame with the difference between 5R and Sr; and 10 
| the 
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the ſame reaſon, the difference between 5R and Sr is the fame with the 
difference between r2 and Rq ; and this again the lame with the diffe- 
rence between 9 P and 2p, &c: therefore if this difference in any two 
neareſt equations be known, it will every where be known, as being 
every where the ſame; but 1 the coefficient of 2 in the firſt equation 
being multiplied into 1 the affirmative coefficient of þ in the ſecond, gives 

r for the product; and moreover © the coefficient of þ in the firſt equa- 
tion being multiplied into o the coefficient of a in the ſecond gives o for 
the product, Te the difference betwixt the products 1 and o is 1; there-- 
fore the difference of the products every where will be 1. 2. E. D. 


LEMMA 8, 
A THEOREM. 


177. Suppoſing all things as in the two laſt articles, if the coefficients of 
a — b in the ſeveral equations exhibited in the ſcholium to the bun- 
dred ſeventyfifth article be turned into fractions, by making the coeffi- 
cients of b the numerators, and thoſe of a the denaminators ; I ſay 

| « WE - The | 
then that the fractions =, =, p⸗ 0 5 pg will all be in their 
leaſt terms. oy 


For if the fraction - for inſtance, be not in it's leaſt terms, the num-- 


bers 7 and ? muſt admit of ſome common meaſure greater than unity: 
be it ſo, and let this common meaſure be called 2; then ſince the num 
ber m meaſures both the numbers J and ?, it muſt alſo meaſure both 
the products Ts and FCS, and conſequently. their difference; but the dif- 
ference of theſe two products is unity, by the laſt article; therefore z. 
a number greater than unity muſt meaſure unity, which is abſurd ; 
therefore the fraction ya is in it's leaſt terms: and the ſame may be af- 
firmed of all:the reſt. Q. E. D. 


Gol! rr. 


If the abſolute term of the laſt equation but one, which is the great-- 
eſt common meaſure of a and h, be divided by the abſolute term of the 
laſt, which is alſo the ſame common. meaſure, the quotient will be 1: 
therefore if the laſt equation be multiplied - by 1, and to the product 
be added the laſt equation but one, or which is the ſame thing, if 
the two laſt equations be added together, there will ariſe an equation 
of this form, va —Yb =o, the two abſolute terms deſtroying 2 
erz: 
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other; whence — = - ; but the fraction — is in it's leaſt terms by 
this propoſition, as being produced after the ſame manner as the reſt; 
therefore av V is the leaſt common multiple of 2 and 5, and the 
equation av o is the ſimpleſt that can have o for it's abſolute 
term: but av and / are greater multiples of a and 5 than can be found 
in any of the equations exhibited in art. 175, as is evident from the ge- 
nefis of thoſe equations; therefore the equation av os cannot be 
ſubtracted from any of thoſe equations, at leaſt without deſtroying the 
.coefficjent. of a; therefore thoſe equations are the ſimpleſt of their kind. 

LEMMA 9. 1 
A THEOREM. 

178. Suppofing all things as in the laſt article, T ſay that the fraction: 
2 FRE S ; | 
FL ry Þ? 4* l . of fuch a nature as 2 be alternately 


= 


Ly 


Jeſs and greater than the fraction = „ but yet ſo as conſtantly. to con- 
verge towards it. | =. 
| "Thus the fraction — is infinitely leſs than the fraction 5, and the 


fraction — is infinitely greater; for the leſs the denominator of any frac- 
tion is, ceteris paribus, the greater will be the fraction; therefore if 
the denominator be nothing, or infinitely ſmall, the value of ſuch a frac- 
| tion muſt be infinitely great: thus again the fraction 5 is leſs than 
3. and the fraction D greater, and ſo on alternately. I fay further, that 
the fraction > approaches nearer to 5 than doth the fraction 5. and 
5 FA 
the fraction — Nearer than =} and fo on. 


To demonſtrate this, let the equation c- CH d be a general 
repreſentative of all the equations in art. 17 5; and dividing both ſides by 

| 0 n | 
ba, we ſhall have 5 — = ; whence I infer /, that the frac- 


tion 5 will be greater or leſs than the fraction , according as the abſo- 
. lute 
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lute term d is affirmative or negative; adh, that the leſs the abſolute 
term 4 is, or the greater the denominator c is, the nearer will the fraction 


E approach towards the fraction . but throughout the whole ſeries of 


equations in art. 175, the abſolute terms are alternately affirmative and 


negative; therefore the ſeries of fractions deduced from thoſe equations 
will be of ſuch a nature, that the fractions will be alternately leſs and 


a 


greater than the fraction 3. it is alſo evident from the nature of the 


equations above - mentioned, that the ſeries of terms repreſented by d will 
be conſtantly diminiſhing, and that the terms repreſented by c will be con- 
ſtantly increaſing ; and therefore upon both theſe accounts, the fractions 


repreſented by 7 muſt converge on both ſides towards the fraction 5 A 


COROLLARY, 


Therefore if any two fractions that are neareſt to each other be taken, 


As 7 an >, the fradtion . muſt lie between them, but ſo as to lie 
8 T Pe 33 
nearer to the fraction = than to the fraction 25 otherwiſe the ſeries would 
not converge. | 9 : 
LEMM A 10. 
A THEOREM. 
179. Suppoſing all things as in the foregoing articles, I ſay that the 
£4 re 2 
fractions , —) r ST exhibit the fraction 5 re accurately 
than any other fractiom whatever of leſs denominations can do; and 


7 : 
particularly T ſay that the fraction t approaches nearer to the frac- 
tion © than any fraction can do whoſe denominator is leſs than t. 

"$1 ; ; 
If this be denied, let be a fraction whoſe denominator c is leſs than 


C | 
t; firſt then I affirm that F cannot be equal to 5 ; for the fraction E 


1 
is in it's leaſt terms already, by art. 177; therefore if the fraction 5 
= Nn Was 
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2.8 5 
was equal to the fraction —, the denominator c muſt be equal to, or 


ſome multiple of the ee, A, whereas c is leſs than F by the ſup- 


2 : now Ws the fraction 5; F lies between the two fractions - 2 and 


= but nearer Vu yr by the laſt Sk it follows that if the 7 
approached nearer to 3 than doth the fraction > ,it mult lie alto between 


A wits but the difference between = and — is _ by art. 176; 


— 48. 
eee ee ee er ee, and this 


CS ES 


difference cannot be les than : ſince then — is greater than fr — be- 


| 0 
cauſe c is lefs than 7, it follows ug the Aifference between 7 and — is 


greater than the difference between - and = therefore the fraction 2 


cannot lie between the two fractions = and —, and conſequently cannot 


5 
approach ſo near r the fraction as doth the fraction - . 
bb 1. | 


In computing che equations in the 17 «h article, the quotients uſed 
for that purpoſe were 2, 2, 2, 3, 2, the laſt quotient 3 being diminiſh- 
ed by unity to give ſuch a ſolution of the problem there conſidered as 
was neceſſary to anſwer the end for which it was propoſed; but had the 
true quotient 3 been taken, the laſt equation would have been 56 — 
135 5 os, as was there obſerved ; and the fraction * from it would 


have been 7 which is nothing elſe but the fraction 7 7 in it's leaſt 
terms; therefore if the laſt quotient be taken true, the fractions deriyed 


from thoſe equations, to wat, 8 3 


3-22 —4--- 15%. 40 
verge on both fides towards the W fraction 5 ri but at laſt will 
actually terminate in it. 


will not only con- 


* 
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As to the practice of computing theſe fractions, there is no neceſſity 
of introducing the terms à and 6 into the ſeries, and much leſs of com- 
puting the equations in order to deduce the fractions from them; for 


as the terms of theſe fractions are nothing elſe but the coefficients of 4 
and þ, they may be obtained much eaſier by themſelves, in the manner 


following: Let the fraction — be propoſed, whoſe numerator and deno- 


minator are the terms a and 5, as in art. 17 5, and let it be required to 
find other fractions of leſſer denominations which, though not equal to 
the fraction propoſed, ſhall nevertheleſs come as near it as any particular 
purpoſe requires, and nearer. than any other fraction of a leſs denomina- 
tion hin phate can: here the greater number 270 divided by the leſs 
112 quotes 2, and there remains 46 again, 112 divided by 46 quotes 
2, and there remains 20; 46 divided by 20 quotes 2, and there remains 
6; 20 divided by 6 quotes 43, and there remains 2 ; and laſtly 6 divid- 
ed by 2 quotes 3, and there remains o; therefore the quotients ariſing 
from this continual diviſion are 2, 2, 2, 3, 3. Theſe quotients being thus 


5 ne a+ . 
obtained, in the next place I aſſume two fractions —and - to begin 


with, and multiplying 1 and o, the terms of the latter fraction, by the 
firſt quotient 2, the products are 2 and o, to which I add o and 1, the 


terms of the firſt fraction, and 40 have 2 and I for the terms of my | 


firſt finite fraction; therefore my firſt finite fraction is v4 theſe terms 2 


and 1 I multiply by my ſecond quotient 2, and the products are 4 and 
2, to which adding 1 and o, the terms of the fraction immediately go- 


ing before, I have 2 for my next fraction; theſe terms 5 ard 2 I mul- 


tiply by my third quotient 2, and the products are 10 and 4, which 
= 


with 2 and 1, the terms of the fraction immediately before it, give T 


for my next fraction; theſe terms 12 and 5 I multiply by my fourth 


quotient 3, and the products are 36 and 15, which with 5 and 2, the 


5 f . HD 1 
terms of the next antecedent fraction, give 1 for the terms of my next 


fraction; laſtly I multiply 41 and 17 by my laſt quotient 3, and the 
products are 123 and 51, which with 12 and 5, the terms of the frac- 


tion before it, give = for my laſt fraction; and fo the fractions thus 


Ketter 2, £, 2, 4 235 
obtained are =>, 2 5 19% 56 


Nen 2 | I had 


. Where it may be obſerved, that if 
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=, which differ no more from 2 


laſtly, as 135 the numerator of the laſt fraction is ta 56 the n. 


tor, ſo is 270t0 112; ' therefor 
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I bad placed the fraction = before the fracdion ©, and then had deri- 


ved the reſt _— theſe as bikes: the fractions n have come out in- 


i 
verted, to wit, — >, 7 12 41 * theſe fractions would lids 


E towards, and at laſt would have terminated in the intermediate 


one 25 with this difference however , that now the firſt fraction - 


would have been greater than 7 the next — leſs, and fo on alternately. 


oY 

The better to ſee the approximation of theſe fractions, I reduce them all 
to other fractions whoſe common numerator is 270, thus: as 2 the nu- 
merator of the firſt fraction is to 1 the denominator, fo is 270 the new 
numerator of the ſame fraction to 135 the new denominator ; z whence 
2 870 70 
1135 than might be expecteũ, 
conſidering the An of the fraction © —: again, as 5 the numerator 


of the next fraction is to 2 the Senn ſo is 270 to 108; therefore 


2 1085 which differs much leſs from 175 than did the former frac- 


2 
tion : 3dly, a as 12 the numerator of the next fraction is to 5 the de- 


— - 4 12 | 2 2 . 0. 
nominator, ſo is 270 to 112; * 188 2112 % which is PEE near 


=>, : 4thly, as 42 the numerator of the next fraction is to 1 17 = deno- 


41 270 
minator, ſo i is 270 to 111% or 112—L nearly ; 8 — == <7. 


29 


135 279 
. 

For another example of this ſort of approximation, take the proportion of 
the circumference of a circle to it's diameter, which according to Van Cæulen's 
numbers when abbridged, is that of 3141 5926 53 59 to I00000000000. 
Here making a= 3141 5926 53 59, and b 100000000000, let it be 


required to find a A in more ſimple terms that ſhall nearly ex- 
pteſs the fraction Th that is, more nearly than any other fraction of a 


leſs 


1 


Art. 179. To A GIVEN DEGREE or EXACTNESS. 2875 
leſs denomination ;. and the proceſs will be as follows: iſt, a divided by 
b quotes 3, and there remains c=14159265359 : 2dly, 4 divided by c 
quotes 7, and there remains d=88 5142487: 3dly, c divided by 4 quotes 
15, and there remains ez=882128054.: Athly, 4 divided by e quotes 1, 
and there remains 723014433: 5thly, e divided by F quotes 292, and 
there remains g==1913618. This laſt quotient 292 being ſo very large, 
I conclude that the four firſt quotients 3, 7, 15 and 1 will give the laſt. 
fraction accurately enough, ſince it's terms muſt be multiplied by no lefs 
a number than 292 to obtain another that is more ſo. Uſing then the 
four firſt quotients 3,7, 15, 1, I proceed as in the foregoing example, 
and fo find four fractions 2, = 222 and 222 „which laſt fraction 
will be found exact enough for all purpoſes ; for ſince the circumference. 
of a circle is to the diameter as 4 to ö, and the fraction 1 is nearly e- 


qual to 298 it follows that the circumference is to the diameter as 355 


113 
to 113 nearly, or as _ is to 1, or (reducing the fraction to decimals) 
as 3.141 5929 to 1, or laſtly as 3141.5929 to 10000000, the antecedent 
of which proportion is true to 7, and almoſt to 8 places; for the propor- 
tion ought to be as 31415927 to 10000000. 

Artiſts for the better remembering the proportion betwixt the diame- 
ter and circumference of a circle, as we have here eſtabliſhed it, vi. 
113 to 355, are uſed to conceive it thus: put down the three firſt odd 
numbers 1, 3 and 5, writing down every number twice, or at leaſt 
imagine them to be put down thus, 113355 ; then will the three firſt 
numbers 113 belong to the diameter, and the three laſt, to wit, 355 to 
the circumference. | | 


SCWOoOLIUM 2, 


The fractions treated of in the laſt ſcholium may be called primary 
or principal fractions, all converging to, and at laſt meeting in the inter- 
mediate fraction : ; but if it be required that the ſeries be compleat, 
other fractions called ſecondary ones muſt be mferted between the 
primary ones, when the ee is greater than unity, by changing 
the multiplication in the laſt ſcholium into a continual addition: in 
order to do this, it will be proper to make two rows of fractions, the 


upper to contain all the fractions that are greater than 30 and the lower 
Ts 
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© contain all thoſe that are 1eſ, © as that = may be the firſt faction 


in the upper row, and — D the firlt in the lower, then moking wie ofthe 


bel example in the foregoing ſeholium, where the quotients were „ 
2, 3, 3, becauſe the equations in the 175th —__ were particularly 


adapted to that ca, add the terms of the Faction = twice to the terms 


ol the frattion 7 , becauſe the firſt quotient was 2, und you will hee 
188 fractions ariſing from that continual addition, to wit, — and : to be 
Placed in the lower row: add the terms of this laſt fraction = twice io 
* terms of the fraction = becauſe the ſecond quotient Was 2, and 

a have two fractions > and > to be placed in the upper row : 


add che terms of this laſt fraction 5 twice to the terms of the laſt frac- 
- 8 


tion in the lower row, becauſe the third quotient was 2, and you 
will have the 1 — and — 7 to be placed 1 in the lower row : add 
the terms of this laſt fraction = e to the terms of the laſt fraction 
2 in the upper row, becauſe the fourth quotient was 3, and you will have 
2 20 1 4! 


922 reer PTY add the terms of this 


laſt fraction 5 thrice to the laſt fraction in in the "KID row, becauſe 


the laſt quotient was 3, and you will have 22. 21 and 5 he 


placed in the lower row: and thus you will dare niſhed hs whole 
Feries, or rather two ſerieſes of fractions, whereof the upper ſeries conſiſts 


of frafions greater than 5, and the lower of fractions that are leſs, as 
appears py the following table: 


: Fradtions 


Art. 179. CONVERGING FRACTIONS, 28> 


rad * 44 222 
PF 
3 
2791 35 22 39 50 
The laſt fraction in the lower row, to wit 56 1 equal to 5, and 
therefore, properly ſpeaking, belongs to neither row : every fraction in 


the upper ſeries approaches nearer to 5 than any other fraction in ſim- 


Fractions leſs than the true, — 


by | bd 
mw 0 


pler terms can do that is greater than >, and every fraction in the low- 
er ſeries approaches nearer it than any other in ſimpler terms can do that 


is leſs than 7 ; but it ſometimes happens that a fraction on one ſide ſhall 


not approach ſo near it as a fraction on the other, though in more ſim- 


ple terms: thus the fraction 7 in the upper ſeries differs more from 


* or 7 on one fide: than ra doth on the other ; for the exceſs of 51 


112 

above 2 is = or 2. whereas the exceſs of I above 45 Is 2 — 
3; 60 112 3 
but this never happens when the fraction that hath the greater denomi- 

nator is a primary fraction. 5 
All I have delivered in this ſcholium will beſt be comprehended by 
treating the equations in the 175th article after the fame manner as the 
fractions here, that is, by turning the multiplication there made uſe 
of into a continual addition ; but for the better 1 theſe 
equations, make two columns, placing all the equations whoſe abſo- 
late terms are negative in the left-hand column, and all thoſe whoſe ab- 
ſolute terms are affirmative on the right, ſo as that the firſt equation 
on the left hand may be O- 16 — 112, and the firſt on the right 
hand may be 14—ob=-+ 270: this done, you may proceed as fol- 
lows; 1ſt, add the equation o - 16 - 112 twice to the equation 
14—o0b=—+270, and you will have two equations to be placed in 
the right-hand column, to wit, 1 a—r b==-+1 58, and 14a—2b=—+46: 
edly, add this laſt equation 1 4—2þ==+45 twice to the equation 
oa—1h=—112, and you will have two equations to be placed in 
the left-hand column, to wit, 14—3þ=— 66, and 24—56==—20: 
zdly, add this laſt equation twice to the equation 14— 26 . 46, and 
| You will have two equations to be placed on the right hand, ” wit, 3s 
| —70=-- 20, 
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—7b6==+26, and 5a— 126==-+-6: 4thly, add this laſt equation 
thrice to the equation 2 a— 5b==— 20, and you will have three equa- 
tions to be placed on the left hand, to wit, age e 12 4 
—29þ=—8, and 1742 — 416 — 2: g5thly, add this laſt· equation 
thrice to the equation 3a —1 2. , and you will have three equations 
to be placed in the right-hand column, to wit, 22 4 — 53 A4, 393 


— 94b=—+2, and 564—1 3 Thus you will have finiſhed your 
ſerieſes of equations, from whence the two ſerieſes of fractions already 


computed have been derived, _ 2 
: 142 — ob==+270., 

| 5 * — | 2 | . 
e 124 — 1 = ＋158. 

12 — 35 — 3 12— 2b==+ 46. 
ä y 34a— 76b==+ 26. 


| 74— 1752 — 14. | 8 12b=—+ ; 6. 
174— 4152 .— __— 224 — 535 = ＋ " "27 
in TISELIGS. 1 . 394 — 946b=+ 2. 


| 3 6a—135hb= o. | 

Much more might be produced & n.this head ; but I fear moſt of 
my readers think I have been too prolix already, eſpecially thoſe, who 
being lefs converſant in numbers, cannot ſo eaſily be made ſenſible of the 
_ uſefulneſs of this doctrine. Hp LE : 

This way of approximation to fractions of higher denominations is 
owing to the ſagacity of the ingenious Mr. Cotes late Profeſſor of Aſtro- 
nomy and experimental Philoſophy in this Univerſity, whoſe great and 

happy genius to all mathematical enquiries made him conceive and 
treat the moſt difficult ſubjects with the utmoſt ſimplicity and eaſe ; and 
whoſe poſthumous pieces not long ago publiſhed by his worthy ſucceſſor 
Dr. Smith, will ever be eſteemed and admired, ſo long as a good taſte 
and ſound judgment ſhall have any being amongſt mankind. 

* This ſubject had been handled before, though in a very different way, 
by the learned Dr. Wallis, and Monſieur Huygens ; but I am of opinion, 
that whoever makes the compariſon will eaſily agree with me, that this 
method is much readier and leſs embarraſſed than either of their's. 


LEMMA 11. 
A THEOREM. 


180. Let there be two frattions + and A. ſuch, that if a continual di. 
won be made from a and b, according to the method for 3 
pg] "a | _ greateſt 
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greateſt common meaſure, the quotients thence arifing ſhall be found to 
25 the ſame, both in quantity, order and number, with the quotients 

. arifing from a continual divifion made from c and d: T ſay then that 


the fractions - and & will be equal one to the other. 


To demonſtrate this, let the quotients in both caſes be 1, 2 and 35 
and by the help of theſe quotients let a converging ſeries of primary 
fractions be computed, as in the firſt ſcholium to the laſt article, to wit, 
8 1 10 YE IT oo TH pos” | 
35 „ e's then it is plain that this ſeries will equally relate to 
both fractions, will equally converge to both, and at laſt terminate in 
both; therefore the two fractions - and -. muſt be equal one to the 
other, fince they are both equal to the laſt fraction of the ſeries, to wit, 
F- 9. E. D. 
COROLLARY. 

Since the two fractions mentioned in this article, to wit, 3 and - 
will be equal one to the other, whether the number of diviſions and 
quotients be few or many, it is plain that the nature of this equality 
does not depend upon the ſuppoſition of a laſt diviſion, though the de- 


monſtration does ; and therefore this article will be true, even though 
the number of quotients be infinite. 1 5 


SCHOLIUM, 


If a, b, c and d, inſtead of numbers, repreſent any other quantities 
whatever, and the quotients from à and & be every way the ſame with 
the quotients from c and d, then the ſenſe of the foregoing lemma is, 
that a will have the ſame proportion to 5 that c hath to 4; and that, 
whether the quantities @, 5, c, d be commenſurable or incommenſu- 
rable : and therefore if we lay down this as a definition of proportiona- 
lity, to wit, that Four quantities are ſaid to be proportionable, when the 
quotients of a continual diviſion from the two firſt are every way the ſame 
with the quotients of a continual diviſion from the two laſt ; this definition 
will reach incommenſurables, and will ſufficiently juſtify our applica- 
tion of proportion to ſuch quantities : for now all the difference betwixt 
the proportion of commenſurable and incommenſurable quantities will 
only be this, that. whereas in the caſe of commenſurables, the quoti- 
ents will break off, in the caſe of incommenſurables they will run on 

| ä 1 
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add inſiuitum; but the quotients from the two firſt will be every way the 
that can be given of 7 though not ſo uſeful as that in the 

fifth definition to the book of the elements, becauſe the other pro- 
perties of proportion are not ſo eaſily deducible Bon i. Me ER 


f 


. OP INcOuu E NS UR AB T E 8. 


An apology for- introducing the doFtrine of Incommenſurables 


181. 1 doubt not but it will be thought By ſome a little out of me- 
thod' to. introduce the doctrine. of incommenſurables into this place; but 
my firſt problem _ by no. means to be rejected, whether we conſi- 

der the elegancy of the problem itſelf, or the cloſe connexion it has with 
ſome of the foregoing articles, which it may ſerve further to illuſtrate; 
and as this problem relates purely to incommenſurables, without a pre- 
vious knowledge whereof it cannot poſſibly be underſtood, I thought 
this a proper place to bring my reader into ſome acquaintance with them 
and if, after I found myſelf obliged: to dip, into: this ſubject, I drew out 
from thence ſomewhat more than. my preſent occaſion required, it was 
becauſe I eaſily foreſaw that the reſt would be of no lefs uſe on other 
occaſions. In ſhort, this doctrine of incommenſurables is certainly very 
entertaining, and: a curious inſtance of moſt ſubtil and refined 5 nab 
and therefore cannot, if cloſely: and. clearly delivered; but be acceptable 
do every ingenuous reader, who is really more inquiſitive after true and 

ſubſtantial knowledge than after matter of eriticiſm and cenſure; and this 
F hope will be ſufficient to juſtify me. 3: 

I ſhall inſert here but a very ſmall: part of what Euclid has delivered 
more at large upon this head; and my method will. be, firſt to demon- 
ſtrate ſame properties naturally flowing from the idea of incommenſura- 
bility, and from one another, and then to find a ſubject for theſe proper- 
ties, that is, to demonſtrata that there are actually exiſting in nature ſuch 
things as incommenſurable quantities. 8 

N. B. If any one has a mind to ſatisfy himſelf concerning the exiſt- 
ence of incommenſurables without being at the pains of reading all I have 
written upon the ſubject, he may firſt read the hundred eighty ſecond 
article, and then paſs. over to the tenth propoſition and thoſe that fol- 
low, which are ſo contrived as to have little or no dependence upon the 
reſt, 
| | DEI. 
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DEFINITIONS AND AXIONS 


182. Def. 1ſt. One quantity is ſaid to meaſure another, when being 


taken as often as poſſible out 7 that other, there is nothing left. 

2d. M ben a quantity will meaſure two others, it is called their common 
meaſure. : e e 

3d. And quantities are ſaid to be commenſurable or incommenſurable, ac- 
cording as they will or will not admit f a common meaſure. 

4th. Whole numbers are ſaid to be prime to one another, which will ad- 
mit of no common meaſure but unity. : | 

5th. A ſquare number, in the ſenſe we are here to uſe it, is any whole 
number that will admit of itſelf, or ſome other whole number for it's ſquare 
root, exclufrve of all fractions both out of the ſquare and out of the root. 

6th. Whenever a leſs whole number meaſures a greater, the leſs is called 
an aliquot part of the greater, and the greater a multiple of the leſs. ” 


SCHOLIUM, 


Fractions, as far as I can find, were very little regarded by the Ancients, 


eſpecially before Archimedes's time ; but what we now expreſs and _ 


ole 


form by fractions, they accompliſhed by the help of proportion in w 


numbers; ſo that by number or numbers with muſt always be un- 


derſtood whole numbers, and by aliquot parts, ſuch leſſer whole numbers 


as will meaſure others that are greater: thus the aliquot parts of the 


number 6 were 1, 2 and 3; but the mixt number 11, or the fraction 3, 


though it meaſures 6 juſt four times, was nevertheleſs excluded out of 


the number of it's aliquot parts: and to ſay the truth, if this be not done, 
every number will have as many aliquot parts as we pleaſe ; and fo the 
diſtinction of prime and compoſite numbers, and the diſtinction of num- 
bers that are prime and not prime to each other, will be utterly loſt ; our 
idea of proportionality in numbers will be rendered obſcure and confuſed ; 
and that excellent treatiſe of numbers by Euclid in his ſeventh, eighth 


and ninth books, will become in a great meaſure uſeleſs. Not that I would: 


here be underſtood as if I did not think fractions exceeding uſeful in all 
arithmetical operations; ſo far am I from thinking otherwiſe, that I have 


frequently uſed them myſelf in caſes where others uſed proportion, pure 


ly becauſe I looked upon fractions as more tractable : but what I would 


chiefly ſignify by the foregoing diſcourſe is, that whether fractions be ad- 


mitted into arithmetical operations or not, the doctrine of whole num- 


bers being previous to, and diſtinct from that of fractions, the Ancients 
were very juſtifiable in treating it diſtinctly by itſelf, without any regard. 


to fractions, 


Oo 2 CoR 0 L- 
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-CoROLLARIES FROM THE DEFINITIONS, 


- 1ſt. All wohole numbers are commenſurable: for unity is a common mea- 
ſure to them all. 


ad. All fractions are a for i the fractions 5 and 5 * 


reduced to the ſame A, they will become 04 and ib and 273 


will meaſure them both. = 
zd. All whole numbers and mixt as cir together, all mixt 
wumbers compared with one another, all whole numbers and fractions, all 
mixt numbers and fractions are commenſurable : for all mixt numbers ma 

be reduced to fractions; and all whole numbers may be FINITE as 
fractions whoſe denominators are units, 


bd 


_ 


| Axiom 1. A one quantity meaſures a ſecond, and that a third, the firft 
quantity will alſs meaſure the third. 
. 2d, Whatever quantity meaſures two others, the ſame will meaſure both 
their fum and tbeir difference. | 
zd. Two finite homogeneous quantities can never be ſo different one Som 
—_ but that the leſſer may be multiplied till it . the greater. 
441th. Equal fractions may be converted into equal proportions in whole 
numbers, by making the numerators antecedents, and the denominators con- 
ſeguents; and vice verſa, equal propertionals in whole numbers may be chan-- 
2 into equal fractiuns. 


PROPOSITION 8 


18 3. All commenſurable quantities are fo one another as number to num- 
ber; and vice verſa, all quantities that are to one another as mum- 
ber to number are commenſurable. 

For firſt, let @ and þ be two commenſurable quantities; I ſay then 
that the proportion of à to b, let it be what it will, may be expreſſed 
in whole numbers: for as 4 and b are commenſurable quantities, let c 
meaſure them both; let c meaſure à juſt three times, and 5 four times; 
then will 3e Da, and 4c=6b, and à will be to 6 as 3 to 4. 2. E. D. 

Again, let a and b be two ſuch quantities that the proportion of a to 
3 may be expreſſed in whole numbers; as for example, let a be to 5 as 
3 to 4, and let c be a third part of 4; then will 30 , and 4c==5, 
and fo the quantity c will meaſure both g and 5; therefore the quantities 
a and þ will be commenſurable. Q. E. D. 5 

R OP O- 
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PROPOSITION. 2. 


184. Incommenſurable quantities are not to each other as number to num 
Ber; and vice verſa, quantities. that are not to each other as number to 
number are incommenſurable, by | 
For firſt, let @ and þ be two incommenſurable quantities; I fay then 
that the proportion of @ to b cannot poſſibly be expreſſed in whole num- 
bers: for if it could, thoſe quantities à and þ would be commenſurable, 
by the latter part of the foregoing propoſition, which contradicts the ſup 
poſition, In the next place, let the quantities à and & be ſuch, that the 
proportion of à to þ cannot poſſibly be expreſſed in whole numbers; I fay 
then that thoſe quantities @ and & will be incommenſurable : for if they 
were commenſurable it might, by the former part of the foregoing pro- 
poſition, Q, E. D. | 
| COROLLARY, 


F4 the proportion 5 incommenſurable quantities be too ſubtil to be ex- 
preſſed in whole numbers, neither can it in fractions: for all fractions 
are commenſurable, by the ſecond corollary to the definitions, and as 
ſuch, are to one another as number to number, by the firſt propoſition. 


PrxRoOPOSIT ION fy; 


18 5. If four quantities a, b, c and d be proportionable, ſo as that a is 
to b as c fo d; IT ſay then. that if the two firſt a and b be com- 
menſurable, the two laſt c and d will alſo be commenſurable ; but i, 
the tao firſt a and b be incommenſurable, the two. laſt c and d will 
alſo be incommenſurable. > 

For firſt, let a and h be commenſurable ; then will 4 be to þ as num 
ber to number, by the firſt propoſition ; but as @ is to þ ſois c to 4; 
therefore c will be to d as number to number; therefore c and d will be 
commenſurable by the firſt propoſition. Q, E. D. 

In the next place, let a and 6 be incommenſurable ; I fay then that 

c and d will alſo be incommenſurable : for if c and 4 were commenſu- 

rable? a and h would alſo be commenſurable, by the former part of the 
_ propoſition, becauſe c is to d as ato b; but à and 5 are not commenſu- 
rable, by the ſuppoſition; therefore neither are c and d; therefore c and 
d are incommenſurable. , E. D). | 


8 COROLLARY. 
| By the demonſtration of this propoſition it appears, that F incommen- 


ſurability can be proved to belong to any one ſort of continued quantity 
whatever, 
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whatever, it will equally belong to all; for in this demonſtration, a and 
þ may be quantities of an one ſoft, and c and d thoſe of another. The 
ſeveral ſorts of continued quantity, ſuch. as length, ſuperficial and ſolid 
ſpace, time, weight, motion &c, are all equally ſubtil in their conſti- 
tution ; and therefore if a, ö, c and d be all continued quantities, there 
can ba no abſurdity in ſuppoſing them all proportionable : but if the an- 
tecedent and conſequent of one proportion be continued quantities, and 
thoſe of the other diſcontinued or numbers, theſe Jatter being of a leſs 
ſubtil compoſition, cannot always be proportionable to the former, as ap- 
Pears from the ſecond propoſition; though on the other hand, the for- 
mer may always be proportionable to the latter. 


5 8e nOI TVU A. i 
Hence appears the neceſſity of Euclid's treating proportionable mag- 
nitudes or continued quantities, which have no ſuch thing as a leaſt finite 


part, after a very different manner from proportionable numbers, whoſe 


PRO rOSIT ION 4. 
186. If two quantities be commenſurable to a third, they will be com- 


menſurable to one another. 


Let a and þ be two quantities commenſurable to a third, which we will 
call c; I ſay then that the quantities à and 4 will be commenſurable to 
one another: for firſt, ſince à and c are commenſurable, they muſt be to 
one another as number to number, by the firſt propoſition : let then a 
be to c as the number 4 to the number e. Again, ſince b and c are ſup- 
poſed commenſurable, let c be to þ as the number / to the number g; 

then fince à is to c as d to e, or as df to ef; and again, fince c is to 6 

as F to g, or as ef to eg, it follows ex quo, that à is to þ as the num- 
ber I to the number eg, and conſequently that 2 and 4 are commen- 
furable, by the firſt propoſition. . E. D. | 


COROLLARY I. | 
| | ; * 
Hence it „ that two incommenſurable quantities cannot both be 
an 0 a third; becauſe none but commenſurables can, by this 
Rs. x 1 


„ 2. 


If there be three homogeneous quantities a, b and c, whereof a is in- 
commenſurable to b, and b is commenſurable to c; ILſay then that a is in- 
commenſurable to c: for if it was not, we ſhould have two incommenſu- 


rable 
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ON eee which, by the- 
eng foregoing, is impoſſible. 


PROTOSHIT Io 5. 


2 18 7. Ac incommenſurable quantities cannot be equial* one to anther, # 
neither can any multiple, part or parts of one be _ to any multi- 
5 part or parts of the other. 
t two incommenſurable quantities, ſuppoſe & and 5, cannot be e- 
101 is plain; for then either would meaſure both, and fo they would 
not be incommenſurable: and in the next place, that no multiple, part or 
parts of one can be equal to any multiple, part or parts of the other, 
I thus demonſtrate: Let c be any multiple, part or parts of a, and 4 
of ö; then if e be a multiple of 4, it is plain that a will meaſure c; on 
the other hand, if c be a part of a, c will meafure @; and: aftly, if c- 
be parts of a, as; of a, then it is plain that; part of @ will meaſure them 
both; fo that in all caſes-a will be commenſurable to c; and to 4, for 
the "ap reaſon ; therefore c and d cannot be commenſurable; for if 
they were, ſince à is commenſurable ta c, and c to d, à and d would be 
commenſurable, by the laſt propoſition; but if 4 be commenſurable to 
d, and d to 6, chen a and þ will be commenſurable, by the ſame; but 
a and 5; are not commenſurable; therefore neither Will and d. 80 far 
therefore are c and d from being equal, that they are not ſo much as 
commenſurable to one another; therefore of two incommenſurable quan- 
tities, no multiple, part or For of one can be equal.to. any multiple, 
part or parts o "the other. 9 D. 

Otherwiſe more directly t a is incommenſurable to , and 5 is 
commenſurable to d; eee 7 is incommenſurable to a, by the ſecond 
corollary to the foregoing propoſition: but if d be incommenlurable to =. 
and a-be commenſurable to c, then d wilt be incommenſurable to c, by, 
the ſame corollary; therefore GC. E. . 


| L E M M A. 


188. If of two bomogeneous ni te quantifies a and q, from the greater a 
be taken more than it's half, and from the remainder more than it's 
half, and from the laſt remainder more than it's half, &c ; I ſay then 
that this ſubtraction may be: continued to a remainder leſs than 8 

For firſt, ſince by the ſuppoſition @ and q are homogeneous and finite 

quantities, the quantity g cannot be ſo ſmall but that it may be multi- 
plied till it exceeds a, by 15 third axiom : let then 69 be a multiple of 2 


that exceeds a; then will > 7 be leſs than 7: let now the half of 4 be ta- 
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ken from a, and then there will remain 14; take away again the half 
of this, and there will remain: 24; take away again the "Half of this and 
there will remain 34; but za is leſs than za, and 39 is leſs than ; there- 
fore 44 is leſs than q ; therefore if from à be taken away it's half, and 
from the remainder it's half, and from the laſt remainder it's half, and 
ſo on, the ſubtraction may be continued to a remainder leſs than 73 there- 
fore a fortiors, if from a be taken away more than it's half, and from 
the remainder more than it's half, and from the laſt remainder more 
than it's half, AN Oe the ſubtraction e e panes | 
der leſs than . B. D. CT 


| Pr e row 6. 


189. Let a and b be two homogeneous quantities and fron theſe two 
quantities let a continual Sue be 
Hemel in manner ollowing : divide jag, het Ta ol te he tt 
24 a by b, and let the remainder be c; 41. 24. 17. 7. 3. I. o. o. 
1 hen divide b by c, and let the re- 
mainder be d; then divide c by d, and let the remainder be e, &c: 
Lay then that the ſeries a, b, c, d, e &c may be continued to terms 
leſs than any aſſignable quantity as q. 

For in the firſt diviſion, when @ was divided by b, that i is, "hers b 
was taken away from à as often as poſſible, the remainder c muſt be leſs 
than b; for if; it was not ſo, 5 might have been taken out once more, 
or oftener, contrary to the ſuppoſition : ſince then the quantity taken 
away was bat leaſt, if not 26, 36, 46 Ge, it follows that the quantity 
taken away muſt be greater than that which was left ; therefore in the 
firſt diviſion, where a was divided by 6, there was taken away from a 
more than it's half, and there remained c: in like manner in the third 
diviſion, where c was divided by d, there was taken away from c more 
than it's half, and the remainder was : fo again in the fifth diviſion 


there was taken away from e more than it's half, and the remainder was 


g. Ge; therefore the terms a, c, e, g &c may be continued till they be- 
come leſs than 9, by the foregoing lemma ; in like manner, from the 
ſecond, fourth and fixth diviſions it appears, that the terms 5, d, 5 
may be continued till they become leſs than q : put both theſe conſidera: 
tions together, and then it will appear that the terms a, b, c, d, e, , g, U 
may be continued till oy become leſs than 9. Q. E. D. 


PROPOSITION, 2 


ago; Suppoſing all things as in the laſt propoſition ; I ſay then that what- | 
ever quantity will meaſure any two terms of the foregoing ſeries that 


le next to one another, the fame quantity will meaſure all the reſt both 
before and after them, Let 
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Let q meaſure the two contiguous quantities 4 and e; I fay then in 
the firſt place, that will meaſure all the reſt that follow'e : for when 
d was divided by e there remained the next term /; therefore e mea- 
ſures d—f': fince then q meaſures e ex hypothef, and e meaſures d—f, 
y muſt meaſure 4—f, by the firſt axiom ; but g alſo meaſures d ex Hpo- 
thefi; therefore q meaſures both the quantities 4 and 4. /, whoſe diffe- 
rence is /; therefore q meaſures f by the ſecond axiom : if then becauſe 
meaſures d and e, it follows that it muſt neceſſarily meaſure f, fo bs 
q meaſures e and f, it muſt neceſſarily meaſure g, and ſoon, I fay in 
the next place, that if 9 meaſures d and e, it will meaſure all the terms 
before : for when c was divided by d there remained e; therefore d 
meaſures c e: ſince then 9 meaſures d ex hypothefi, and d meaſures 
ce, 4 meaſures c— e; but 9 meaſures e alſo ex Hpotbeſi; therefore g 
meaſures both e and - e, whoſe ſum is c; therefore q meaſures c: ſince 
then upon a ſuppoſition that meaſures both e and / it follows that it 
muſt neceſſarily meaſure c, ſo becauſe ꝙ meaſures both d and c, it muſt 
neceſſarily meaſure 5, and ſo on that way. L, E. D). 


PR OPT OS IT ION -8, 
191. Suppoſing all things as in the tavo foregoin trons, J ſay that 
if the + tr 4 and b be e 2 es 4 "Ag A 
e &c will not run on ad infinitum, but will break off, ſo that the 
laſt term of the ſeries will be the greateſt common meaſure of a and b; 
and vice verſa, if the terms a, b, c, d, e &c do not run on ad in- 
finitum, I /ay then that the original terms a and b will be commen- 
A | 8 
For firſt, let à and 4 be commenſurable ; I ſay then that the ſeries 
will not run on ad inſinitum: for let q be any common meaſure of à and 
5, then will q meaſure all the fubſequent terms by the laſt propoſition ; 
but if the terms run on ad infinitum, they will come at laſt to be leſs 
than 9 by the ſixth propoſition, and ſo q cannot meaſure them all; there- 
fore the ſeries does not run on ad infinitum: let then the laſt term be e, 
and I ſhall then prove in the next place, that e will be greateſt com- 
mon meaſure of @ and 5; for as e is the laſt term of the ſeries by the 
ſuppoſition, it will preciſely meaſure d the laſt but one without any re- 
mainder ; for ſhould any thing remain, as 7, then F would be the next 
term after e, and ſo e would not be the laſt term of the ſeries, contrar 
to the ſuppoſition: ſince then e meaſures both d and itſelf, it muſt alto 
meaſure g and & by the laſt propoſition ; and J fay further, that it will 
be the greateſt quantity that can meaſure them both: for ſhould g and 6 
admit of a greater common meaſure than e, ſuppoſe q, then q would mea= 
— — Pp — 
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ſure all the ſubſequent terms, and amongſt the reſt e, by the laſt pro- 


fition, that is, a greater 1 tity would meaſure a 15 which is ab- 
For e be the 


dz therefore if term of the ſeries, it will be che greateſt 
common meaſure 4 and & will admit of. 9. E TN 


I come in the laſt place to prove, that If the ſeries a, b, c, d, e Ge 


does not run on ad inſini tum, the . uantities a and F will be com- 
menſurable ; for ſince the ſeries is ed not to run on ad infinitum, 


let e be the laſt term; then will « Bk Yep both d and e as was proved 
before ; therefore it will allo meaſure 4 and 5 by the laſt WOW, | 
and therefore a and þ will be commenſurable. 


CoROLLARY I, 


Sh if a 1 b be commenſurable, whether: . they be ales, or any 
other homogeneous quantities, it will be eaſy to find their greateſt common 


meaſure; tb wit, by computing the laſt term of the ſeries a, b, c, d, e: 
thus the greateſt common meaſure of the numbers rl 30 is 6; be- 
cauſe 6 is the laſt term of the ſeries 42, 30, 12, 6. 


CoRoLLARY 2. 


if the original quantities à and b be incommenſurable, the ſeries a, b, c, 
d, e &c wil run on ad infinitum: for if it did not, @ and þ would be 
commenſurable, by the latter part of this propoſition. 


CoRoOLLARY 3. 


And vice verſa, , the feries a, b, c, d, e &c runs on ad infinitum, the 
ori BE quantities a and b will be incommenſurable : for if they were com- 


menſurable, the ſeries would not run on ad infinitum, by the former * 
of this e 


6 4. 
Whatever quantity, as q. will meaſure two others a and b, the ſame will 
alſo meaſure their greateſt common meaſure e. 
PROPOSITION 9. 
A PROBLEM, 


192. E is required, having given three commenſurable quantities a, b 
and c, to find their their greateſt common meaſure. 


SOLUTION. 


Firft find the greateſt common meaſure of any two of them, ſuppoſe 
of a and b, ond call it d; then 1 find the COP common meaſure 


of 
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of d and of the third quantity c, and call it e; then will e be the great. 
oft common meaſure of all the three quantities a, b and c firſt propoſed. 
For firſt, ſince e _ d, _ d meaſures both 2 and 6, e will mea- 
ſure both @ and 6; but e meaſures c ex þ Bronco: es 
greateſt common meaſure of d and c; debe u Bra. the three 
quantities a, þ and c. I fay in the next place, that e is the greateſt quan- 
tity that can meaſure them all: for if it be poſſible, let /, a greater quan- 
tity than e, meaſure all the three quantities 4, þ and c; then fince F mea- 
fares both a and 5, it will alſo meaſure their greateſt common meaſure 
d, by the fourth corollary to the laſt propoſition ; but F meaſures c ex 
bypothefi ; therefore F will meaſure e, the greateſt common meaſure of 4 
and c, that is, a greater quantity will meaſure a leſs, which is abſurd ; 
therefore e is the greateſt common meaſure of a, þ and c. 2, E. D. 

Of the foregoing rule take the following example in numbers: let it 
be propoſed to find the greateſt common meaſure of the numbers 42, 30 
and 15; now the greateſt common meaſure of 42 and 3o is 6, by th 
firſt corollary to the eighth propoſition; and the greateſt cammon meaſure 
of 6 and 15 is 33 therefore the greateſt common meaſure of 42, 30 and 
15 is 3; and if the numbers 42, 30 and 15 be all divided by 3, they will 
be reduced to 14, 10 and 5,-three other numbers in the fame proporti- 
on with the dividends reſpectively, 1 8 ; 


COROLLARY, 


Whatſoever quantity, as f, will meaſure three quantities a, b and c, the 
ſame will meaſure their greateſt comman meaſure e. 


N. B. The following propoſitians are to prove the exiſtence of incom- 
menſurables, and ſame other affections of them, proper to be known, 


FROPOSITION To, 


193. All equal ſradtions, when reduced ta their leaſi terms, become one 
and the ſame fraction, F 1 | 
Before I enter upon the demonſtration of this propoſition, it will be 

proper to take notice by way of lemma, that If any two numbers, as 
and 11, whoſe greateſt common meaſure is unity, be made to multiply a third 
quantity, as d, of what kind fever, then will that quantity d be the greateſt 
common meaſure of the quantities 7d and 11d; and vice verſa, d be the 
greateſt common meaſure of the quantities 7d and 11d, then will unity be 
the greateſt common meaſure of the numbers 7 and 11. For if in finding 
the greateſt common meaſure of 7 and 11, the diviſors be 7, 4, 3, 1, 
as they actually are, then in finding the greateſt common meafure of 7d 
and 114d, the diviſors will be 7d, 4d, 3 d, 1d; that is, if 1 be the laſt. 
. diviſor, 
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diviſor, and conſequently the greateſt common meaſure in the former 
caſe, 4 will be the laſt diviſor, and conſequently the greateſt common 
meaſure i in the latter caſe, and vice verſa. 

This being allowed, let there now be mw equal fractions, which when 


reduced to their leaſt terms, are - 7 and - 7 : Iam then to demonſtrate, | 


that the numbers c and d are actually the fame with the numbers and 
b reſpectively. 

For firſt it is plain that the numbers @ and h can have no common 
meaſure but W wy more than the numbers c and d: for if they had, 


the fraftions 7 and . would not * in their leaſt terms, but would be 
further diviſible, Ry to 5 ſuppoſition. 


2dly, The fractions 5 and 5 muſt be equal to each other: for by 
what methods ſoever el e a the leaſt terms were made, this 


is certain, that the fractions : and = 7 muſt be equal to the fractions 
firſt propoſed, otherwiſe they would LN repreſent A aden in their 


. leaſt terms, but other fractions: ſince then the fractions 5 7 and? 7 are equal 
to the fractions firſt propoſed, and thoſe eg are _ to each other 


by the ſuppoſition, it follows that the fractions 5 7 and = J are alſo equal. 


3dy, Let now the equal fractions 3 7 and J be reduced to the fame 


2 
33 and the fractions thence arifing, to wit, 5 7 and 5% will 


Rill be equal; becauſe neither can this reduction affect their values, by 


4 5 
the eighth article of the introduction: "Fa then the fractions 55 7 and 77 


are equal, and have the ſame denominator, the 7 muſt alſo have the ſame 
numerator, that is, the number hc muſt be the ſame with the number 

ad; therefore the numbers bc and 4d muſt be the ſame with numbers 
ad and bd reſpeCtively ; ; therefore the greateſt common meaſure of the 
former couple will be the fame with the greateſt common meaſure of 
the latter; but the greateſt common meaſure of the numbers 5c and 4d 
is b, by the lemma, becauſe it has been proved that the greateſt common 
meaſure of the numbers c and d is unity ; and for a like reaſon, the 


greateſt common meaſure of the numbers 4 d and bd is d; 5 therefore 
e 
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the numbers þ and d are the fame: fince then the two finQions 7 and ; 


are equal, and have the ſame denominator, they muſt likewiſe have 
the fame numerator, that is, the number c muſt be the fame with the 


the numbers à and 6 reſpectively. Q, E. D. 


|  CoRoLLARY. 
If there be 1 equal fraftions 15 and ; „ whereof the former 2 in its 
legſt terms; I ſay then that a the numerator of the former fraction will 
meaſure c the numerator of the latter, and that b the denominator 


of the former will meaſure d the denominator of the latter as often. 
For let e be the greateſt common meaſure of the numbers c and 4; 


4 
e 


be the leaſt terms of the fraction 5; but the fraction 7 is equal to the 


fraction 7 , which is already in it's leaſt terms by the ſuppoſition ; and 
by this propoſition the leaſt terms of all equal fractions are the ſame 3 


f 2 . N * 
therefore the numbers 5 and — are the ſame with the numbers à and 5; 


therefore the numbers c and 4 are the fame with the numbers ea and 
eb reſpectively ; but a meafures ea, and þ meaſures e as often; there- 
fore a meaſures c, and & meaſures d as often. Q, E. D. 


„CCC Ti; 


194. Tf there be three numbers a, b and c, whereof a is prime to b, and 
b is a multiple fc; I ſay then that a will be prime to c. 

For if à and c be not prime to each other, they muſt have ſome 
common meaſure greater. than unity by the fourth definition ; let 
that be 4; then ſince 4 meaſures c, and c meaſures it's multiple &, d 
will meaſure 5; but d alſo meaſures a, as being a common meaſure 


be prime to each other; therefore if a and c be not prime to each other, 
neither can a and 6; but à and bare prime to each other by the ſup- 
poſition ; therefore @ and c muſt alſo be prime to each other. Q, E. D 

Se Ho- 


number 4; and ſo the numbers c and d muſt be actually the fame with 


then will unity be the greateſt common meaſure of the numbers 5 and 


by the lemma laid down in the propoſition; therefore . and = will 


of @ and c; therefore d meaſures both à and ; therefore à and þ cannot 


= 
16% 
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SCHOLIUM. 


When e is equal to unity, this propoſition is ſelf-evident ; not ſo much 
that the numbers @ and c are prime to each other, as that they will have 
no common meaſure but unity: ſhould unity be admitted as a number, 
then every other number-would be both prime to it, and a multiple of 
it; to avoid which confuſion, and to eſtabliſh a diſtinction betwixt num- 
bers prime and not prime to each other, Euclid has excluded unity from 
his definition of number, chuſing rather to conſider it as a common de- 
nominator of all number : thus the number 3 is to be interpreted three 
units, Cc. 5 
PROPOSITION 12. 


I95. If two numbers a and b be both prime toa third number e; IT ſay 
then that their product ab will alſo be prime to the ſame third num- 
ber c; or (which amounts to the ſame thing) that the product ab and 
the number c will have no common meaſure but unity. 

If this be denied, let the product ah and the number c have ſome 

common meaſure greater than unity, and let that be d; then ſince d mea- 

ſures both the product 26 and the number c, it will meaſure the num- 
ber c alone, and conſequently c will be ſome multiple of d; therefore 

we have three numbers a, c and d, whereof à is prime to c, and c is a 

multiple of d; therefore by the laſt propoſition a 1s prime to 4, and the 


fraction 1 is in it's leaſt terms: again, ſince d meaſures both the pro- 
duct ab and the number c, it will meaſure 4b alone, and conſequently ab 
will be ſome multiple of 4; therefore the fraction 7 will be equivalent 
to ſome whole number; call that whole number e, and then ſince 


= De, we ſhall have £ = 5 : here then we have two equal fractions 
a | | 


5 and 7. e the farmer > is in it's leaſt terms; therefore d the 


denominator of the former fraction will meaſure à the denominator of 
the latter, by the corollary to the tenth propoſition; but d meaſures c ex 
bypothefi ; therefore d, a number greater than unity, meaſures both & and 
c; therefore if the product a4 and the number c be not prime to each 
other, neither can the numbers þ and c; but the numbers b and c are prime 


to each other ex hypothefi ; therefore the product ab and the number c 
are alſo prime to each other. Q. E. D. | | 


COR 0 T- 


wo 
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COROLLARY I. 


F tuo numbers a and b be prime to other two c and d in ſuch a man- 
ner that both the numbers a and b be Foto to each of the numbers c and 
d; IT ſay then that ab the product of the former two will be prime to cd 
the produtt of the latter tuo. For ſince both à and b are prime to c, the 
product 46 will alſo be prime to c by this twelfth propoſition ; and for 

the ſame reaſon the product ab will alſo be prime to the number d: 
ſince then both the numbers c and d are prime to the number a5, their 
product cd muſt alſo be prime to ab, and ab to cd. 2, E. D. 


COROLLARY 2. 
If the numbers 4 and 6 in the foregoing corollary be ſuppoſed equal 


to one another, as alſo the numbers c and d; and if moreover 4 be prime 
to c, then both @ and 5 will be prime to each of the numbers c and d, 
and fo the product 46 will be prime to the product cd: but in this caſe, 
the product 44 is the fame as a*, and the product cd the fame as c 
therefore à will be prime to c*; which is as much as to fay, that 7 
two numbers a and c be prime to each other, their ſquares aa and cc will be ſo too, 

 CoRroLEARY: 4. | 


Therefore if any two numbers a and c be the leaſt in their proportion, 
their ſquares aa and cc will be the leaſt in their's : for when either a or 
c 1s equal to unity, this is evident of itſelf (unity being incapable of any 
further diviſion ;) and when both a and c are greater than unity, a and 
cc will be the leaſt in their proportion by the laſt corollary. 


PRoPOSITION 13. 


196. If there be three homogeneous quantities a, b and c in continual 
proportion, and if the middle term be commenſurable to the extremes; 
T 5 then that the leaſt numbers in the proportion of the extremes will 
be both ſquares. | | + 

Since 2 and þ are ſuppoſed commenſurable, let their greateſt common 
meaſure be contained in 4 d times, and in h e times; then will 4 and e 
be the leaſt numbers in the proportion of à to b, by the tenth propoſition; 
and ſince a is to b as d is to e, or as dd to de, and ſince b is to c alſo 
as d to e, or as de to ee, it follows ex quo, that à is to c as dd to ee; 
but d and e are the leaſt numbers in the proportion of @ to ö, as hath 
been already ſhewn; therefore dd and ee are the leaſt numbers in the 
proportion of à to c, by the third corollary to the laſt propoſition; there- 
fore the leaſt numbers in the proportion of the extremes à and c are both 
ſquares. 2. E. D. | | p 
R O- 
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PRO POSITION 14. 


197. 1f there be three r quantities 80 any kind a, b and c 
In continual proportion, whoſe extremes a and c are commenſurable to 
each other ; if the leaſt numbers in the rtion of theſe extremes 
be not both ſquares; I ſay then that the middle quantity b will be in- 
 Commenſurable to both the extremes. * 
That the middle quantity cannot be commenſurable to one extreme, 
and incommenſurable to the other, is evident ; for if we ſhould ſuppoſe 
a and 5 for inſtance, to be incommenſurable, and at the ſame time þ and 
c to be commenſurable, we ſhould then have two incommenſurable quan- 
tities a and þ both commenſurable to the ſame third quantity c, which 
by the firſt corollary to the fourth propoſition is impoſſible; therefore 
the middle quantity muſt either be commenſurable to both the extremes 
or incommenſurable ; commenſurable it cannot be, for then the leaſt 
numbers in the proportion of the extremes muſt be both ſquares by the 
laſt propoſition, which contradicts the hypothefis ; therefore the middle 
term muſt be incommenſurable to both the extremes, 2, E. D. 


COROLLARY. 


Hence having any line as a given, it will be eaſy to find as many others 
as de pleaſe, that ſhall all be incommenſurable to it: for taking any two 
numbers d and e that are the haſt in their proportion, and not both ſquares, 
make c to a as d to e, and a mean proportional between a and c, found by 
the thirteenth of the fixth element, will be incommenſurable to both, 


PrRoPOSITION Is. 


198. If there be any whole number, as n, whoſe ſquare root cannot be ex- 
preſſed by any other whole number; T jay then that neither can it be 
expreſſed by any fraction whatever. 10 

For if poſſible, let the ſquare root of n be expreſſed by a fraction 


which when reduced to it's leaſt integral terms is 5. that is, let 7 = 


vn Z then we ſhall have 7 — ; but the fraction 75 is in it's leaſt 
terms, by the third corollary to the twelfth propoſition, becauſe the fraction 


a 


3 was ſo; and the faden — is in it's leaſt terms, becauſe 1 cannot be 
aa 1 


further reduced ; therefore we have two equal fractions 2; and T, both 


1 
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in their leaſt terms; therefore by the tenth propoſition, theſe two frac- 
tions muſt not only be equal in their values, but in their terms alſo, that 
is, 4a mult be __ to u, and 5 to 1: but aa cannot be equal to n, 
becauſe 4 is a whole number by the ſuppoſition, and 7 is ſuppoſed to 
admit of no whole number for it's root; therefore the ſquare root of u 
cannot poſſibly be expreſſed by any fraction whatever, 9, E. D. 
Otherwiſe thus: firſt, z, Vn and 1 are continual proportionals, be- 
cauſe the ſquare of the middle term is equal to the product of the ex- 
tremes ; ſecondly, the extremes # and 1 are the leaſt in their proportion, 
becauſe 1 cannot be further reduced ; thirdly, and one of the extremes 
u is no ſquare number by the ſuppoſition ; therefore the middle term 
which is Vn is incommenſurate to 1; therefore Vn cannot poſſibly be 
expreſſed by any fraction or mixt number whatever, becauſe theſe are 
all commenſurate to 1 by the third corollary to the definitions. Q, E. D. 


SCHOLIU M. 


From this propoſition it appears, that two ſurd numbers may be both in- 
commenſurable to unity, and yet both commenſurable to one another : for 2 
and /s (by this propoſition) are both incommenſurable to unity, and 
yet they will both be commenſurable to one another ; for ſince 2 is to 
8 as 1 is to 4, 4/2 will be to 8 as 1 to 2. 


PRO PHOSITION 16, 


199. F there be two numbers a and b the leaſt in their proportion, and 
ſuch whoje ſquare roots are commenſurable one to the other ; I ſay that 

| the numbers a and b muſt be both ſquares, 1 5 
For ſince Ya is ſuppoſed commenſurable to /b, let their greateſt com- 
mon meaſure be contained in Ya, d times, and in Hb, e times; then 
will q and e be the leaſt numbers in the proportion of Ha to Vb by the 
tenth propoſition ; and ſince Va is to \/b as d to e, we ſhall have 


jr 

to 5 as dd to ee; whence 7 = 5 by the fourth axiom ; but the 

fraction - is in it's leaſt terms by the ſuppoſition, and fo alſo is the 
dd 


d 
fraction _— becauſe the fraction Was; therefore g = dd, and b See; 


therefore à and b are both ſquares. Q. E. D. 
| COROLLARY. 


Therefore if a and b be the leaſt in their proportion, and not both ſquares, 
as 1 and 2, 2 and 3, Cc, their ſquare roots will be incommenſurable 


to one another. | 
Q q P Ro- 
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ProPosITION * 4 


200. If two incommenſurable quantities as 2 as 2 7 Ti be put together, fo 


as to conſtitute à third quantity 2 + 2+v/3; 1 ſay then that the quan- 
tity fo conflituted ſhall be incommenſurable to 5 the conſtituent parts. 


Thus I ſhall prove that 2 2+V/3 3 is incon is incommenſurable to / 3. 
For ſhould it be otherwiſe, both 2 ＋ Vz and J; would have ſome 


common meaſure ; let that bem; and then ſince m meaſures both 2 2+y/3 
and /3, it will alſo meaſure their difference 2, and ſo m will meaſure 
both 2 and ,/ 33 but but 2 and z are incommenſurable by the ſuppoſiti- 


on; therefore 2+/3 muſt not be commenſurable to 3. Q. E. D. 
And the fame demonſtration may be applied, mutatis rand, to Fo 


that 24/3 is incommenſurable to 2. | 
PRoPOSITION 18. 


201. The 2 and diameter of a' ſquare are incommenſurable. 

This follows from the fifteenth propoſition ; for by the Geryſevclth 
of the firſt element, if the ſide of a SR be called r, it's diameter will 
be y/2; but 1 and a ͤare incommenſurable by the fifteenth propoſi- 
tion; therefore the ſide and diameter of a ſquare are incommenſurable. 

E. H. 
ey this propoſition may alſo be demonſtrated independently of the 
foregoing Fg by the help of the * lemma. 


LEMMA. 


If « a ſquare number be even, not only it's root, but it's half will be fo too. 
For an odd root as 24 ＋ 1 produces an odd ſquare, as 44a +4a+1; 
whereas an even root, as 2 4, produces not only's an even ſquare, as 44a, 
but it's half 2 29 is likewiſe even. 

This premiſed, if the fide and diameter of any ſquare be not incom- 
menſurable, they muſt have a common meaſure ; let their greateſt com- 
mon meaſure be contained in the fide a times, and in the diameter 5 
times; then will a and & be the leaſt numbers expreſſing the proportion 
of the fide of a ſquare to it's diameter: and ſince the fide is to the diameter 
as a to b, the ſquare of the fide will be to the ſquare of the diameter as 
| aa to bb: but the ſquare of the fide is half the ſquare of the diameter, 

by the fortyſeventh of the firſt element; therefore a@ is half of 65 
therefore aa and 4b are both even numbers, bb for having an exact half 
and aa for being that half, according to the lemma ; therefore * the 

ame 
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fame lemma, the roots of theſe even ſquares, to wit, à and & muſt both 
be even numbers; for if either of them was odd, it's ſquare muſt be fo 
too: but now as theſe numbers are the leaſt in their proportion, one of 
them at leaſt muſt be an odd number, or the proportion would till 
be reducible to lower terms ; therefore if the ſide and diameter of a ſquare 
be not incommenſurable, it will be poſſible for one and the fame num- 


ber to be both even and odd ; but this is impoſſible ; therefore they are 
incommenſurable. 2, E. D. | N 


Od erat. ons upon the whole. 


202. Scholium 1. Thus we ſee how much more ſubtil the parts of 
continued quantities are than thoſe of numbers; for though the root of 
2 cannot HOY be expreſſed by any whole number or fraction, yet we 
ſee that if the ſide of any ſquare be called 1, whether it be 1 yard, 1 foot, 
1 inch, or whatever it is, the diameter will be the root of 2 upon the 
ſame ſcale; nay it will be very eaſy to conſtruct a ſcale exhibiting the 
ſquare roots of as many numbers as we pleaſe in their natural order 
from unity : but of this more in another place; ſee art. 307, ſcholium. 

By this propoſition we are alſo given to underſtand, that the areas of 
two ſquares may be commenſurable, and at the ſame time the fides be 
incommenſurable ; for the area of any ſquare is to the area of another 
{quare upon the diameter of the former as 1 to 2 ; and yet according to 
the laſt propoſition, the ſides of theſe two ſquares are incommenſurable. 

Scholium 2. In the corollary to the third propoſition it is demonſtrated, 
that if incommenſurability can be proved to belong to any one ſort of 
continued quantity whatever, it muſt equally belong to any other; but 
in the laſt propoſition and in the corollary to the fourteenth it 1s de- 
monſtrated, that lines may be incommenſurable; therefore all other con- 
tinued quantities may. I ſhall only produce one inſtance of incommen- 
ſurability in any other fort of quantity, and that ſhall be in time. 

_ Monſieur Huygens, in his admirable treatiſe of the motion of pendu- 
lums, has demonſtrated that the lengths of all pendulums, reckoning from 
the center of ſuſpenſion to the center of oſcillation, are as the ſquares 
of the times wherein they perform ſimilar ofcillations reſpectively: as if 
the length of one pendulum be three philoſophical feet, and that of ano- 
two ſuch feet, the ſquare of the time of an oſcillation of the former 
pendulum will be to the ſquare of the time of a fimilar oſcillation of the 
— as 3 to 2; whence the times themſelves will be as 4/3 to Ve, 
and conſequently may be repreſented by theſe two ſurds: let us now 
ſuppoſe what is pretty near the caſe, to wit, that /3 is to V2 as 49 to 403 
then by multiplying extremes and means we ſhall have AV RA N 


Q.4q3 . x 49, 
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x49, which is as much as to fay that forty oſcillations of the longer pen- 
dulum are performed in the fame time as fortynine of the ſhorter ; now 
if this was exactly true, and if two clocks furniſhed with theſe pendu- 
lums ſhould happen at any particular inſtant of time to beat together, af- 
ter 40 beats cauſed by the longer pendulum, or 49 by the ſhorter, this 
coincidence would return again, and ſo on ad infnitum: this is upon 
a ſuppalition.that 1/3 is to V as 49 to 40, and conſequently that 3 
x40=4/2 x29 ; but if we ſuppoſe theſe two ſurds, and conſequently 
the times they r to be (as they truly are) incommenſurable, no 
multiple of one can be equal to any multiple of the other by the fifth 
propoſition; and then it will follow that if at any particular inſtant of 
time theſe two clocks ſhould happen to beat together, there can never 
happen ſuch another inſtant, though their motion ſhould continue to all 
eternity, provided the force of the wheels have no other influence u 
theſe motions than to 3 retardations ariſing from other cauſes: they 
will frequently beat fo cloſe together that it will not be in the power of 
the ear to diſtinguiſh the difference; but another true mathematical coin- 
_ cidence can never happen after the firſt. 55 
Scholium 3. Before I take my leave of this ſubject, I ſhall only fur- 
ther obſerve, that this doctrine of incommenſurables quite overturns the 
hypotheſis of indiviſibles: for were there any ſuch things as indiviſibles, 
or leaſt parts of magnitude, theſe would meaſure all the reſt, ſince they 
could leave nothing lefs than themſelves, and ſo there would be no ſuch 


things as incommenſurables, the exiſtence of which we have already de- 
monſtrated beyond all contradiction. 


PROBLEM 1. 


203. Let a and b be tus incommenſurable quantities, a a greater and 
ba leſs; and ſuppoſing a continual diviſion to be made from a and b, 
according to the method for finding the greateſt} common meaſure , let 
the quotients thence ariſing be certain numbers always returning in the 
ſame order ad infinitum : It is required to determine the value of the 


fraction ©, or (which is the ſame thing) to determine the proporti on 


of a to b without any approximation, admitting ſurd numbers into the 
expreſſion. . 


N. B. To determine this proportion by 'an approximation at pleaſu re, 
ſce ſcholium 1 to art. 179. — 


| So hu ron. 

Let the returning quotients be 1, 2, 3. 1, 2, 3. 1, 2, 3. &c ad nfi- 
nitum, and let the remainders of the firſt, ſecond and third diviſions ” 
| , a 
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c, d and e reſpectively; then will the quotient of 4 divided by 6b be 1, 
that of þ divided by c, 2, that of c ivided by d, 3 ; after which the 
uotient of d divided by e will again be 1, and fo on: therefore a con- 
tinual diviſion begun from d and e and carried on ad infinitum, will be 
attended with the ſame quotients both, in quantity, order and number as 
a continual diviſion begun from à and 5; ä — d will have the fame 
proportion to e as @ to b, by art. 180. This being allowed, let a ſeries 
of equations for à and þ be computed as in the 175th article, and they 
will be as follows : 
142 — Oba. 
04— Ib=—6, 
14— 1 b==-þc. 
24— 352 — 4. 
74 — lO e. Sc. 
Here then c= 36 - 2a, and e=7a—106; but it has been proved 
above that d is to e as a tob; therefore 35 — 2a is to 74 — 10 0 as à to 
53 therefore by multiplying extremes and means, we have 3 b4— 246 
=744—1046, or 5aa—B8ab==36bb: here then we have but one 
equation 7aa—Cab==3bb for determining two unknown quantities a and 
b, and therefore are at liberty to ſubſtitute what we pleaſe for one of 
them: let us then ſubſtitute ſuch a quantity for ô as will render the equa- 
tion more ſimple thus; let , becauſe 7 is the coefficient of 44 in 
the equation; and then dividing the whole equation by 7, or it's equal þ, 
we ſhall have aa—8a=36, or aa—8@==21 this is a quadratic equa- 
tion, and by compleating the ſquare we thall have 44 84 t 16 2837 
whence by extracting the ſquare root we have a—4=\/37, and a= 


4+4/37 ; therefore : — or (which is the fame thing) à is 
to bas 4＋ 37 is to 7. QL. E. J. | | 
- Ni &' 1 Though he number 37, like all others, has two roots, 


yet I chuſe the affirmative one, becauſe 4— 37 is a negative quantity. 
2dly. If you would expreſs the numerator of the fraction 7 by a whole 


number, and the denominator by a mixt ſurd, in the foregoing equation 
7aa—8ab—=1 you muſt make a=3 the coefficient of 56, and 
then dividing the whole equation by @ or 3, you will have 74 85. b, 
that is, bb+25=21, which being reſolved gives 62 37-43 


whence - ä „or a is to 5 as 3 is to 37 —4. 


zaly. Fo confirm theſe two proportions, to wit, that @ is to 6 as 


vV37+4 to 7, and alſo that a is to ö as 3 is to 37 4, we are 
| to, 
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to take notice that the ſquare root of 37 is 6 .082762 53 nearly, 105 con- 
uently that 37 ＋4 1s to 7 as 10. 082762 53 is to 7, or as 10082762 53 
my * Now if continual [aver be =Y from «git 
bers 1008276253 and 700000000, the quotients will be found to be 
1, 3; 3. 1, 2,3. 1% 2,35 1, 2, 3, 1, 2, the law. of the ſeries now 
breaking off, becauſe the ſquare root of 37 here given was not exact: 
on the other hand, that 4 is to 5 alſo as 3 to / 37 — 4, that is, as 
300000000 is to 208276253, will be evident by forming a continual 
diviſion from the numbers 300000000 and 2082762 53, where the quo- 
tients will be found to: be 1, 2, J- 1,4, 3+: lo, 3+ 1s 25 3 I, Sc. 
4thly. From the ſolution of the foregoing problem it appears, that the 
ſquare root of 37 cannot poſſibly be expreſſed by any whole number, 
mixt number, or fraction of what kind ſoever; for if it could, then 
4+y/ 37 might be expreſſed fo too, and conſequently would not be in- 
commenſurable to the whole number 7, as by the infinity of e 
we find it is: and the ſame may be obſerved of all other ſurds found by 
the method of this ſolution. 8 | 
thy. If we would form a theorem for a general folution of the fore- 
going problem, we muſt look back a little upon the particular one; and 
conſidering it more attentively, we ſhall find a method of ſolving it in 
general thus: after a ſeries of equations was formed according to art. 175 
by the help of one circulation of the quotients 1, 2, 3, we found the 
two laſt equations to be 24 — 362-4, and 74 — lo He; whence 
I infer, that if (according to art. 179) a ſeries of primary fractions be com- 
uted by the help of the quotients 1, 2, 3, the two laſt fractions in the 
hh will be 3 and : let us now examine the laſt equation from which 
the quantity a was found, to wit, 4a—84a==21 or 36, and upon re- 
flection we ſhall find that 8 the coefficient of —@ in the ſecond term 
was found by ſubtracting 2 from 10, that is, by ſubtracting the deno- 
minator of the laſt fraction -but one from the numerator of the laſt : we 
ſhall find alſo that 7 the value of þ came out from 7 the denominator of 
the laſt fraction: laſtly we ſhall find that 3 the coefficient of ô in the 
term 36, or of 7 in the number 21 came from 3 the numerator of the 
laſt fraction but one, and conſequently that 3b or 21 was the product 
of 3 the numerator of the laſt fraction but one multiplied into 6 or 
the denominator of the laſt: all which conſiderations put together furniſh 
us with the following general ſolution. ; 
By the help of the firſt circulation of quatients compute (as in article one- 
hundred feventynine) a ſeries of primary fractions; which done, multiply the 
numerator of the laſt fraction but one into the denominator of the laſt, and 


call the product p; ſubtract the denominator of the laſt fraction but one from 
the 
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the numerator of the laſt, and call the difference d; then you will have b 
equal to the denominator of the laſt fraftion, and aa—da==p. 


LELANPLE I 


Let the recurring quotients be 4, 1, 1, 1. 4, 1, 1, 1. Ge ad inſinitum: 
now a ſeries of primary fractions computed by the means of the quotients 
8 „ 1 | . 
4,1, 1, 1 is =, 5, — 2 2, Fe and 9 the numerator of the laſt 
fraction but one e into 3 the denominator of the laſt gives 2728; 
and moreover 2 the denominator of the laſt fraction but one ſubtracted 
from 14 the numerator of the laſt leaves 12 2: make therefore 3 


the denominator of the laſt fraction, and you will have aa— 124.273 


which equation reſolved gives a=6+\/63 ; therefore 7 3 


but this fraction may be reduced lower; for 5 — — , and 03 = 
63 __ 6 2+V/7 


5 27 = A; therefore _ 


EXAMPLE 2; 


Let the quoticats be 9, J, J, g, J ad inſinitum; then a ſeries of fractions 


I 


computed by the quotient q will be — = - , Where the two laſt frac- 


tions are — and — now 1 the numerator of the laſt fraction but one 


multiplied into 1 the denominator of the laſt gives 1 =p; and o the de- 
nominator of the laſt fraction but one ſubtracted from q the numerator 
of the laſt leaves qd; make therefore þ= 1 the denominator of the 
laſt fraction, and you will have 24 - 94 =I: let qz=2, and the equa- 
1＋ 292 
1 bl 
therefore if a continual diviſion be made from the quantities 1 +,/2 
and 1, the quotients will be 2, 2, 2, 2, 2 ad inſinitum; but if Ya be 
divided by 1, the diviſor and the remainder will be the ſame as when 
i +y/2 was divided by 1 ; therefore if 1/2 be divided by 1, all the 
quotients after the firſt will be the ſame as when 1/2 was divided by 1 ; 
but the firſt quotient in the former caſe will be 1, and not 2 as in the 
latter ; therefore if a continual diviſion be formed from the quantities 
Ad and 1, the firſt quotient will be 1, and the reſt will be 2, 2, 2, 2, 2 
ad infinitum : now every one that knows any thing of Geometry, . 
| t 


1 
tion will be aa—24a=1 ; whence a == ＋ VV, and 5 = 
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| that the diagonal is to the fide of any ſquare as \/2 to 1; whence it 
follows from the fourth obſervation of this article, that the diagonal 
and fide of a ſquare are incommenſurable, and that if a continual divi- 
fion be formed from them, the firſt 17 Perg will be 1, and the reſt will 
be 2, 2, 2, 2, 2 ad inſnitum. Again, let qz=1, and we ſhall have þ=1 
as before, and aa - 4 ;: let the greater ſegment of a line cut in ex- 
treme and mean proportion be to the leſs as a to 1; then ſince (accord- 
ing to the nature of this ſection) the whole line is to the greater ſeg- 
ment as the greater ſegment is to the leſs, we have this n pee a1 
is to a as à is to 1; and this equation, aa=a+1, andag—g=1: 
ſince then we fall into the fame equation, whether we ſuppoſe 9 = 1, 
or ſuppoſe à to be to 1 or h as the greater ſegment of a line divided in 
extreme and mean proportion is to the leſs, it follows that à isto þ in that 
proportion; and conſequently that if a continual diviſion be formed from 
thoſe ſegments, the quotients will be 1, 1, 1, 1, 1 ad infinitum. 


EXAMPLE 3. 


Let the circulating quotients be 9, r. 9, r. 95 r. &c ad inſinitum: here 
a ſeries of primary fractions computed from the quotients ꝙ and 7 will be 
0 


— — GK QUQU —_w 


3 where q the numerator of the laſt fraction but one 
8 


multiplied into 7 the denominator of the laſt gives qr=p; and 1 the 
denominator of the laſt fraction but one ſubtracted from qr + 1 the 
numerator of the laſt leaves alſo qr=d; make therefore r the de- 
nominator of the laſt fraction, and a will be determined by this equa- 
tion, to wit, 44—qra=9gr: if qzz2, and r=1, we ſhall have a to 
bas 1+4/3 is to 1; therefore in a continual diviſion begun from 
14+4/3 and 1, the quotients will be 2, 1. 2, 1. 2, 1. Cc ad infinitum; 
but in a continual diviſion begun from 3 and 1, the firſt quotient will 
be 1, and the reſt will be 1,2. 1,2. 1,2. &c ad infinitum, If qz1, 


3+v/21 
2 


and r==3, à will be to b as is to 3, or as 3 ＋ 1 to 6. 


If ſome of the firſt quotients are intended to be irregular, and the reſt 
to return in a circle 5 inſinitum, proceed as follows: Let it be required 
that n and p ſhall be the tao firſt quotients, and that the reſt ſhall beg, r, s. 
q, r, s. q, r, s. &c ad infinitum: fir/t then find by the foregoing problem 
two quantities a and b that 1 have the regular quotients above deſcribed 
ad infinitum w7hout any others; then make pa+b==B, and nB+a=A, 
and the two quantities A and B will bave the quotients required. For ſince 
 A==nB-+a, it follows that if A be divided by B, the quotient will be 
u, and the remainder will be 4: in like manner, ſince B==p 9 it 
ollows 
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follows that if B be divided by a, the quotient will be p, and the re- 
mainder will be þ: the next diviſion is that of a by 6, and fo on; and 
therefore if this diviſion be continued ad inſinitum, the reſt of the quo- 


tients will be 9, 7, 5. 9,7, 5. q,7,5. Ec ad infinitum by the ſuppoſition, 
TT 


204. Towea friend a ſlilling, or ſome number of ſhillings, and we have 
nothing but gui neas and louiſd ors about us; the guineas being valued 
at taventyone ſhillings apiece, and the my 'ors at ſeventeen : The queſtion 
is, How muſt I acquit myſelf of this debt? 


SOLUTION. 


Since by the ſuppoſition this debt cannot otherwiſe be diſcharged than 
either by my paying guineas and receiving loui{d'ors, or elſe paying louiſ- 
d'ors and receiving guineas, or perhaps paying both guineas and louiſd'ors, 
it follows that this debt muſt be either the ſum or the difference of a cer- 
tain number of guineas and a certain numbet of louiſd ors, and conſequently 
that it muſt either be one ſhilling, which is the greateſt common mea- 
ſure of a guinea and a louifd'or , or elſe ſome number of ſhillings with- 
out a fraction; for nothing is more evident than that whatever meaſures 
any two quantities, muſt meaſure not only their multiples, but alſo the 
ſums and differences of thoſe multiples, as hath been before obſerved ; 
and this is all the limitation this problem is ſubject to. This being then 
laid down, I make a=21, and == 1, and from theſe two values of g 
and þ ] derive a ſet of equations as in art. 175, vis. | 


142 — 0b6—--2T, 
O4 — Ib=—17. 
43 S = + 4. 
42 — 55 — 3 
134 — 165 ＋ 1. | 
Of theſe equations the two laſt will ſolve the problem as follows. 


mr 9 9 |} oor 


Let the debt be one ſhilling: then if I would make my payment in 
guineas and receive louiſd'ors, of the two laſt equations I make choice 
of that whoſe abſolute term is affirmative, to wit, 13 a—166=—+1, 
whereby it manifeſtly appears that if I pay my friend thirteen guineas, 
and he returns back again to me ſixteen louifd'ors, the debt will be diſ- 
charged; for paying thirteen guineas and receiving ſixteen louiſd'ors is 
equivalent to paying.thirteen guineas minus ſixteen louifd'ors, which ac- 

. R r cording 
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cording to the equation above quoted amounts to juſt one ſhilling: on the 
other hand, if I would make my payment in louifd'ors and receive gui- 
neas, of the two laſt equations I muſt have recourſe to that whoſe abſo- 
lute term is negative, to wit, 4 4— 5 —1, or 55 — 4 r , 
whereby it appears that if I pay five louifd'ors and receive back four gui- 
neas, I ſhall We diſcharged the debt: and as theſe equations 4 a — 56 - 
=—1, and 134a—166=—+1 are the ſimpleſt of their kind by art. 
177, the ſolutions deduced from them muſt be ſo too. 5 
Now to find other ſolutions of this problem; ſince à is to þ as 21 to 
17, we have (by multiplying extremes and means) 17 a=216, or 173 


: . 2 I o . *. 3 | | . 
—216==0; and as the fraction — is in it's leaſt terms, the equation 


174 — 21 bis the ſimpleſt of it's kind: add now the equation 174 
—21b=0 to the equation 13 a—16þ=1 as often as you pleaſe by 
a continual addition, and alſo the equation 21 þ— 17a=0 to the equa- 
tion 5 —4a==1 in like manner, and you will have an infinite num- 
ber of ſolutions to this problem, whether the payment is to be made 
in guineas and the balance in louiſd'ors, or the payment in louifd'ors 
and the balance in guineas. 


Let now the debt be five ſhillings: then if I would pay guineas and 
receive louiſd'ors, I multiply the equation 13 a— 16b=1 by 5; the num 
ber expreſſing the debt, and fo have 654—80b=5 : now to find the 
fimpleſt equation of this kind, that is, whoſe abſolute term is + 5, I 
ſubtract, as often as I can, the equation 172 — 2152 0 from the equa- 
tion 654 — 80 = 5; and to do this the ſhorteſt way, I divide 65a by 
17a, that is, 65 by 17, and find the quotient to be 3 with a remainder ; 
whence I infer that I can take the equation 17 a—21+4=0 three times 
out of the equation 654 —tob—5, and yet leave the coefficient of a 
affirmative: now 174 — 215 2 0 being multiplied by 3 gives 514— 
6350 o, and this ſubtracted from 65a—$0b=5 gives 144 — 17 = 5; 
therefore the ſimpleſt way of diſcharging the debt by making payment. 
in guineas, is to pay 14 guineas and to receive 17 louiſd'ors: and if 
from this laſt equation 144— 176== 5 again be ſubtracted 17 4— 216 
Do, there will remain 45.— 3a= 5, which gives the ſimpleſt way of 
making the payment in louiſd'ors. . 
| | CASE 3. | 

Laſtly let the debt be 100 pounds or 2000 ſhillings : then to ſolve 
this caſe, multiply the equation 132 — 164==1 by 2000, and you will 
have 26000 4 — 32000 b=2000 : for a more ſimple 9 

26000 
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26000 by 17, to wit, 'the coefficient of @ in the equation 26000 a— 
32000b==2000 by the coefficient of à in the equation 19 4—21bh= oo, 
and the quotient will be 1 529 with a remainder : ſubtra& therefore 1 529 
times the equation 174 — 216 o, that is, the equation 2 5993 a— 
32 109 So from the equation 260004 32000 = 2000, and you will 
ve the equation 74 ＋ 1096== 2000; which ſhews that if I pay my 
friend 7 guineas and 109 louiſd'ors, I ſhall diſcharge the debt of one 
hundred pounds without receiving any thing back by way of exchange. 
This then is one way of making up one hundred pounds out of gui- 
neas and louiſd'ors; and as many other ways may be [in as the equa- 
tion 174 — 216 r can be added to the equation 74+ 1095 = 2000, 
without abſolutely deſtroying the coefficient of 5, or reducing it to a ne- 
gative: to know therefore how often this can be done, divide 109 the 
coefficient of þ in the equation 7a-+ 109b=2000 by 21 the coefficient 
of —b in the equation 174 - 216 0, and the quotient will be 5 with 
a remainder ; therefore there are five other ways of making up one hun- 
dred pounds out of guineas and loui{d'ors beſides that already found, and 
conſequently ſix ways in all, to wit, _ 
| 7 guineas and 109 louiſd'ors, 
24 guineas and 88 louiſd'ors, 
41 guineas and 67 louifd'ors, 
58 guineas and 46 louifd'ors, 
75 guineas and 25 louifd'ors, and 
92 guineas and 4 louiſd'ors. 
The firſt of theſe ways ſolves the problem with the feweſt guineas, and 
laſt with the feweſt louiſd'ors poſſible, and therefore may be called the 
extreme ſolutions of the problem : but if the extreme ſolutions be re- 
quired without the intermediates, then to one of the extreme equations 
already found, to wit, 742 ＋ 109 = 20 add 5 times the equation 
174 - 21 ro, to wit, the equation 8 54 — 105 So, beans there 
were five other ſolutions found, and you will have 924 + 46 . 2000, 
which is the other extreme equation. b 
Beſides the ſix ways of diſcharging the debt without interchanging, 
there are infinite other ways of doing it by way of interchange, as will 
appear by a continual addition and ſubtraction of the equation 174 — 
FFF | 


A DEFIN1T10N. 


205. Let q, r, s, t be any numbers given, and let a, b, c, d, e, f be a 
ſeries whereof the two firſt terms a and b are known, and the reſt are ob- 
tained in the following manner: make qb arc, re+ b=d, 8d+c==e, 
te def; then may the ſeries a, b, c, d, e, f be ſaid to be formed or ge- 

; 1 2 nerated 
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nerated from it's tao firfl terms a and b by the numbers q, r, s, t. Thus 
a ſeries generated from 1 and o by the numbers 2, 3, 4, 5, 6 will he 
I, o, 1, 3, 13, 68,'421; and a ſeries generated from o and 1 by the 
numbers 3, 2 7 6 will be 3 13, 68, 421: whence it s, 
that Fa ſeries be formed from 1 ny ſet of numbers 2, 3, 4, 5, 6 
one then ſetting afide the firſt number 2, * 7 5 be fermed from 0 and 


1 by the remaining numbers 3, 4, 5, 6 , this latter ſeries we le the 2 2 
wo? with the former, after the firſt term 1 is taken away. 


PROBLEM 37 


206. I is required to find as many numbirs as 20 pine 0 if this charac- 
ter, to wit, that if. any one of them be divided by two given diviſors, 


a a greater, and Þ a leſs, 1 ſhall have tu bd remainders d and 
e . 


SOLUTION. 


Let g be thy one of the numbers ſought, and let / be the greateſt com- 
mon meaſure of the two given diviſors a and 5; then fince / meaſures a, 


and à meaſures CA I by the ſuppoſition, it follows that / muſt meaſure 
g—4, in like manner, ſince / meaſures 6, and & meaſures g —e res g—e, / muſt 


meaſure g—e; therefore / meaſures both the numbers g—d and g=—=e; 
therefore if the former number be ſubtracted from the latter, / muſt mea- 


ſure the remainder 4 - e; therefore if this problem be poſſible, fo 


muſt be reducible to a whole number, either affirmative or negative as 
d happens to be greater or leſs than e. This premiſed, let now the two 
values of 2 and þ be particularly aligned ; as for example, let a=105 
and b==40, and let a ſeries of equations be formed from theſe two Va» 
lues of. a and 5 according to art. 175, as follows: 
Equation I, 12 — ob=—+10g. 
2, 04 — Ib=— 40. 
K AHN 26 2 5. 
5 145 3b=— 15. 
5, 242 — 5 10. 
„ 38 855 — hs 
7, $a—13b=+ 5. 
From the two laſt of theſe equations it appears that 5 is = greateſt 


. 


common meaſure of 4 and 6, (ſee art. 17 5 ;) and conſequently that 


5 
muſt be a whole number in all poſſible caſes of this problem. Take now 
the 
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the laſt equation of the ſeries whoſe abſolute term is negative, as 3a—86 
= 5, and you will have 34+ 5==86; multiply the terms of this 
laſt equation into the number TR and you will have 3 ax 9 5X 
#2 865 that is, 3 45 
ö : — — 

—e, and you will have an +d=8bx : He: but the num- 


d— e d—e 


being divided by a, quotes 3 x 


Te sb, E; tranſpoſe 


ber 3 ax , and there remains 


nothing; therefore the number 3 ax . being divided by a, there 


wil remain d; in like manner if the number 8 6 x -+ e be divided 


by ö, there will remain e: ſince then 3ax- : "4 is equal to 86x 


2 * the ſame number 3 +0 or „ will an- 


ſwer both the conditions of the problem; but a=105 ex hypothefi; therefore 


= d- e d = gde; therefore the number 63xd—e+d 
will anſwer both the conditions. | 

This one ſolution being obtained, innumerable others may be had by 
a continual addition and ſubtraction of 840 the leaſt common multiple 
of a and 5, which how to find, ſee art. 171: for as this number being 
ſeverally divided by 105 and 40 will have no remainder, it follows that 


if this common multiple, or any number of them be added to or fub- 


tracted from 63xd—e+8d, the remainders, when the diviſion is made 

by a and 5, will be entirely the ſame as before that addition or ſubtrac- 

tion, and therefore the remainders will ſtill be d and e; and this will 

give us an infinity of numbers with the properties above deſcribed. Q. E. I. 

Thus have we a general theorem camputed for the e Log and 
— 


40, be the remainders d and e what they will, provided 5 be a whole 


number: as for example, let it be required to find a number which be- 
ing ſeverally divided by 105 and 40, will have 39 and ꝗ for the reſpec- 
tive remainders: here d= 39, q, d—e=30, 63 x4d—e=1890, 
Gg x4 ed = 1929; therefore 1929 is ſuch a number as will an- 


ſwer the conditions of the queſtion: but if you would have the leaſt 
3 number 
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number, poſſible that will do the ſame thing, then caſt away the number 
840 (the leaſt common multiple of 105 and 40) as often as poſſible, from 
1929, that is, divide 1929 by 840, and the remainder 249 will be the 
leaſt number which being divided by 105 and 40 will have 39 and 9 
for their reſpective remainders. Again, let the remainders, inſtead of 
being 39 and 9, be g and 39 for a and 6 reſpectively; then will 4—e _ 
be — 3o, and 63xd—e==— 1890, and 63xd—e+d=—1ego0+9 
==— 1881 ; divide —1881 by 840, and the remainder is —201, which 
is the leaſt negative number of this kind; but we want the leaſt affir- 
mative number; and therefore if to the negative number already found, 
to wit, — 201 be added the leaſt common multiple 840, you will have 
639 the leaſt affirmative number which being divided by 105 and 40 
wil have 9 and 39 reſpectively remaining. 5 5 
If any one be deſirous of a ſynthetical demonſtration to prove that the 


number 63x4—e—+4, or 644 — 63e being ſeverally divided by 105 
and 40 will have d and e remaining reſpectively, he is to take notice, 
that if the diviſors 105 and 40 had been prime to each other, this would 
eaſily have appeared by a ſimple diviſion of the number 64d — 63e by 
105 and 40; but as it is otherwiſe here, ſome further conſiderations 
are neceſſary, which are as follows. Since, when 644 — 63e is divided 
by 105, the laſt remainder is to be d, therefore I exterminate the other 
quantity — 64 e thus: the greateſt common meaſure of 105 and 40 is 5; 
— 


therefore 1 : is a whole number, by what has been proved already ; 


r OS 
, or px, both factors 


d—e 


| now 63 xd—e is equal to 5 x63 x 


whereof are whole numbers; and 31 5 x 


is diviſible by 105 with- 
out any remainder, becauſe 315 is ſo; therefore 634—63e is diviſible 
by 105 without any remainder ; therefore if 63 4-— 63 e be added to or 
ſubtracted from any number whatever, and the ſum or the remainder 
be divided by 105, the remainder of this diviſion will be the. ame as if 
ſuch addition or ſubtraction had never been made: ſubtract then 6344 — 
63e from 644 — 63 e, and there remains 4; therefore 64 4— 63 e be- 
ing divided by 105 will have 4 for a remainder, In the next place 1 

divide 644d — 63e by 40, and there remains 244— 23e; but if the 
theorem be true, the number e ought to be the laſt remainder ; to try 
which, I expunge the other quantity 244 out of the remainder 24 d— 


23e thus: 24x4—e, or 120 * p © is a number diviſible by 40 with- 


out 
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out a remainder ; therefore 244 — 24e is diviſible by 4o ; ſubtract then 
244 —24e from 24d —23e, and there remains e; therefore 644—63e 
being divided by 40 will have e for a remainder. 9, E. D. 7 
| We come now to form a general theorem for any two diviſors @ and 
whatſoever, where the remainders are poſſible; and therefore muſt look 
back upon the foregoing ſolution, where it was found that the number 
34 | 


_ —O— 


* _ +4 would anſwer the conditions of the queſtion. Now any 
one who obſerves how this ſolution was obtained, will eaſily perceive 


that in this expreſſion — x d—e+9, the number 3 was the coeffici- 


ent of @ in the laſt equation of the foregoing ſeries whoſe abſolute term 
is negative, and that the number 5 was the greateſt common meaſure 
of the two given diviſors a and þ: make then r=3, Iz as before, 


and the expreſſion 1 x 4—e-+ 4d will now be changed into this, 5 * 


d—e+94: but the greateſt difficulty ſtill remains behind, which is to 
trace out the number v by itſelf without being obliged to compute all 
the equations in the foregoing ſeries, that is, to find out the coefficient 
of à in the laſt equation of thoſe whoſe abſolute terms are negative, or 
(which is the fame thing) to find out the coefficient of à in the laſt equa- 
tion that poſſeſſes an even place in the ſeries ; for by a bare inſpection of 
theſe ſerieſes, every one may ſee that all the even places are taken up by 
equations whoſe abſolute terms are negative. Now whoever conſiders 
with any degree of attention the nature and genefis of theſe equations, 
cannot but ſee that the coefficients of a, from the firſt equation to the 
laſt, are a ſeries of numbers computed from 1 and o by the quotients of 
a continual diviſion from the diviſors a and &; and from the laſt article 
it appears that ſuch a ſeries is always equivalent to a ſer ies begun from o 
and 1, and computed by the ſame * except the firſt; therefore 

in finding the number , the firſt of theſe quotients may always be ſet 
aſide, provided that the computation be made to begin from o and 1. 
Again, if the number of quotients as they firſt come out be odd, the 
laſt quotient will lead us to a coefficient of à that ſtands in an odd place, 
whereas we want the laſt coefficient in an even place ; therefore if the 
number of quotients be odd, both the firſt and laſt muſt be rejected; but 
if the number be even, then only the firſt quotient muſt be rejected, 
and the laſt muſt be reduced, that is, diminiſhed by unity, as 1s always 
done in computiug the laſt equation, whether it happens in an even or 
an odd place, (ſee art. 175,) and the equation we are now enquiring af- 
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ter will, in this caſe, be the laſt in the ſeries. This known, if a ſeries 
of numbers be 1 * from o and 1 by the help of the quotients 
ſtill retained, the term of the ſeries will be r, and fo the number 


x d4—e+4 (which anſwers the conditions of the queſtion) will be 
known. * | 1 e e 
If it be aſked, what muſt be done when (in finding the greateſt com- 


mon meaſure /) the number of quotients is even, and the laſt is unity, ſince 


unity cannot be reduced; my anſwer is, that ſuch a caſe can never happen. 


EXAMPLE 1. 


Let a=105, b==40, and conſequently I 5, as in the foregoing 
problem; and the quotients of a continual diviſion from à and þ will be 
2, 1, 1, 1, 23 reject the firſt and haſt, becauſe of their odd number, 
and with the remaining quotients 1, 1, 1 form from o and 1 the fol- 


lowing ſeries o, 1, 1, 2, 3, and r will be the laſt term 3; whence — X 


Te d, will be I x d—e+d=63xd—e+d0. 
N. B. So long as the diviſors @ and þ are in the fame proportion one 


to the other, the expreſſion of the number ſought, to wit, * My gent + 4d 
will be the ſame, let the diviſors themſelves be what they will; for the 

; 4 2 
numbers 7 and 7 being the leaſt in their proportion, muſt always be 
the ſame, and fo will the quotients from which the number 1 is deri- 
ved; all the difference then will only be the different reſtrictions to which 
the remainders 4 and e will be liable; for if this problem be poſſible, 


2 muſt always be a whole number, as was ſhewn before: thus if | 


inſtead of making the diviſors 105 and 40, we had made them 21 and 


8, the leaſt in their proportion, the number 63 x 4—e-+d would ſtill 
have ſatisfied the conditions of the problem; and then the remainders d 


and e might have been made any two whole numbers whatever, ſince 
4 7 will always be a whole number, 
5 „ EXAMPLE 2. 1 

Let a and 6 the given diviſors be 840 and 36, whoſe greateſt com- 
mon meaſure / is 12, and the quotients in finding it 23 and 3, W 15 
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number ; drop therefore 2 f and reduce the other quotient 3 to 2, and 
the ſeries from o and 1 will be o, 1, 2 therefore in this caſe r=2, and 


TA ed will be 140 d- e d= 1414 — 140 e, which is ſuch 
a number as the problem requires, as may be thus demonſtrated ſynthe- 
tically. Firſt 1 eee — 140e, by obſerving that 140d— 140e, 
— is a number diviſible by 840 ; therefore 
1404 140e may be ſubtracted from 141d4— 140e without affecting 
the remainder ; ſubtract it then, and there remains d: next I extermi- 

is a num- 


ber diviſible by 36, and therefore 1414 141 e may be ſubtracted from 


1414 — 140e without affecting the remainder; ſubtract it therefore 
and you will have e remaining. 


or 140 * de, or 1680 * 


nate d thus; 1414 — 14e, or 141 xd—e, or 1692 x 


EXAMPLE 3. 


Make a==9, b , and conſequently /=1, and the quotients in 
finding / will be 1, 3, 2, odd in number; drop the firſt and laſt, re- 
taining only the middle quotient 3, and the ſeries will be o, 1, 3; there- 


fore r=, and x d—e+d=27 xd—e+d=28d—27e; and as 


the diviſors g and 7 are prime to each other, the ſynthetical demon- 
ſtration will be very eaſy; for if 284 be divided by 9, the remainder 
will be 4 and if —27e be divided by 9, the remainder will be o; 
therefore 28 4 —27e divided by g will have d remaining: again, if 
28d be divided by 7, the remainder will be nothing, and if — 27 e, that 
is, if —28e-+e be divided by 7, the remainder will be e; therefore 
284 — 2e divided by 7 will have e remaining: and this will always 
be the caſe when the diviſors d and e are prime to each other; that is, 
the truth of the canon may be ſhewn by a ſimple diviſion without any 
other artifice, the remainders in this caſe being ſubjected to no reſtriction. 


EXAMPLE 4. 


Let a=30, b==10, and conſequently io, and there will be but one 
quotient of a continual diviſion from 30 and 10, to wit 3; and this 3 muſt 
be rejected upon a double account, not only as it 1s the firſt quotient, 
but alſo as it is the laſt, ſince the number of quotients is an odd number; 
therefore to the two initial terms o and 1 of the ſeries no other terms 
can be added, becauſe there are no quotients whereby any other terms 
| mm 8 T can 
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can be generated; therefore in this caſe, the latter term 1 muſt be looked 
upon as the laſt term of the ſeries. Here then r=1, and f f Ua 
= 3xd—e+d=4d—3e, which I thus further demonſtrate: 34—3e, or 
30e is a multiple of 30; ſubtract then 34—3 # from 44— 36, 


4— e 5 
3 multiple of 


10; ſubtract then 4 — 4e from 44 — ze, and there remains e. 


and there remains d: again, 44 — 4e, or 40 


EX AN Ln 4. 


Let a 13, and b==7, and conſequently /== 1 ; moreover let eo; 
and the quotients of a continual diviſion from 13 and 7 will be 1, 1, 63 
drop the firſt and laſt on account of their odd number, and the remain- 
ing quotient will be 1, and the ſeries will be o, 1, 1; therefore 1 —= 1, 


and TA ed 144, which will anſwer the conditions for 14d 


divided by 13 will have 4 remaining, and 144 divided by 7 will have 
nothing remaining. 


EXAMPLE 6. 


Suppoſe the preſent year of Chriſt to be one ou and ſeven hundred thirty 
nine, and that there was a year not above two hundred years ago wherein 
the cycle of the ſun was eight, and the cycle of the moon ten: What was the 
number of the year? 0 8 

N. B. If to any year of Chriſt be added 9, and the ſum be divided by 
28, the remainder, or 28 if nothing remains, is what is called the cycle 
of the ſun for that year; and if 1 be added to any year of Chriſt, and 

the ſum be divided by 19, the remainder, or 19 if nothing remains, is 
the cycle of the moon: hence if any year of Chriſt be ſeverally divi- 
ded by 28 and 19, and the remainders be d and e reſpectively, 4+ 9, or 
d+g— 28 will be the cycle of the ſun, and I, ore 1 — 19 will. 
be the cycle of the moon for that year: now in our caſe, d cannot be 
equal to &, for then 4 would be negative; make then 4+ g—28=8, and 
you will have 4 = 27; moreover make e-+ 1 = 1o, and you will have 
q; therefore the queſtion is now reduced to this; bat number is 
that, which being ſeverally divided by twentyeight and nineteen, will have 
twentyſeven and nine reſpectively remaining? N 

Here a = 28, b=19, {=1, d= 27, e q; and the quotients of a 

continual diviſion from 28 and 19 are 1, 2 and 9, in number odd ; ſtrike 

| out. 


Art. 206, 207. PROBLEMS ADMITTING MANY ANSWERS. 323 


out therefore the firſt and laſt, and with the remaining quotient 2 com- 


pute the laſt term of the ſeries o, 1, 2, and you will have r= 2, and 
ra | 


x d—e+d= 56xd—e-+0d, or 57 dee, which is a general 


rule for finding the year from the two cycles given: reſtore now the 


values of ꝗ and e, that is, make d = 27, and e q, and you will have 
56xd—e+d=1035, which number is too little for our purpoſe, and 


muſt be thus enlarged: the leaſt common multiple of 28 and 19 is 532, 


in which revolution of years the cycles again return, and are both the 
ſame as they were 532 years before; add then one revolution of 532 


years to 1035 the number above found, and the ſum 1567 will be 


the true number of the year ſought, as falling within the limits above 


preſcribed : for 156% ＋ 9, or 1576 being divided by 28, leaves 8 for 


the cycle of the ſun; and 1567 ＋ 1, or 1568 being divided by 19, leaves 
10 for the cycle of the moon, | _ 


207. To find as many numbers as we pleaſe with this Property, to wit, 
that if any one of them be ſeverally divided by three given diviſors a, 


b and c, whereof a is ſuppoſed the greateſt and c the leaſt, the remain- 


ders ſhall be three given numbers d, e and f reſpectively. 
| SOLUTION, 


Put A for the leaſt common multiple of a and b; then find (by the laſt 
problem) two numbers g and h of ſuch a nature, that g being divided by a 
and b ſhall have d and e for remainders, and that h being divided by A and 
Cc ſhall have g and f for remainders; I ſay then that h ill be one of the 
numbers that will anſwer the conditions : And when any one number 4 this 
kind is found, as many others as we pleaſe may be had by a continual addi- 


tion and ſubtraction of the leaſt common multiple of the three diviſors a, b 


and c, found by art, 172. 


The demonſtration of this ſolution is eaſy ; for ſince by the ſuppoſi- 


tion 4 meaſures A, and 4 meaſures h—g, a meaſures -g; but a 
meaſures alſo g—4d; therefore a meaſures both -g and g—4, and 
conſequently their ſum H-: in like manner, fince 5 meaſures A, and 


A meaſures -g, b meaſures h—g; but þ meaſures allo g e; there- 


fore h meaſures þ—e; therefore ſince a meaſures h—d, and þ meaſures 
h—e, it follows that if / be ſeverally divided by a and b, the remainders 
will be d and e reſpectively: but if þ be divided by c, the remainder is 
| 8 2 F by 


Ts 
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F by the ſuppoſition; therefore h is ſuch a number as being divided by 
the three * u Avid a, band c, ſhall have — Wer given remainders 


d, W ©. Bob | 
EXAMPLE I. 


Let it be required to find a number, Which being ſeverally Aided by 
10 5, 40 and 36, ſhall have d, e and 7 for remainders reſpectively. 
Now before we enter upon the ſolution of this problem, or any other 
of this nature, we are in the firſt place to enquire what reſtriction they 
are liable to, in order to judge of the A ng or impoſſibility of ach 
problems: let ſuch an enquiry be made here, and we ſhall find that if. 
this problem be poſſible, the remainders d, e and F muſt be ſo reſtrained, 
e 7 wo rr 7 5 K = muſt all be whole numbers: this is evi- 
dent from the ſolution of the foregoing problem; for 5 is the greateſt 
common meaſure of à and-b, 3 that of a and c, and 4 that of h and c: 
let us therefore proceed upon theſe ſuppoſitions, and ſee whether by their 
help we cannot form and demonſtrate a general. canon for the given di- 
viſors without calling in any further affiſtance. Firſt then we are to 
find a number which being ſeverally divided by the two- firſt. diviſors 


105 and 40, will have d and e for remainders; and ſuch a one we ſhall 


find the number 644—63, as in the firſt example to the foregoing pro- 
blem; call this g: — as the leaſt common multiple of the two firſt di- 
viſors 105 and 40 Is. 840, we are again to find another number. which 
being divided by 840 and the third diviſor 36, will have g and F remain- 
ing; and ſuch a one we ſhall find the number 141g—140f to be, as in the 
ſecond example to the ſame problem: make therefore 644— 63e , and 
141g—140f=b, and h will be ſuch a number as the problem requires. 

If any one would have g ſtruck out of this canon, and fo have the value 
of þ expreſſed by the help of the remainders d, e and Fonly, this is ea- 
fily done: for ſince g=64d—63e, we ſhall have I141g—140f=9o024d 
— 8883e—140}/=b; divide this number 90244 - 8883 e— 140 f by 
2520, (which being the leaſt common multiple of all the three diviſors, 
cannot affect the remainders in reſpect of theſe diviſors,) and you will now 
have remaining a leſſer value of Y, equal to 1464 4 — 1323e—140f; 
to this value add 2520e +2520 55 to make the parts all affirmative, and 
you will have h=1464d + 1197 e+ 2380 % which is the leaſt value 
of Y that can be expreſſed in theſe general terms, till the remainders d, e 
and / come to be given in particular numbers. 

The ſynthetical demonſtrations of theſe canons have ſomething ver 
curious in them ; and therefore I choſe this example as full as I could, 


that 
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that the general method of them might hereby be the better compre- 
hended. We are then to demonſtrate that the number h above found, to 
wit, 14644 1197e-+2380f is ſuch a one as being ſeverally divided by 
105, 40 and 36 will have 4% e and f remaining. Now to ſhew this, I firſt 
divide þ by 105, and find the remainder to be 99d+42e-+70f; but the 

further to exhauſt this remainder, in order to try Le of Bi the laſt remainder 
of this diviſion will be d, I expunge the other two quantities 426 and 7of 
by the help of thoſe two reſtrictions wherein the laſt remainder d is con- 
cerned, that is, by ſuppoſing both = and 2 


expunging e by the former ſuppoſition wherein e is concerned, and f by the 


to be whale numbers, - 


— 


latter wherein / is concerned, thus: 42d —42e, or 42 U, or 210 x — 


is diviſible by 105 without any remainder; therefore 42d — 42e may be 
added to 99d4+42e-7of without affecting the ſubſequent remainders; add 
it then, and the ſum will be 141 4+ 70f: again, 5od—70f, or 210 * 


4 55 
. is diviſible by 105, and therefore 50d—70f may be added to 


141d+70f, and the ſum will be 211, which being divided by 105, 
there will remain d; therefore þ is ſuch a number as being divided by 105 
will have d for a remainder. In the next place I divide the number Y, 
or 1464 4+ 1197e+ 2380f by the next diviſor 40, and find the re- 
mainder to be 240 ＋ 37 e-+ 20f, where the laſt remainder is to be e; 
therefore I exterminate the two quantities 24d and 20 by thoſe two re- 
ſtrictions wherein the laſt remainder e is concerned, that is, wherein it 


4 | 3 . : 5 . N 
and are whole numbers, exterminating 


is ſuppoſed that both 
d by the former ſuppoſition wherein 4 is concerned, and F by the latter 


VV 
wherein / is concerned, thus: 244 24e, or 120 x—— is diviſible by 


40; therefore 24 — 24e may be ſubtracted from 244 37e-+20f, 
and the remainder will be 61e-+ 20: again, 20 e — 20% or 80 x —L 


is diviſible by 40; therefore 200— 20f may be added to 61e-+ 20f, . 
and the ſum will be 8 1e, which being divided by 40 will have e re- 
maining ; therefore þ is ſuch a number as being divided by 40 will have 
e for a remainder. Laſtly I divide the number 14644+1 197e-+2380f 

by 36, and the remainder is 24d + ge +4; but the laſt remainder is - 
to be /; therefore I exterminate 24d and ge by the help of __ two 
reſtrictions wherein F is concerned, that is, by ſuppoſing both - 5 4 


and 
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OP | 


and = to be whole numbers, exterminating d by the former ſuppoſition 
| wherein 4 is concerned, and e by the latter wherein e is concerned, thus: 
l e of is diviſible by 36 ; therefore 24.4— 24 may 
be ſubtracted from 244+ ge- V and there will remain ge+28f: 
again, ge—gf, or 36 — is diviſible by 36; therefore ge—of 


may be ſubtracted from ge + 28f, and there remains 37f, which be- 
ing divided by 36, there will remain /: therefore 14644 + 1 + 
2380f is ſuch a number as being divided by 105, 40 and 36, will have 
for remainders d, e and F reſpectively. 9. E. D. | 
N. B. If the diviſors had been made 60, 45 and 36, the example 
would have been as full, and in leſs numbers, | 
ExXAMPLE. 2, 


Let the diviſors be 9, 8 and 6: then becauſe the diviſors g and 8 are 
prime to each other, the reſtrictions will be reduced to theſe two, v2. 
that 2 and = muſt be both whole numbers ; and the canon will 
be as follows: make 64d —63e=g, and 139 —12f=b, and þ will 
be ſuch a number as 1s required : ſtrike g out of this canon, and you 
will have 832d —819e—12f=b;. divide by 72 (the leaſt. common 
multiple of the three given diviſors) to reduce the expreſſion, and then 
add 72e+72f to take off all. negation, and you will have 40d + 456 
+ 60f for the leaſt value of Y that can be expreſſed in this form. 
Now to try this theorem ſynthetically, I divide the number 40 d 
+ 45e-+60f by the firſt diviſor 9, and the remainder is 44+ /, where 
is to be the laſt remainder ; and therefore 6 F; muſt be baniſhed by the 


xeſtri&tion which ſuppoſes _ 
2 is divifible by 9; therefore 6 4— 6 f may be added to 


44+ 6%, and the ſum will be 104, which being divided by 9 leaves d. 
Then I proceed to the next diviſor 8, dividing 40d ＋ 4 5e+ 60f by 8, 
and the remainder is 5 4½, where e muſt be the laſt remainder; and 


therefore 47 muſt be baniſhed upon the ſuppoſition that = is a whole 


number, thus: 4e—4 f, or 8 x nr diviſible by 8; therefore 4e—4f 


to be a whole number, thus: 64— 6 f, 


Or 18 * 


may 
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may be added to ge A/, and the ſum will be 9e, which being divided 
by 8 leaves e for a remainder, Laſtly, I divide 404 +45e+bof by 


the laſt diviſor 6, and the remainder is 44+ ze, both which quantities 


muſt be e Ec (becauſe F'is to be the laſt remainder) thus: 44—4f, 
or 12 * = is diviſible by 6; therefore 447 may be ſubtracted 


from 4d ze, and there will remain 3e+4f; but 3£—3F, or 6 


2 is alſo diviſible by 6 ; therefore 3e— 37 may be ſubtracted from 


3e+4f, and there will remain 7f, which being divided by 6 will have 


F for a remainder, &. E. D. 


EXAMPLE z. 


Let the diviſors be 6, 5 and 4; and then the remainders will be lia- 


: 3 | 
ble to but one reſtriction, which is, that - / muſt be a whole num- 
ber; and you will have the following canon, 25 — 246 , and 16g 


—15f=h; whence exterminating g, you will have 400 d— 384 e— 
i5f=h, divide by 60 (the leaſt common multiple of the three given 


diviſors) and to the remainder add 60e-+ 60 f to make the parts of that 


denomination affirmative, and you will have 40d-+ 36 e+ 45f=h. To 
try this, divide 40 4 ＋ 36e+ 45f by the firſt diviſor 6, and the re- 
mainder will be 4 4+ 3; but 34— 3/, or 6x 5 / is diviſible by 6; 
therefore 34 — 3 f may be added to 44+ 3 f, and the ſum will be 74, 
which being divided by 6 leaves d for a remainder. Proceed now to di- 
vide 40 d ＋ 36e+ 45f by the other two diviſors 5 and 4. ſeverally, and 


the remainders will come out e and f reſpectively, as will be found by 


a bare ſimple diviſion only, without any other artifice. 


From all theſe inſtances, and from the nature of the operations them- 


ſelves we may ſee, that we ſhall never have a demand for more reſtric- 


tions than thoſe that are deduced at the beginning of the problem from 
the nature of the diviſors; and that when no ſuch reſtriction can be de- 


duced, there will be no occaſion for any, but the remainders will all 
come out by a ſimple diviſion only, as will further appear in the next 
example. 


EXAMPLE 4. 


Let it be required to aſſign in what year of Chriſt the cycle of the ſum was 
eight, the cycle of the moon ten, and the cycle of indiction ten. by 
| ere 
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Here it muſt be known, that if to any year of Chriſt be added 3, and 
the ſum be divided by 15, the remainder, or 15 if nothing remains, is 
called the cycle of indiction for that year: hence, and from the defini- 
tions of the other two cycles already given in the laſt example of the laſt 
article it appears, that if any year of Chriſt be divided by 28, 19 and 15 
ſeverally, and the remainders be d, e and F reſpectively, d+9, e+1 
and T 3 will be the reſpective cycles of the ſun, moon and indiction; 
but if theſe numbers happen to be greater than 28, 19 and 15, then 44g 
.—28, e＋ 1 — 19, and f+ 3-15 will be the reſpective cycles: there- 
fore we have three equations for determining d, e and f, to wit, 4+ 9g 
—28=8, e+1==10, and f+3==10; whence d= 27, eq, and 
F; ſo that upon the whole matter, we are To find à number, which 
being divided by 28, 19 and 15, will have 27, ꝙ and 7 for remainders; 
but we ſhall till call the remainders d, e and F till we have computed a 
general canon for the numbers 28, 19 and 15, which canon can be un- 
der no reſtriction, nor ſubject to any exception, becauſe the numbers 28 
and 19 are prime to each other, and both to the third number 15. Here 
then g= 57d—56e, and h = 1065 — 1064f= 6070 5d - 59640 e 
—1064/; divide this number by 7980 (the leaſt common multiple of 
the three given diviſors) and the remainder will be 484 54— 3780 e — 
1064/7; add 7980 e ＋ 7980 4 to take off all negation, and you will have 
4845 dl ＋ 4200e+ 6916f the leaſt of this form that will anſwer the 
.conditions, and will equally ſerve to find any year of Chriſt for which 
the three cycles, and conſequently d, e and F are given, or it's place in 
the Julian period. As for example, inſtead of a, e and F ſubſtitute their 
values above found, to wit, 27, 9 and 7, and you will have 484 54+ 
4200 Ee ＋ 69167 = 130815 ＋ 37800+ 48412= 217027; which being 
divided by 7980 leaves 1567 for the year of Chriſt 881 to which if 
o, I and 3 be ſeverally added, and the ſums divided by 28, 19 and 15, 
the remainders will be 8, 10 and 10 the three cycles propoſed. 
- The Julian period is a revolution of 7980 years, bearing date from be- 
fore the beginning of the world, and is not yet paſſed oer: It's character 
is, that if the number of any year of this period without any further prepa- 
ration be divided by 28, 19 and 15, the remainders will be the three cycles 
| of the ſun, moon and indiction for that year: therefore to find what place 
the year enquired after hath in this period, is nothing elſe but to find a num- 
her, which being divided by 28, 19 and 15, will have the three cycles 8, 
10 and 10 for remainders. Make then 8, e lo and f= 10, and 
vou will have 484 54+4200e+6g16/=149920 ; which being divided 
by 7980 leaves 6280 ; therefore the year ſought is the 628oth year of 
the Julian period, which anſwers to the 1 567th year of Chriſt. Whence 


we may obſerve by the bye, that JF to any year of Chriſt be added 4717, 
the 
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the ſum will be the correſpondent year of the Julian period : the reaſon of 

this is, becauſe the difference betwixt 1567 and 6280 is 4713. | 
SCHOLIUM, 


From what has been laid down in the two laſt problems, and eſpe- 
cially in this, I doubt not but the learner will be able to make his way 
through more complicated caſes, when more diviſors and more remain- 
ders are given, and conſequently more reſtrictions neceſſary nor do 
doubt but that he will be able to apply theſe reſtrictions ſo effectually, as 
to adapt ſynthetical demonſtrations to all caſes. 5 

Theſe two laſt problems are ſuch as men of numbers have a curioſity 
to look into; and therefore I hope to be excuſed if J have dwelt ſome- 
what longer than ordinary upon them; having however omitted ſeveral 
obſervations relating thereto, which to ſome perhaps would not have 
been unacceptable, purely becauſe I would not be too tedious to the ge- 


nerality of my readers. 


PROBLEM 5. 


208. Of two given numbers a and b, whereof a is the ereater, to find 
fwwo multiples whoſe difference ſhall be any given number whatever that 
7s diviſible by the greateſt common meaſure of a and b. 


SOLUTION, 


Let d repreſent in general the difference of the multiples ſought ; let. 
=13, and bþ=7, and their leaſt common multiple will be g1 by art. 
171, This ſuppoſed, find by the third problem a number which being 
divided by a will have d remaining, and being divided by 5 will have 
nothing remaining; ſach a one will be the number 149, as appears from 
the fifth example of that problem; therefore 13 d and 144 are two mul- 
tiples of a and 6 reſpectively, which will anſwer the conditions of the 
problem. Again, as 91, and conſequently 914 is a common multiple 
of both a and b, if 13 d, which is a multiple of a, be ſubtracted from 
914, another multiple of a, the remainder 78d muſt alſo be a multiple 
of a by art. 169; and if 14d, which is a multiple of 5, be ſubtracted 
from 91 d, another multiple of h, the remainder 77d muſt allo be a mul 
tiple of þ; therefore 78d and 77d are other two multiples of à and & re- 
ſpectively, which will ſolve the problem as well as the former; the 
former ſolve it when 4's multiple is intended to be leſs than that of 5, 
the latter when a's multiple is intended to be greater than that of &, and 
both when the matter is left indifferent. But if we would reduce the 
multiples in both caſes to the leaſt in their kind, that is, if in both caſes 
we would find the leaſt multiples of a and 4 whole difference is 4 the 
8 1 eſſer 
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leſſer multiples in both caſes, that is, 134-and 77d muſt be ſeverall 

divided by the leaſt common multiple of @ and þ, that is, by 91: be it 
- ſo, and let the remainders be m and n reſpectively: I fay x 4 that 

will be the leaſt multiple of a which with d added can make a multiple 
of ö, and that u will be the leaſt multiple of 5 which with 4 added can 
make a multiple of 3. | "$3 | 

- Firſt, that the remainder is a multiple of à is plain, becauſe both 
the diviſor 91, and the dividend 134 were ſo. 2dly, That m-+d is a 
multiple of & is alſo evident; for if 91 being taken from 13 4 as often 
as poſſible leaves , the fame 91 taken the fame number of times from 


14d will leave m-+d; and this n muſt be a multiple of þ, becauſe 


both 91 and 14d were ſo. Laſtly, that the multiples n and m d are 
the leaſt in their kind, appears from the nature of diviſion, and from art. 
173 ; for the remainder , if taken the leaſt poſſible, can never be great- 
er than the diviſor, which was the leaſt common multiple of @ and , 
nor even equal to it, unleſs to prevent there being no remainder at all; 


therefore the multiples m and + d are the leaſt in their kind in the for- 


mer caſe : and for the fame reaſon the multiples » and n will be 
the leaſt in their kind in the latter, Thus we have found not only two 


ſorts of multiples which will equally folve the problem, but alſo the 
leaſt multiples of each fort. Q. E. I. | | 


VN. B. 1ſt. If n, or u, or both be equal to nothing, their places muſt 
be ſupplied by the leaſt common multiple of à and &, as was hinted be- 
fore. This can never happen but when either 5, or a, or both meaſure 
d: if 6 meaſures d, and conſequently 134, then 13d will be a multiple 
of þ; but 13d is alſo a multiple of à by the conſtruction ; therefore 3d 
will be a common multiple of both à and 6, and as ſuch, being divi- 
ded by g1 their leaſt common multiple, will have no remainder ; there- 
fore in this caſe the remainder , if unſupplied, will be equal to nothing: 
in like manner, if a meaſures 4, and conſequently 77d, then 77d will 
be a common multiple of @ and 6, and ſo u will be equal to nothing; 
therefore if both þ and @ meaſure d, both m and z will be equal to nothing. 
2dly. If inſtead of the numbers 13 and 7 in the reſolution of this 
problem we had made uſe of any other numbers in the ſame proportion, 
as 39 and 21 whoſe greateſt common meaſure is 3, the canon adapted 
to theſe numbers would have been the ſame with the former, that is, 
the multiples of 39 and 21 would have been expreſſed by 13d and 14d 
in the former caſe, and by 78d and 77d in the latter ; but the ſyntheti- 
cal demonſtration would have been ſomething different ; for in this caſe 


3 


— 
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3 muſt have been a whole number, and we muſt have argued thus: 


39d . 


134, or is a multiple of 39, and 144, or 2 is a multiple of 21, 


and a theſe multiples will anſwer the condition: again, 78d and 
+ 264-2468 


776, * "© 3 are multiples of 39 and 21 reſpectively, becauſe 


3 


the numbers 234 and 231 are ſo, 1 | 

Of the ſolution here given take the following example. Let it be re- 
quired to find two multiples of 13 and 7 whoſe difference ſhall be 500. 
Here 13d or 6500 being divided by 91 has 39 for a remainder; there- 
fore m==39 : again, 77d or 38500 divided by 91 has 7 for a remainder; 


therefore ; therefore 39 is the leaſt multiple of 13 which with 


500 will make 539 a multiple of 7; and on the other hand, 7 is the 
leaſt multiple of 7 which with 500 will make 507 a multiple of 13. 


PROBLEM 6. 


209. Having given two numbers a and b whoſe leaft common multiple is 
c, and alſo a third number as d that is divifible by the greateſt com- 


mon meaſure of a and b; It is required to find, if poſſible, two multi- 


ples of a and b whoſe ſum ſhall be that given number d, or (which is 
the ſame thing) it is required to divide the given number d into two 
ſuch parts, that one part ſhall be a multiple of a, and the «ther a mul- 
tiple of b. | 
SOLUTION, 


By the help of the laſt problem find n the leaſt multiple of à which 
with d added can make a multiple of 5; and ſubtracting it from c the leaſt 
common multiple of a and 6, call the remainder 7; or if m before 
it's place be ſupplied, be equal to nothing, make gc; then if r be 
greater than or 55 to d, the problem will be incapable of any ſolution; 
but if » be leſs th 


this firſt ſolution being obtained, if the problem admits of more, they 
will eaſily be had by a continual addition and ſubtraction of the leaſt com- 


mon multiple c, as r +c and d—r—c, r+2c and d—r—2c, r-+3C 


and d-—r— ze, &c: therefore if d — 7 in the firſt ſolution be divided 
by c ſo as to have any remainder as s, the quotient which ſhews how 


often c can be ſubtracted from d— , will alſo ſnew how many ſolutions 
the problem will admit of after the firſt ; and therefore this quotient in- 
| 3 | creaſed 


an d, I fay then that 7 will be the leaſt multiple of 
a, and d—r the greateſt multiple of 4 that will ſolve the problem: and 
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creaſed by unity will be the number of ſolutions in the whole ; laſtly 
-F fay that the number s will be the leaſt multiple of 5, and d—s the 


greateſt multiple of @ that will ſolve the problem this way : fo that the 


numbers 7 and Ir, as alſo I and s may be called the extreme ſo- 
lutions; except when the problem: admits of but one ſolution, and then 


theſe © extremes will unite in that ſingle ſolution, 

| DEMONSTRATION, . 

iſt. Since by the conſtruction both c and mz are multiples of « a, their 
difference c—m or r will be a multiple of @ by art. 169; and fince 


both c and F dare multiples of b, their difference ned or d—r 
will be a multiple of b. 


2dly. When d—-r was divided by c, the remainder was 3; therefore 
c meaſures Tf: ſince then h meaſures c, and c meaſures T—.—5, 
5 meafures d—r—s; but 5 meaſures I—7 as was proved before; 
therefore þ meaſures both It and d—r—s, and conſequently their 


difference a; therefore 5 is a multiple of &: again, ſince @ meaſures c 

and c meaſures J—7 —5, a meaſures 4—r—5; but a meaſures 7, as 
Was proved before; therefore a meaſures both r and +—r—-s, and con- 
ſegquently their fum d—s5; therefore Is is a multiple of a. | 
zaly. We are in the laſt place to prove that r and d=r, as alſo 


„and s are extreme ſolutions : and firſt, if any ſolution of this pro- 
blem could be obtained wherein any leſs multiple of a than r was con- 
cerned, it muſt be had by ſubtracting the leaſt common multiple c c from 


7, and adding it to 4—7r, and then the multiples would be c and 


rg; but r or = can never be greater than c, and therefore 


c muſt either be nothing or negative, both which caſes are excluded 
out of the problem; therefore 7 muſt be the leaſt multiple of a, and 
d—r the greateſt multiple of 5 that will ſolve the problem: and by a 

like proceſs it may be demonſtrated that s is the leaſt multiple of b, and 


4 the greateſt multiple of à that will ſolve the problem. 
An example 20 the foregoing ſolution. 


"T8 be N to divide the number 5 oO into two ſuch parts that 
one part may be a multiple of 13, and the other of 7. Here a== 13, 
. * as in the laſt problem; and ſince m was 


there 
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there found equal to 39, we. ſhall have c- or r= 52, and d—r= 
448 therefore 52 and 448 are the firſt numbers that will ſolve the pro- 
blem, the former being a multiple of 13, and the latter of 7: divide 
448 by gr, and the quotient. will be 4, and the remainder d, ; there- 
fore 416 which is a multiple of 13, and 84 which is a multiple of 7 are 

the laſt numbers that will ſolve ths problem. The ſolutions are five in 


number, and being placed. in order wall ſtand thus, the firſt number of: 


every ſet being a multiple of 13, and the ſecond of 7. 
i eee ene. 1 8 
2d. 143 and 357, 
zd. 234 and 266, 
4th. 325 and 175, 
5th. 416 and 84. 
LI MMA 12: 
3 A THEOREM | 
210, Let 5 expreſs any fraction in it's leaſt terms, and let this frac-- 


tion be multiplied by ſome whole in d, ſo that the product 1 may be - : 


ſo a whole number: T ſay then that the multiplicator d muſt either be equal 


to, or ſome multiple of the denominator b. 


For ſince by the ſuppolition, the fraction o is equivalent to. ſome 


whole number, let that number be c; then we ſhall have c= 2 and 
6 


. == > therefore the fraction by muſt either be the ſame with the frac-- 


* 


tion 55 or elſe it muſt be reducible to it, as to it's leaſt terms, by the 
N . | | a ; ; l 
greateſt common meafure of c and d, ſince is ſuppoſed to be in it's. 


| leaſt terms: if > be the fame with = then 4 mult be the ſame with 6, 


d : b 
wich is one caſe of the lemma ; if . be equal to, but. not the ſame with 
; , let e be the greateſt common meaſure of c and d ; then will — 24, 


anc . 5, and d S eb, in which caſe d is a multiple of b. Q E. D. 


CO RON 
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Congiiany. 


© Hen 1 infer, that at if F pre efſes any 'frattion i in r it's left terms, the 


denominator b will be the af number that Bun. can be multiplied * fo 
reduce it to a whole number. 


p 7. 


211. Let a, b, C, Fl e, &c — of bands Bite theſe of a cel, 
all Ro uni ;formly upon upon the ſame center, and all moving the ſame 
way; let the ſame Fab s a, b, c, d, e, &c repreſent alſo their 
rgſdaive per periodical times, or numbers proportionable to them : What 
uull be the fynodical period of the whole ſyſtem, that 1s, ſuppoſing theſe 
hands to ftart all together from the ſame point as s, how long will it 
be before they all come to 5 again for the firſt time, whether this 


conjunttion happens in the point s, or in any other part ef the circle 
wherein theſe 10 motions are performed 7 


N. B. To fay that of two hands à and b, à is got one circle and a 
half before ö, ar two circles and a half, or three circles and a half, is to 
ſay no more "than that @ is half a circle before b; and to fay that 4 is 
one circle or two circles or three circles before 6, is the ſame thing as to 
tay that the two hands à and 5 are coincident : And whenever any angu- 

lar diftance of this kind is expreſſed by a mixt number, or by an improper 
Faction, to reduce it (a phraſe frequently made uſe of in the following 
ſolution) implies two things; firſt to throw away the integral part, and 

then to reduce the remaining Jones into it's leaſt terms: thus the diſtance 
3: after reduction becomes ;; for it is the ſame thing to ſay that 4 is 
three circles and four ſixth parts of a circle before 6, as to ſay that 4 
is two thirds of a circle before h, or one third behind it. This lan- 


guage being well underſtood and attended to, the ſolution will be as 
follows. 


SOLUTION, 


ift. Let 5 bs the ſynodical period of the two firſt hands a and 5: then to 
find the diſtance of the hand 4 from the point s at the end of the time þ 
fay, If in the time à the firſt hand makes one revolution, how man 
revolutions and parts of a revolution will it make in the time p? and the 


anſwer 1 is E ; therefore the diſtance of the hand 2 from the point s at 


the end of the time p is 2 ; and for the ſame reaſon the diſtance of the 
hand 
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hand 5 from the point 4 is 1 therefore the difference of theſe two frac- 


| tions, to wit, E ſhews how much the hand à is advanced before 


the hand 4 during the time p; but after the two hands a and 3 have de- 
parted from the point 5, and parted from one another, they can never 
come together again till one is advanced an entire circle before the other; 
therefore if p be the ſynodical period of the two hands, we ſhall have 
- —— 1, and p — this is upon a ſuppoſition that the hand a 
is the ſwifter mover ; but if þ be the ſwifter mover, we ſhall then have 
km 1, and p — z univerſally, p is the product of the two 
numbers à and 6 divided by their difference. And if þ be the time at the 
end of which the two hands 4 and & will come firſt together, at the end 
of the time 2p they will come together a ſecond time, and at the end 
of the time 3p a third time, and ſo on. | * 
2dly. At the end of the time p, the diſtance of the hand a, and con- 


ſequently of both the hands à and 6 from the point s will be © „as be- 
fore; and at the ſame time the diſtance of the hand c from the ſame 
/ P 


Wy reduce therefore theſe two' diſtances 4 and 2 „and 


point 5 will be 


OY 3 W 
then taking their difference, reduce that alſo to it's leaſt terms > ; and 


then the diſtance of the hand c from the two coincident hands à and 6 


at the end of the time p will be 1 and at the end of the time 2 þ, 7 , 


and at the end of the time 3p, * , &c, and therefore at the end of the 


time pq the diſtance of the hand c from the coincident hands a and 5 
will be n; but 2 is a whole number, and implies a whole number of 
circles or revolutions ; therefore at the end of the time pg the hand c 
will coincide with the other two à and 4: and that this will be the firſt 
coincidence of the three hands 4, b and c ſince their departure from s, is 
evident from the laſt article, the denominator q being the leaſt number 


the fraction — an be multiplied by to make it a whole number ; there- 
fore the time pq is the ſynodical period of the three firſt hands a, 6 and c. 
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3d. At the end of the time 59. the diſtance of the hand 2, and con- 


egen of all the three hands 2, b and e from the fixed point « iff 
and the diſtance of the hand 4 from the ſame i is pe 2, ; reducing then the 


diſtances — - 4 and £ J,. let their difference after reduction be a Faction : 


whoſe Anti is r whea redncked to it's leaſt terms, and the time 
par will be the ſynodical r mig of the four firſt hands a, b. c and d. 
athly. At the end of the time per the diſtance of a from 5 will be 


i, and the diſtanice'of ? From 5 will be F2, , and if theſe diſtances be 


rice, and their difference be alſo iced to it's leaſt denominator 95 
will be the ſynodical period of the five firſt hands a, 6, c, 
4 | on. The ſolution . (to recapitulate) is as follows: 
3 — wy two periodical 45 b together, and then divi- 
ding their 


7 by their eme. ca the quotient p. whether it a 4 
whole or a frattion. — 


2dly. Reduce the two diftances K and *- ? and then taking their di 2 
reduce that alſo to it's leaſt PORE bs | 

zZdly. Reduce the diftances = 2 nd 0 and their difference to it's 2 
denominator r. 3 


Athly. Reduce the Sh E and — 4? * ; and their difference to it's 


leaft denominator s; &c: I ſay "then hat p vill be the fynodical period of 
tbe tuo 7 hands, pq that of the three firſt, pqr that ** the 1 * ff, 
pqrs tha 7 of the five firſt, &c. 

N. B. It matters nothing, as to the concluſion, what order the hands 
are taken in. 


| EXA . 
Letz. b==7, c==10, d=12, e=1s5. 
"SOLUTION. | 
iſt, br verde 54, 6 and 8 reduced ©- - ate is 5, and 
the difference between L and = is 2 ; therefore q == 40. 


4 40 40 
2dly. 
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2dly. Therefore pg == * 40 2210; therefore ef; is 70, and when 


reduced o; 7; is _ and hs reduced — 2 and the difference betwixt 
o and: is 23 e r is 2. 


3dly. Ther refore pg r=420 ; therefore per is 140, and when redus 


ced o; SUE is 28, and when reduced o, and the Shes between 0 


and o is Pe or * F therefore s is 1. So that the ſynodical period of the 
two firſt hands is 2, that of the three firſt 210, that of the four firſt 
420, and that of the five firſt 420 ; which ſhews that when d joined 
the three firſt hands a, þ and c, e joined them at the ſame time. 

If the hand 5 ſhould move a contrary way to that of @, then the 


equation which determines p will not be © — = =] a2 2 but 


- += 2 13 mice þ will be found equal to WY 35 for the hands a 
þ muſt now be looked upon as lying on contrary ſides of the point c, 
in which caſe the ſum of their diſtances from this point will be their di- 
ſtance from each other : again, if c moves contrary to @, the diſtances 
2 and © muſt be reduced as before ; but then it muſt be their ſum, and 


dt their difference, which being reduced to it's leaſt terms will ov the 
denominator -, "3 and ſo on. 


PROBLEM 8. 


212. Let there be three unknown quantities x, y and 2, whoſe relation 
7 each other is expreſſed by the too following equations, 
Xx 2j ＋3z 20, and 
4x+5y+60Z=47: 
It is required to end the values of Xx, y and 2 in integral and r- 
mative numbers. 
SOLUTION. 


Equation iſt, x+2y+323==20. 
2d, 4x + 539 +02=47. 
Subtract the ſecond equation from four times the firſt, and you will 
have 3y+6z==33 ; whence 
Equation 3d, y=11—22. 
. * Subtra & 
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Subtract five times the firſt equation from twice the ſecond, and you will 
* Equation 4th, x=2—2. 5 „ 
And thus we have the values of x and y with reſpect to 2, and >. itſelf 
is left undetermined becauſe there were but two equations to three un- 
known quantities: and that theſe are the true values of x and y will ſuf- 
ficiently appear by ſubſtituting z— 2 and 11 — 2 E inſtead of x and y in 
the fir — E 2 equations; for upon that ſuppoſition we ſhall have 
in the firſt equation x + 2y+ 3 3z=2—2+22—42+32==20, and 
in the ſecond equation we ſhall have 4x+ gt 63=423—8—+ 55—. 
102+62= 47. Now as to the values of x, y and >, it appears from 
the third and fourth equations that whatever whole number is fubſtitu- 
ted for ⁊, æ and y muſt, neceſſarily come out whole numbers; for if z 
be a whole number, not only z—2 or x. will be a whole number, but 
alſo 11 —22 or y; therefore if the problem was ſubject to no other li- 
mitations than barely that x, y and z ſhould be whole numbers, the 
number of ſolutions would be infinite: but beſides their being whole num- 
bers, it is particularly ſpecified in the problem that they ſhall be affir- 
mative numbers; and therefore to find out the number of ſolutions in 
this caſe, we muſt again attend to the values of » and y in the two laſt 
equations: now fince in the fourth equation x = z—2, it is plain that 
if * be affirmative, 2 muſt be taken greater than 2: again, fince in 
the third equation y 11 — 22, if y be affirmative, 23 muſt be leſs 
than 11, and 2 leſs than 51; whence it follows à fortior; that 2 muſt 
be leſs than 6; therefore that x and y as well as z may be affirmative, 
the value of 2 muſt confiſt between theſe two limits, vig. 2 and 6; 
therefore if all the three quantities x, y and & be affirmative, there are 
but three numbers that can be fubſtituted for 2, to wit, the numbers 
3, 4 and 5; fo that by the laſt limitation of the problem, all the infinite 
number of ſolutions it would otherwiſe have admitted of, are now redu- 
ced to three, and are thus determined: Since any of the three numbers 
3, 4 and 5 may be put for z, let z= 3; then we ſhall have z—2 or 
Xx l, and 11 — 22 or y==5; fo that the numbers x, y and z will be 
1, 5 and 3 reſpectively, and will anfwer the conditions of the -firſt and 
ſecond equations; for upon this ſuppoſition x + 2y+ 3 2=1-+ 10+ 9 
== 20, and 4x ＋ 5y+62=4+25+18==47. Let z=4; then we 
have 2 — 2 or x—=2, 11 — 23 or y 3, and the numbers will be 
2, 3 and 4, which will alſo anſwer; for in this caſe x + 25＋ 32 22 
+ 6+12==20, and 4x + 5y-+62=8-+15+24=47. Let 2=c; 
then will z—2 or Xx 3, 11—22 or y==1, and the numbers will be 
3, 1 and 5; here then again we have x +2y+32=3+2+15==20, 
and 4x + 5y+02=12+ 5+ 30247. | 


x 
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LBM MA Iz. 
A PROBLEM, 


213. Let a, b and c be three fixed or determinate whote numbers, where- 
of a and b are prime to each other ; and let x and y be any two vari- 
able or indeterminate whole numbers, whoſe relation to each other is 
conſtantly expreſſed by the equation ax by nc: What will be the 
next whole number values of x and y, whoſe relation to each other can 
be expreſſed by the ſame equation ? 


CASE 1, 


Let the equation be ax —by=c, and let the new values of x and y 
be x-+d and ye; then ſince the relation of theſe two values is to be 
as ry by the ſame equation as was that of the former, the equation 
will be ax ad- y- be c; but ax——by c ex hypothefi ; there- 
fore ad be So, and bead, and - => ; therefore if e and d be 
any two numbers taken in the ſame proportion as à to 6, the values æ d 
and ye will fall under the ſame relation with x and y: but to find the 
neareſt values to x and y, e and d muſt not only be in the ſame propor- 
tion with @ and 5, but they muſt be the leaſt in their proportion, that 


is, the fraction 5 muſt be in it's leaſt terms: ſince then the two frac- 


tions — and - are equal in value, and both in their leaſt terms, they 


| muſt alſo be equal in terms, that is, e muſt be equal to a, and d to 5; 
therefore the neareſt values to x and y in the fame relation are x + 6 
and y ＋ a, or x —b and y—4. 


B 


Let the equation be ax + By c, and let x+d and ye be the 
neareſt values of x and y in the fame relation, and the equation will be 
ar ＋ Ady be c; but ax +by=c ex hypothefi; therefore ad 


+be=0o; therefore be=—ad, and Fm; therefore it e and d 
Y'y 2 be 


* 
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be the leaſt in their proportion, as they ought to be, either e muſt be 
equal to — 4 and d to 6, oreto-+aanddto —b; therefore the two 


ncareſt values to x and y in the fame relation will be x ++ and y — a, 
or x—b and ya. 


CoROLLARY, 


Hence, if the values of x be taken in an arithmetical progreſſion whoſe 
common difference is b the coefficient of y, the reſpective values of y will alſo 
form an arithmetical progreſſion whoſe common difference 1s a the coefficient 

"of x: and if the equation be ax —by &c, both progreſſions will increaſe, 

or both decreaſe together; but if the equation be ax by &c, and. if the 
values of x form an increaſing progreſſion, thoſe of y will form a decreaſing 
one, and vice verta, e ET 

1 2955 PROBLEM 9g. 


214. 1t is required to divide a hundred into three ſuch parts x, y and 2, 
that gx + 15y +202 may make fifteen hundred. 


SoLUuT TON. 


= Equation Iſt, K 4＋ yt &$ £2 1006. 

| 2d, gx+1igy+20S==1500, - „ 
Subtract nine times the firſt equation from the ſecond, and you will have 
Gy 112==600; whence | 

_ Equation zd, y= 100———. 


Subtract the ſecond equation from fifteen times the firſt, and you will have 
bx—52=0;. whence : 


Equation 4th, & 5 


And if theſe values of x and y in the two laſt equations be ſubſtituted 
inſtead of x and y in the two firſt, they will anſwer the conditions of 
thoſe equations, as will eaſily appear upon tryal. 


Now as to the determination of the values of x and y, where x == 
6 : 1 5 
and y 100 — , it is evident that if for 2 be ſubſtituted any num- 


ber that. is diviſible by 6 without a remainder, that is, any term of this 


arithmetical progreſſion 6, 12, 18, 24, &c ad infinitum, the quantity 
* will come out a whole number and affirmative ; but as y = 100 — 
= 3 Iz 


OW is evident that y cannot be affirmative unleſs — be leſs than 


100, 
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too, that is, unleſs 11 2 be leſs than 600, or > leſs than 54 5 there- 
fore 2 muſt not be made equal to any whole number that is greater than 
543 therefore z may be made equal to any multiple of 6 from 6 to 54 
incluſively. Now as the __— expreſſing the relation betwixt x and 
2 was 6x — 52 ==0, it follows from the laſt article, that if the values 
of z be taken in an increaſing arithmetical progreſſion whoſe common 
difference is 6, the correſpondent values of x will form an increaſing” 
arithmetical progreſſion whoſe common difference is 5: again, ſince 
the equation expreſſing the relation betwixt y and 2 was 6y-+112==600, 
it follows that if the values of z be made to increaſe in an arithmetical 
progreſſion whoſe common difference is 6, thoſe of y will ſink in an arith- 
metical progreſſion whoſe common difference is 11. Make z = 6; and: 
100 or y will be 89, and 555 or x will be 5, and the three parts 
ſought will be Fo 89 and 6, which will anſwer the conditions. 

As to the other folutions, (for they are nine in all,) theſe are eaſily 
found by the obſervations above, and are. put down in the following, 
table: 5 725 


het , © 
5 0 6. 

. 12. 

8 „5 F 
20 56 24. . by. 
25 4 30. | 4] 
„„ 4 > 


35 23 42. 

40 12 48. 
45 1 . 54. 

PR oOo LEM N. 


215. Let it be required to divide the number twwentyfour into $a pra 
parts x, y and 2; that x + 8y + 12 z may make two hundred aud one. 


SOLUTION; 


Equation. 1ſt, x+ y+ = 24. 

i: 2d, x-+8y+122==201, | | 
Subtract the firſt equation from the ſecond, and you will have 7y-+112: 
==177 ; whence | 

177 —112 


Equation 3d, y= „ 


Subtract 
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Subtract the ſecond equation from eight times the firſt, and you will have 
JFC fs ISR I a 


Equation 4th, r=? | | | 
From the third and fourth N it appears, that to make * and y 
whole numbers as well as 2, ſome ſuch number muſt be ſubſtituted for 


-2 as will make not only N — 4 but alſo a whole number: 


now had both T7 and - been whole numbers, this problem might 
have been ſolved as was the laſt ; but as it happens otherwiſe, we muſt 
proceed after another manner ; but firſt we ought to enquire whether 


theſe two conditions, VIZ. that both 77 8 and — are whole 


numbers, are conſiſtent with each other 105 not; for if they be found 
inconſiſtent, then it will be impoſſible for both x and y together to be 
whole numbers, and the problem will be impoſſible: divide then 42 
 —9 by 7, which in the preſent caſe is no more than ſubtracting 7 from 

42 — , and the remainder. will be 42 — 2; divide alſo 177— 112 
by 7, and the remainder will be 2 — 42; and therefore the enquiry is 


now reduced to this, whether it be poſſible 1 and 0 


be both whole numbers; and this ſuppoſition will 4 ſo far 3 being 
impoſſible, that one part neceſſarily implies the other, theſe two num- 
bers being the ſame affirmatively and negatively taken, and therefore 
they muſt either be both or neither of them whole numbers. This mat- 
ter being ſettled, we are in the next place to enquire, what will be the 


leaſt number which being put for 2 will mans ED= a whole num- 


ber: now in order to this, make 7 the 8 equal to a, and 4 
the coefficient of z in the numerator equal to &, and from theſe values 
of a and þ derive a ſeries of equations as in the 175th article, and they 
will be as follows: ms 

—: I, 7. 
04 —15 28 —4. 
2— 3 = + 5 
42 — 25 2 — 1. 

. 3a—5gb=—+ 71, 

Of the two laſt equations take that whoſe abſolute term is negative, to 
wit, 4——=26==—1, becauſe —2 the numeral part of the numerator 


4.32 


as 
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422 is negative; and then multiplying the equation a—2 =— 1 by 
2 that numeral part taken affirmatively, you will have 29—4b==—2 
the ſimpleſt equation of it's kind: make 4 the coefficient of — 3 in this 
laſt equation equal to 2, and reſtoring now the values of à and 6, to wit, 
7 and 4, the equation will be changed into this, 14— 42z=—2, and you 


== 2, a whole number; therefore if the whole num 
ber 4 be put for z, the other two parts x and y will alſo be whole num 


bers, and you will have x or . — I, and y or 177112 


will have 


F=.19,- 


and therefore the parts x, y and z will be 1, 19 and reſpectively. New: 
to know in what tee the values of 75 y 84 2 will FE fince 
the equation between x and z was 7x — 42 2 — q, it follows from art. 
213, that if the values of z be continually increaſed by 7, the values of 
x will be continually increaſed by 4; and ſince the equation between 
y and 2 was 7y+112==177, it follows alſo that if the values of z be 
continually increaſed by 7, thoſe ef y will be continually diminiſhed by 
11; therefore ſince the firſt value of x is 1; it's ſeveral values will be 
I, 5, 9, 13, &c; the ſeveral values of y will be 19, 8, — 3, —14,. 
Se; and laſtly thoſe of z will be 4, 11, 18, 25, c: whence it appears 
that this problem is not capable of above two ſolutions, becauſe if the ſo- 
lations be continued any further, y will be negative: here then we have 
x==1, J=19, i r =, ., 11. 


. PROBLEM: II. 
216. Suppoſe one would buy forty birds, conſiſting of partridges, larks and 
quails fer ninetyerght pence, paying three pence apiece for the partridges, 


halfpence apiece for the larks, and four pence apiece for the quaili : 
The queſtion is, how many he muft have of each fort... 
| 8 0 Lu T0 v. 
Put x for the number of partridges, y for the number of larks, and : 
=, and 4.2 expreſs the number 


of pence to be given for each ſort ; and the problem abſtracted from words 


for the number of quails; then will 3 x, 


will ſtand thus : # x VZ 40, and 3X —+4.2=98, 0 Gðũ4 t=- 
y + 82= 196; what are x, y and 27 
Equation iſt, x +y + = 40. 
224d, 6x+y+82= 196, 
| Subtract - 
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Subtra& the ſecond 5 from ſix times the firſt, and you wt have 
es 3 | 


Equation zd, y= = 
Subtract the firſt equation from the cond, and you will have 5x + 72. 
=156; whence 

Equation 4th, x = 156 : 28, therefore 2 + 44 and 15672 


5 5 
muſſt both be whole numbers, the poſſibility whereof I thus demonſtrate: 


divide 156 — 7.2 by 5, and the remainder will be 1 — 2 2; ; divide 22 
＋44 by 5, and the remainder will be 2 2 ＋ 4, from which again ſub- 
tracting 5, the remainder will be 25 — 1; compare then theſe two re- 

22— 1 and 1— 55 and the queſtion now be reduced to 


| this, vis. . whether if = be a whole number, — ” can be ſo too; 


* 
and the anſwer is ready, that if the former be a whole number, the lat- 
ter muſt be ſo, ſince it is but the negative of the former: therefore if 


EEE be a whole number nut be 6 too. This being 


determined, let us now reſume one of the former remainders, to wit, 
22—1, and let us _— into the leaſt number which being ſubſtitu- 


44. 


ted for 2 will make - e 4 was number: : and this might be found 


5 | 
out after the ſame manner as in the laſt problem ; but becauſe the deno- 
minator g is but a ſmall number, I rather chuſe to do it by tryal (ſince 
four tryals at moſt muſt determine the queſtion,) that is, I make: 2 1 8 


to 1, 2, 3 and 4 ſucceſſively, and try in which of theſe caſes dr 


will be a whole number, and I find it will ſucceed when 2 is made equal 
22—1 


—=I, 


to 3; for then 


5 
Note. The number of tryals muſt always be leſs by unity than the 
denominator. 


Thus then we have found Z ;; whence y or — + 44 


156 —72 


will be 1 o, 


will be 27; therefore if he buys twentyſeven par- 


tridges, ten larks, and three quails, he will have forty birds for ninety- 
eight pence, as the problem requires. | 


2nd x or 


As 
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As to the other ſolutions, ſince the equation for x and ⁊ was $ x + 
74==156, and the equation for y and z was 5y —22== 44, it follows 
from art. 213, that the ſucceſſive values of z muſt be increaſed by a con- 
tinual addition of 5, thoſe of y by a continual addition of 2, and thoſe 
of x muſt be diminiſhed by a continual ſubtraction of 7; whence we 
have the following folutions : | 


x y 8. 
. 
20 12 8. | 
13 I4 I 

6 16 18 


Beſides the four ſolutions of this problem exhibited in the table it will 
be impoſſible to aſſign any others; for ſhould this table be carried on but 
one degree lower, the value of x would be found to be — i; and ſhould it 
be taken but one degree higher, the value of 2 would be found to be — 2. 

In my ſolution of this problem I left the value of the laſt quantity z 
undetermined, and reduced thoſe of x and y to that, as uſual : but if I 
had left the middle quantity y undetermined, and had reduced the values 
of x and > to the quantity , the ſolution in this particular caſe would 

have been ſomewhat eaſier, and might have been obtained in the ſame 
manner as in the laſt problem but one, thus: ſubtra& the ſecond equa- 
tion from fix times the firſt, as they ſtand in the foregoing ſolution, and 


you will have 5y— 22 244; whence 2 — 22; therefore if x be 


affirmative, 5 muſt be greater than 22, and 5y greater than 44, and y 


greater than 8+; therefore if 2 be affirmative, y muſt be greater than 8: 
again, ſubtract the ſecond equation from eight times the firſt, and you will 


have 2x + 7y==124, and x 62 — 5 ; therefore 72 muſt be leſs than 
62, and 7y leſs than 124, and y leſs than 17+; therefore if x be affirma- 


tive, y muſt be leſs than 18; therefore all the values of y muſt lie between 


8 and 18: but 2 in the expreſſion of x, and 2 in the expreſſion of x 


ſhew that . muſt be a whole number, or (which comes to the fame 


thing) that y muſt be an even number ; therefore all the even numbers 
between 8 and 18 may be put for y, to wit, 1o, 12, 14, 16: let y= 


10, and we ſhall have x or 62 — 2 =27, and 2 or = —22=3; and 


hence may all the other values of x and 2 be found as in the foregoing table. 
* PRo- 


one ſolution; therefore x or 40 — 8 muſt be 5, and 2 or 22 
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PROBLEM 12. 


- 217. Suppoſe one would buy twenty birds for twenty pence, to wit, ducks 
at twopence apiece, partridges at halfpence apiece, and geeſe at three- 
pence aptece ; How many muſt he have of each fort ? 


SOLUTION. 


Put x, y and > for the number of ducks | partridges and 0 refpofircy 
and conſequently 2 *, and 3z for the price of each ſort in pence, 
and you will have theſe two fundamental equations; x-+y-2==20, and 
2x +D-32=20, or 4x +y+62==40 ; whence- 
Equation iſt, x+y+ = 20. 
2d, 4x +y-+62=40. 
— 9 2 by ſubtracting the ſecond equation from ſix times the firſt, 
you will have 2x + 5y==80, and 


Equation 3d, #=40— 


Book v. 


TREE 2 muſt be Teſs than 40, and 5 y leſs than 80, and y leſs than 


16. Again, expunge x by ſubtracting the fecond equation from four 
times the firſt, and you will have 3y — 22 == qo, and 


Equation 4th, & = 5 — 20; whence = 5 muſt be greater than 20, 
and 3 greater than 40, and y muſt be greater than 13, and leſs than 16: 


but = 4 in the third equation, and = x in the fourth ſhew that y muſt be 


an even number ; and there is . one even number between 13 and 16, 
to wit 14; therefore y muſt be 14, and the problem will admit but of 


— —20 
muſt be 1 ; that is, there muſt be 5 . 14 partridges, 8 I FRED 
Monſieur Bacher in his comment upon the forty firſt propoſition of 
the fourth book of Diopbantus, cites an epigram containing this problem, 

which (ſuch as it is) I have here tranſcribed, 
Ut tot emantur aves, bis denis utere nummis ; 
Perdix, 775 anas empta vocetur avis : 
Sit ſimplex 0 olus pretium perdicis, ematur 
Sex obolis anſer, biſque duobus anas, 


Ut 
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Ut tua "ag ap in lucem quaeſtio, mentem 
Conſule ; fic loquitur pectoris arca mihi + 
Sint anates tres atque due, fimplex erit anſer, 
Aecipe perdices quatuor atque decem. 
| PROBLEM 13, 

218, Twenty perſons confiſting of men, women and children af a collation 
paid twenty ſhillings, the men paying four ſhillings apiece, the women 
fixpence apiece, and the children threepence apiece: How many were 
there of each ſort? ne 


. $OLVTION. 
Put x, y and z for the number of men, women and children reſpect- 
2 +7 for the number of ſhillings paid 
by them; and this laſt condition furniſhes us with the following equa- 


ely, and conſequently 4 x + 


tion, 4 * + + 5 ==20: multiply the whole equation by 4, to take 


off the fractions, and you will have 16 * ＋ 25 ＋ 2 = 80; and the equa- 
tions will ſtand thus: l : 
Equ. iſt, - x+ y-+2==20, 
2d, 16x +2y-+2==80, 
Expunge 2 by ſubtracting the firſt equation from the ſecond, and yon 
will have 15x -+y==60; whence | 
Equ. zd, y. bo—15x. 
Therefore 15 x muſt be leſs than 60, and x muſt be leſs than 4. Ex- 
terminate y by ſubtracting twice the firſt equation from the ſecond, and 
you will have 14x — 23 2 40; whence 
Equ. 4th, z= 14x— 40. 
Therefore 14x is greater than 40, and x is greater than 2 therefore x 
muſt lie between 2 and 4. Now as the values of y and z were expreſſed 
in the third and fourth equations without fractions, it follows, that what- 
ever whole number is ſubſtituted for x, y and z will come out whole num- 
bers; but they will not come out affirmative, unleſs x be a whole num- 
ber between 2 and 4; therefore * muſt be 3, and the problem admits 
of but one ſolution ; therefore y or 60 — 15x will be 15, and 2 or 
I14X—40 will be 2: ſo there were three men, fifteen women, and two 
children. 
PROBLEM 14. 


219. Forty one perſons conſiſting of men, women and children at a colla- 
tion paid forty ſhillings, the men paying four ſhullings apiece, the 
women three ſhillings apiece, and the children fourpence apiece : How 
many were there of each ſort ? 

22 SoLu- 
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SOLUTION, 
Put x, y and 2 for the number of = women and children reſ- 


pectively, and conſequently 4 x "= 3y * 3 for the number of ſhillings 


paid by them, and you will have ax + 39+5=40, or 12x93 
z = 120; therefore 
Equation iſt, «= y4-£ ms 41. 
| 2d, 12 * ＋ d e120. 
Subtract the ſecond equation from twelve times the firſt, and you will 
| have 3y+112==372, and 


- Equation zd, e 9 


3 
Therefore n muſt be leſs than 124, and 112 leſs than 372, and ⁊ 


muſt be than 151. Subtract nine times the firſt equation from the ſe- 
cond, and you will have 3 x - 82 2 —- 2493 whence 
3 
| Equation 4th, 6b 


8 | 1 
Therefore = muſt be greater than 83 3, and 8 3 greater than 249, and 


2 muſt be greater than 3 1. Hence, and from the third and fourth equa- 
tions, if x and y be whole numbers and affirmative, 2 muſt be ſome 
multiple of 3 lying between 31 and 34; but there is only one ſuch mul- 
tiple, to wit 33 ; therefore the problem admits but of one ſolution, and 
2 2 333 ; therefore x or 3835 and y or 124— 11 
there were 5 men, 3 women, and 33 children. 


PROBLEM, 15. 


220. f is required to divide the number thirty into three ſuch integral parts 
x, y and 2, that 2X + g + 1 52 may make four hundred and nineteen. 
SOLUTION. 
Equation ift, x + y+ 2 = 30. 
2d, 2x +gy+152=419. 
Subtract twice the firſt equation from the ſecond, and you will have 7y 
＋ 13 Z 359; whence 


Equation 3d, =. 


7 
Therefore z muſt be leſs than 28, or (which is the ſame thing) z muſt 1 
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be any whole number greater than 27, Subtract the ſecond equation 
from nine times the firſt, and you will have 7 x — 6 2==— 149; therefore 
Equation 4th, x = Cn | ; 
Therefore à muſt not be any whole number leſs than 25. From the 


third and fourth equations it appears, that — Ya and 2 1 — 


muſt both be whole numbers, the poſſibility 1 might. be demon- 
ſtrated as in the tenth and eleventh problems; but for the fake of variety 


ee 3 
222 5 * and 8 2 when added 


I ſhall make it appear thus: 


together make 5 45 7 2 4 which is reducible to a whole number; there- 


6 


fore if - — « be a whole number, the other 399 3 muſt be 


ſo too; for otherwiſe their ſum could not be a whole number. To find 


then the value of z, I argue thus: whatever value of z will make _— 


OY —2 


a whole number, the ſame will make a whole number, becauſe 
62 — 149 being divided by 7, there remains 62 — 2; but 5 is a num- 
| b : : 62 —2 
ber which being ſubſtituted for z will make 


therefore if à be made equal to 5, x and y will both come out whole. 
numbers, but not both affirmative ; for that both may be affirmative, it 
is required that 2 ſhould not be any whole number leſs than 2 5, or great- 
er than 27 : however having found the leaſt value of z that will make 
x and y whole numbers, to wit, 5; and finding by either of the equa- 
tions & — 62 — 149, or 7y + 132 == 359 that all the other values 
of z muſt be found by a continual addition of the number 7, I begin 
a progreſſion from 5, and carry it on by a continual addition of the num- 
ber 7 till I come at a term that lies between the two limits of æ (which 
will always be poſſible when the problem is poſſible) thus: 5, 12, 19, 
26: ſince then the term 26 lies between the two limits of æ, to wit, 
24 and 28, I conclude that if I make z equal to 26, x and y will both 

oh = 62—149 
come out whole numbers and affirmative; therefore z==26, x or 4 555 


a whole number; 


= b and y =; ſo the numbers are I, 3 and 263 which 
| upon 
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upon tryal will anſwer the conditions of the problem, and the problem 
.admits only of this ſolution. 18. LEE 8 


x y &. 
—17 42 5. 
— 29 12. 
— 5 16 19. 
N 3 
"op 10 33 


PROBLEM 16; 
Being a general problem. 


221, To find, if poſſible, three numbers, all integral and affirmative, 
oboſe ſum is not only given, but alſo the ſum of their products when 
 ſeverally multiplied by three given multiplicators, : 


SOLUTION, £70 


2 x, y and 2 be the three numbers ſought, putting x for that number 
whoſe multiplicator is the greateſt, and z for that whoſe multiplicator 
is the leaſt, or negative if any of them be negative, or if two of them 
happen to be negative, put z for that number whoſe multiplicator is the 
greater negative; then putting y for the middle term, you will have two 
equations, one whoſe abſolute term is the given ſum of the three num- 
bers ſought, and another whoſe abſolute term is the given ſum of the 
products. By the help of theſe two equations expunge ⁊ thus: multiply 
the firſt equation by the coefficient of z in the ſecond, and then ſubtract- 
ing that product from the ſecond equation, you will fall into a third of 
this form, Ax + By =C: divide this whole equation by the greateſt 
common meaſure of A and B, and let the reſult be ax + by=c ; then 
from this equation, and from the manner of deriving it, I ſhall deduce 
the following obſervations, 98 5 
Iſt. If the directions given for the notation be duly obſerved, the 
numbers a and 6 will always be integral, affirmative, and prime to each 
other, and à will always be greater than 5. e 
2d. If the numbers x and y be integral and affirmative, the number 


ax + by or c muſt be ſo too; though it does not follow e converſo, that 
if c be integral and affirmative, x and y muſt both be affirmative. 
3d. If any one value of y be known, the correſpondent values of x and 


2 will cafily be had by making x = and 22. —— , putting 


% 


s for 
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s for the given ſum of the three numbers ſought : whence it follows, 
that if x and y be whole numbers, = muſt neceffarily be ſo too. 
4th. If the leaſt value of y be known, and the problem admits of more 
ſolutions than one, as many other ſucceſſive values of y as we ſhall have 
occaſion for may eaſily be obtained by a continual addition of the number 
a; whence the correſpondent values of x will form a decreafing arithmetical- | 
progreſſion whoſe common difference is b, and thoſe of z another decreaſing 


arithmetical progreſſion whoſe common difference is a—b; The two 
firſt parts of my aſſertion are evident from art. 213, and the laſt I thus 
demonſtrate : If the values of y increaſe by a'and thoſe of x decreaſe by 
b, the ſeveral values of the ſum xy conſidered as one number will in- 
creaſe by 'a—6;; but as the ſum x+y increaſes, the third quantity - 
muſt be diminiſhed, becauſe in the ſame problem the whole ſum x4 - 
is always the ſame ; therefore the ſucceflive values of z will form a de- 
creaſing arithmetical.progreffion whoſe common difference is a—b, 
5th. From this laſt obſervation it follows, that the raiſing of y is the 
ſinking of x and z,. and vice verſa; infomuch that when y is the leaſt in 
it's kind, x and z will be the greateſt in their's to ſolve the problem; and 
if in this ſtate both be affirmative, they will do it; but if either or both 
happen to be negative, the problem will be impoſſible, and can have no 
ſolution. 
Being thus prepared, I now proceed to find two ſuch whole num-- 
bers as, being ſubſtituted for æ and y, will make ax + by c; which 
may be effected in the manner following: by the quotients of a continual * 
diviſion from 4 and 5, form a ſet of equations according to art. 175 ; - 
and as the original numbers a and 6 are prime to each other, the abſolute : 
term of the two laſt equations will be == 1 ; take that equation wherein 
— is concerned, that is, take the laſt equation that ſtands in an even 
place, and it will be of this form, oq—bd=—1 ; change the ſigns, 
and you will have —ae+bd= +1 ; multiply all by c, and you will 
have —ace-+bcd=c: make —ce==x and +cd=y, and you will 
have two whole numbers x and y with this property, that ax +6y will 
be equal to c: but here as x is negative, it will be proper to try to 
raiſe it (if poſſible) to an affirmative number by ſinking the value of y as 
low as we can, that is, by throwing away the number 4 from cd as 
often as we can, that is, by dividing c 4 by; for if this be done, the: 
remainder if there be any, or the diviſor à if there be none, will be the 
leaſt value of y; and if by this means x and z come out affirmative, the 
problem will admit of one or more ſolutions in affirmative numbers; 
but if x {till happen to be negative, or if z comes out negative, there is 
no 


* 
o * 


already as low as it can be, and therefore in 
have no affirmative ſolution. 16 75 


wherein theſe terms are concerned. 


8 Xx ＋ 3j r- 25; and becauſe 
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no raiſing theſe negative values without e value of y, which is 
is caſe the problem can 


As for the number d, ſince that is the coefficient of 6 in the laſt equa- 
tion that ſtands in an even place, and ſince theſe coefficients are nothing 
elſe but the terms of a ſeries begun from o and 1, and continued by the 
quotients of a continual diviſion made from à and &, it is evident that 
if ſuch a diviſion be actually made, and the number of quotients be even, 
an unit muſt be deducted from the laſt, for a reaſon given in art. 175; but 
but if the number of quotients be odd, the laſt muſt be thrown away, 


as leading to a wrong equation; and then if a ſeries from o and 1 be com- 


puted by the reſt of the quotients, the laſt term of the ſeries will be 4; 
therefore in practice the number d may be computed by the help of this 
ſeries only, without medling with the other parts of the equations 
| EXAMPLE 1, 

- Let the equations be 

| Ant, _ «„ y+ 2==5 | 

ty: > 2d, 10x+;y+22==r. 
Then ſubtracting twice the firſt + ap from the ſecond, you will have 

e numbers 8 and 3 are prime to each 

other, the equation can be reduced no lower; therefore à = 8, z, 
c r- 25, and d =; for the quotients of a continual diviſion from 8 
and 3 will be 2, 1, 2; whence, dropping the laſt becauſe their number 
is odd, with the remaining quotients 2 and 1 form the ſeries o, 1, 2, 3, 
and you will have J = 3, and cd=3c; thus you will have a parti- 
cular canon adapted to the multiplicators 10, 5 and 2, as follows: make 
r —25==6; divide 3c by 8, and the remainder will be y; whence x — 
— and -x —- 9. As for inſtance, let s=20 and r= gz, 
that is, let it be required to divide the number 20 into three ſuch parts, 
that ten times the firſt part, five times the ſecond, and twice the third 
may all together make 53: here — 25 or c=13, and 30 = 39, which 
being divided by 8 leaves 7 for a remainder; therefore in this caſe y, 


Nor x==1, and $—=x—y OT $==14t ſo the numbers 1 


—1, +7 and + 14; therefore this problem cannot be reſolved in affirma- 
tive numbers, but in others it may; for — 1x ＋ 10, +7x5, +14 x2, 
that is, — 10 ＋ 35 ＋ 28 = 53. Again, ſuppoſing the multiplicators 
10, 5 and 2 to continue, and making 5=20 as before, let now . 
and you will have c= 67, 30 2201, y==1, x8, and æ II: ſo the 


numbers 


Art. 221, PROBLEMS ADMITTING MANY ANSWERS. 353 


numbers are 8, 1 and 11, which will ſolve the problem; for 8 x 10 ＋ 
*I x2, that is, Co-+ 5 +22==107, But this problem will alſo ad- 
mit of two more affirmative ſolutions, which according to the fourth ob- 
ſervation are 5, 9 and 6; 2, 17 and 1. | 
EXANFLE . 


Let it be required to divide a given number as s into three ſuch parts, 


that three times one part, a third part of the ſecond, and a fifth part of 
the laſt may again make up the number s. | 


£1 ; | c 
Here the equations are x +y + r s, and 3x4 =; but to 


fit this laſt equation for uſe, I reduce it to integral terms by multiplying 

the whole equation by 15, and ſo have 45 x+5y+ 3J2=155; there- 
fore the equations when fitted for uſe are 
”— iſt, x+ y+ = , and 

2d, 45x +5y+32=155s. 

Subtract three times the firſt equation from the ſecond, and you will 
have 42 x ＋ 25 = 125; divide the whole equation by 2, becauſe. 2 is the 
greateſt common meaſure of 42 and 2, and you will have 21x + 1y=6s. 


Here then a= 21, b=1, c, and d==1 ; for the ſingle 33 of . 


a divided by b, or of 21 divided by 1 being rejected for it's ſingularity, 
there will be no remaining quotient for continuing the ſeries from o and 1 ; 
therefore in this caſe 1 the latter term of the ſeries muſt be taken for d; 
whence cd the dividend will be 65, and we ſhall have the following canon 
particularly adapted to this problem ; I mean, where the multiplicators 
are 3, £ and , and where the ſum of the products is to be the ſame with 


the ſum of the numbers: divide 6s by 21, and the remainder will be 


yz whence we ſhall have x= In 


ſtance, let it be required to divide 100 into three ſuch parts, that three times 
the firſt part, a third part of the ſecond, and a fifth part of the third may all 
together make the ſame number 100 : here Cr = 600, which being di- 


vided by 21 leaves 12 for y; whence x==28, and 260: ſo the num- 


bers 28, 12 and 60 will ſolve the problem; for 28 x 3+ # +2, that is, 
84-+4+12==100. The fourth obſervation finds alſo two other affir- 
mative ſolutions of this problem, to wit, 27, 33, 40; and 26, 54, 20; 
and theſe are all ; for another operation would fink. z to nothing. 

OT EXAMPLE 3. 

Let the ſum of the products be {till equal to the ſum of the numbers, 


and let the multiplicators be 3, 1 and _ 3 that is, let 3 2 Nas =, 


or 9 x+39y—2==35, and the equations will now be 


Y y Iſt. 


, and — As for in- 
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iſt, x+ y+z2= 6. 
| 2a, gx +39 - == 3. Try” 
Multiply the firſt equation by — 1, and then ſubtract it from the ſecond, 
or (which is the fame in effect) add the firſt equation to the ſecond, and 
you will have 10x-+ 4 y==45 ; divide the whole by 2 (the greateſt com- 
mon meaſure of 10 and 4) and you will have 5x+2y=25; there- 
fore in this caſe 2 = 5, b=2, and c =2s. Now the quotients of a con- 
tinual diviſion from 5 and 2 are 2 and 2; call them 2 and 1, and with 
them compute the ies o, I, 2, 3, and you will have == z, and the 
canon for the multiplicators 3, 1 and — ;, where the ſum of the pro- 
ducts is to be equal to the ſum of the numbers, is as follows: divide 6s 


by 5, and the remainder will be y; then make — and 5— 
x—y==z. As for example, let = 20; then will 65= 120, which di- 
vided by 5 will have nothing or 5 for a remainder ; therefore in this caſe 
J=5, xb, and q, and the numbers in order are 6, 5 andg, 
which will anſwer the conditions; for firſt 6 + 5 + g= 20, and ſecond- 
ly 18+ 5—3 =20. But according to the fourth obſervation, this pro- 
blem will admit of two more ſolutions, which are 4, 10 and 6; and 
2, 15 and 3. | | 

N. B. 1ſt. In the abovewritten canon we made y the remainder of 
6s divided by 5; but we might have thrown away 5 5, and have made y 
the remainder of 1 5 divided by 5 ; and the ſame reduction may be made 
in all other caſes where the coefficient of 5 exceeds the diviſor, 

_ 2dly. This problem includes the gth, 19th, 11th, 12th, 13th, 14th 
and 15th, with an infinite number of other particular ones of this kind : 
but if this ſolution be applied to them by way of examples, care muſt be 
taken to change their notation, and to fix it according to the directions 
given at the beginning of this ſolution. 


Of the magic ſquare. 
PROBLEM 17. 


222. Let any odd ſquare number as 49 be propoſed whoſe ſquare root is 
7 ; and let any ſquare figure be divided into 49 leſſer ſquare cells, to wit, 
into 7 ranks of cells, and every rank into 7 cells: It is required to di- 

ribute among theſe cells all the natural numbers from 1 to 49 inclu- 
froely, ſo that the ſum of all the numbers in every row, whether taken 
bortzontally, perpendicularly or diagonally may be the ſame ; which fi- 
gure thus conſtructed is commonly called a magic ſquare, 
| So Lu- 


® 
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ET SOLUTION: | 


As 7 is the fide of the ſquare propoſed, let the ſeven firſt digits 1, 2, 
3. 4+ 5, 6, 7 berepreſented by the ſeven firſt letters of the alphabet a, 6, c, 
d, e, f, g reſpectively ; and let theſe letters be ſeven times repeated in the 
ſame order in ſeven diſtinct rows, placed exactly one under another; and 
let the difference of the rows conſiſt only 
in this, that every inferior row is to begin i of 
with the ſecond term next above it; and 
they will ſtand as in the firſt figure; where 
the firſt or uppermoſt row is a, 6, c, d, e, 
hg; the ſecond b, c, d, e, ½ g, a; the third 
c, d, e, ½ g, a, b; Sc. This ſcheme, which 
is in form of a ſquare, is called the primi- 
tive ſquare, becauſe upon it is founded the | 
conſtruction of the magic ſquare next to 
be conſidered. 
Let now any other ſquare divided into fortynine cells be payer ed, as 
in the ſecond figure, which I ſhall by way of anticipation call the magic 
ſquare ; and let the blank cells hereof be filled up by the help of the 
primitive ſquare, in the manner following. 
Figure 2. - 
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c| 


As los As 
ses e 


> fes 
As ſos [A 


o sse 


> 


—_ 


74-44 7e e 7 | 78—+g—40 [ 74 | 7b b EL | 
2 2 78+ — 49 22 „ | 76 2 74+ b 
Z __ | 7849 | 7and | 7b-e 7eaf | 222 7e 


e e | Orb 22. . 
rang ee eee 
| nba f Tang T4-+a 7e+b Do 7g+d—49] 2222 
= | 7dnf | neng | ofa [7gb—ag | Jane | 70-44 


Firſt, beginning with the firſt horizontal row of the primitive ſquare, let 
all the numbers in this row be ſucceſſively multiplied by 7 the fide of the 
propoſed ſquare, proceeding from left to right ; and to the ſeveral products 
of this multiplication add in order the numbers of the ſeventh and loweſt 


horizontal row, and you will have the numbers rag, ya, 7+6, 


Te, 7e gd, „Te, 7-49, with which numbers the next hori- 
1 _ . ee the magic ſquare is to be filled from 
left to right, which in the preſent caſe happens to be the fifth row, reckon- 
ing from the uppermoſt: but here (as you may ſee in the figure) 49 mult 
be thrown away from every greater number ; for ſhould we receive any 
number greater than 49 into this ſquare, places would be wanting for 
others that are leſs than 49, which the nature of the problem will not al- 
low of. 


T 7 8 2dly. 


PPP 1 


ADE 


_ | | * : 
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2dly. Having furniſhed this row of the magic ſquare, deſcend all a- 
long with your multiplication, and aſcend with your addition in the pri- 


mitive ſquare, fo that the row to be multiplied, and the row to be ad- 


ded may always be equally diſtant from the middle row on each fide; that 
is, multiply all the numbers in the ſecond row of the primitive ſquare 
by 7, and add to every product a correſpondent number in the ſixth 
row, and you will have the numbers 7047, cg, 7d+a, &c, for 
furniſhing the ſixth row of the magic ſquare. : 
zZdly. In like manner, ſeven times the third row together with the fifth, 
will furniſh the ſeventh row of the magic ſquare. 
Athly. We come now to the middle row of the primitive ſquare, 
wherein both the row to be multiplied, and the row to be added meet ; 
therefore this row will of itſelf alone, without the aſſiſtance of any other, 


furniſh out numbers for the firſt row of the magic ſquare, to wit, 7d, 
TO 5 


= 
E 
Q@ 


Ass As 


g 5thly. In like manner feven times the fifth 
| row of the primitive ſquare together with 
* the third, ſeven times the ſixth together with 
— | the ſecond, and ſeven times the loweſt toge- 
© | therwiththe higheſt, will furniſh numbers for 
4 | the ſecond, third and fourth horizontal rows 
e 
7 6 


| 
: 
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of the magic ſquare. And thus the whole 
| figure will be furniſhed, at leaſt in letters: 


| >| | ||| 


—— — — — 


my next taſk therefore muſt be to demon- 


ſtrate that this figure has all the properties of a magic ſquare. 


Figure 2. 
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And firſt I will demonſtrate that it contains all the pate numbers 


from 1 to 49 incluſively: for whoſoever traces the number 7g through 
all the horizontal rows, will find 7z—49 combined with all the letters 
4, b, c, d. e, f g, though in another order than as they are here placed; 
1 8 which 
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which numbers (ſince 7g—49==0) are 8, b, c, d, e, „g. that is, all the 
numbers from 1 to 7 incluſively ; in tracing 7a after the ſame manner 


he will find, when reduced to order, the numbers 7 a, 7a-+b, vac, 
Jad, 7a-ke, 7ak: . Jag, which ſeries due all numbers 2 8 


to 14: he will likewiſe find all the terms of the ſeries 75 Ca, 7b-+6, 


— — met ems ro 


7b c, 7b+d, be, 7b, 7b+g, which takes in all the numbers 
from 15 to 21: and fo on to 7/+g==49. In the next place, it is plain 
that the ſum of all the horizontal and perpendicular rows will be the fame :: 
for whoever conſiders theſe rows 5 5 any attention, cannot but ſee, that 
the ſame letters are multiplied, and the ſame added in every one of theſe 
rows, only in a different order; and therefore the ſums muſt all be the 
ſame. We come in the laſt place to conſider the two diagonal rows: 


now if we examine that which deſcends from left to right, from 7d-+-d 
to 7d, we ſhall find the numbers of this firſt diagonal row to be 
74d ＋ d, Fd, d, cd, 7e+4, 7g+d—49, „; but 


74+7f+7a+7c+7e+7g+76=7a+76+76+7d-7e+-7f/-78 3 
therefore FA ſum of the firſt diagonal row, which is not affected T 


changing the order of the numbers, will be the ſame with the ſum of 


theſe numbers 7a-+d, 7b-+d, 7c+d, dd, 7e+d, T7 78+d—49; 
,e,f, g, and there- 


times repeated, we add the terms of the progreſſion a, b, c, d, e, / g. 
which will not alter the ſum of the whole, we ſhall have the ſum of the 


firſt diagonal row equivalent to the ſum of the numbers Jaa, 7b-+6, 
2c+c,, dd, Tee, 7j+f, 78+g—49, which is the ſame with the 
ſum of the firſt horizontal row, and conſequently of every other row: 
in the other diagonal row which aſcends from left to right, from ce 


to 7c4-c, we find the number 7c ſeven times repeated, and ſeverally 
connected with all the letters a, 5, c, d, e, f, g, though in a different or- 


der; but c=d—1 ; therefore 7c=7d—7=a+b+c+d-etfo-g=7 ; 
therefore 7c ſeven times repeated equals 7a+76b+7c+74-7e4-7/+78 
—49 ; therefore the ſum of this diagonal row will be the fame as if the 
order and value of it's terms were as args to wh Os. 7 
c+c, 7d+d, Tee, e 7g+g—49, that is, the ſum of this dia- 

A Ts is the ſame with that of all the reſt, Q. E. D. WED 
| itherts 
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. Hitherto we have filled our magic ſquare with letters, in order to give 
a clearer idea of it's nature and compoſition: but if we would fill our 
ſquare with numbers, as the problem requires, we muſt firſt make a pri- 
mitive ſquare in numbers, as in figure 3; where the firſt or uppermoſt 
row is 1, 2, 3, 4, 5, 6, 7 3 the ſecond 2, 3, 4, 5, 6, 7, 1; the third 

„4, 5, 6, 7, 1, 2; &c: and if by the help of this, a magic ſquare 
bn conſtructed according to the directions before given, we ſhall have ſuch 
a one as is Exhibited in the fourth figure. | 


Figure 3. | Figure 4. 
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33 
Whoever duly conſiders the compoſition of the magic ſquare, and the 


diſpoſition of it's numbers, will be able to draw (or at leaſt to ſee the evi- 
dence of) the following conſectaries. 3 3 
Firſt, that whatever be the ſide of the ſquare, unity will always ſtand 
in the firſt cell of the middle horizontal row on the left hand: for 7 g+ 
4 49 21; and if we make 7 org (the fide of the ſquare) equal to r, 
we ſhall always have for that cell rr ATT =I. 5 
2d. If the numbers 1, 2, 3, 4, 5, 6, 7 in the primitive ſquare had 
been continued ad infinitum, the numbers in every horizontal row of the 
magic ſquare, except where 49 is to be caſt away, would have increaſ- 
ed from left to right in an arithmetical progreſſion, whoſe common dif- 
ference is 8 (r +1): for in the firſt row for inſtance, (and the reaſon 
is the ſame for all the reſt,) the products 7d, 7e, 7f, 7g, &c make an 
e e progreſſion whoſe common difference is 7; and the 
rts to be added, viz. d, e, f, g, &c make another increaſing progreſſion 


whoſe difference is 1; therefore both together, to wit, 74+ d, 7e-e, Ny 
78+g c, will make a progreſſion whoſe common difference is 8. 
zd. But becauſe the numbers in the primitive ſquare are not continued 
ad infinitum, but always break off after 7, returning back again to 1, that 
is, from g to a, this occaſions an irregular term wherever the number 
a is to be added: I call it ſo, becauſe it's exceſs above the term that is 
before it in the fame row will be but unity, whereas according to Lo 


\ 
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law of this progreſſion, it ought to be 8. Of theſe irregular terms there 
will be but one in every horizontal row ; they are — in the fourth 
figure, and beginning with unity are as follows; 1, 15, 29, 43, 8, 22, 
36, forming an arithmetical progreſſion whoſe common difference is 14 (ar). 
41h. From what has been laid down in the three foregoing conſecta- 
tries, and particularly from a due obſervation of the places of the irregular 
terms, being taken in the ſame order as they were given by us in the laſt, 
we have a new way of conſtructing a magic ſquare more expeditious than 
the former, as being effected without the help of a primitive ſquare, 
thus: Form from unity an arithmetical progreſſion whoſe common dif- 
ference is 27, and the number of terms , which progreſſion in the pre- 
ſent caſe will be 1, 15, 29, 43, 8, 22, 36; of this progreſſion place the 
firſt term in the firſt cell of * middle horizontal row on the fel hand 
of the magic ſquare to be conſtructed; then deſcending from thence di- 
agonally to the right, fill the cells you paſs through with as many of 
the other terms of the foregoing progreſſion as you can: theſe terms in 
the preſent caſe are 15, 29, 43 ; but if this motion be further continu- 
ed, the next term 8 will fal without the ſquare under the fifth per- 
pendicular row from the left hand, as you ſee in the figure: transfer it 
therefore to the uppermoſt cell of the ſame fifth perpendicular row, and 
then moving downwards diagonally as before, you will find room for 
the remaining terms of the progreſſion, to wit, 22 and 36. The irregu- 
lar terms being thus placed in their proper cells, all the other cells will be 
eaſily filled thus: ſuppoſe I would fill the firſt horizontal row; I look for 
the irregular term already placed there, and find it to be 8; from this term 
8 I form an arithmetical progreſſion whoſe common difference is 8, and 
then moving in the ſame row towards the right hand, I inſert as many 
of the other terms of this progreſſion as I can, which terms in the preſent 
caſe are 16 and 24; then finding I can move no further this Way, I con- 
tinue the reſt of the progreſſion from the other end of the fame horizon- 
tal row, writing down, from left to right, the numbers 32, 40, 48 and 
: thus the firſt row will be full; and the reſt muſt be furniſhed by a 
ike proceſs. | Ez | 
th. Since in a magic ſquare, the ſum of every row, which way ſoever taken, 
is the ſame; if any one has a mind to eſtimate this ſum without actually con- 
ſtructing the figure, he may reaſon thus: let 7 be the fide of the ſquare ; 
then it is plain that in this ſquare will be contained all the natural numbers 
from 1 to 49 incluſively, which in their natural order make an arithmetical 
progreſſion, whereof the leaſt term is 1, the greateſt 49, and the number of 
terms 49: add the greateſt and leaſt terms together, and the ſum will be 50, 
whoſe half is 25; therefore 2 5 is an arithmetic mean between the extremes 


1 and 49; and 49 times 2 5 will be the ſum of the whole progreſſion by art. 
| . | 124 ; 


* » 
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124 ; therefore the ſum of all the numbers in the whole ſquare, or the 
fum of the numbers in all the ſeven horizontal, or in all the ſeven per- 


pendicular rows, is 49 times 25 ; therefore the ſum of the numbers in 


any one row is 7 times 25 or 175: and the reaſoning is the ſame in any 
other caſe where the {ide of the ſquare is an odd number. The ſum of 


. I 5 1 1 PS a 1 
all: the numbers in any one row is by xr; whence I infer, that i - 


be made equal to m, that is, if be an arithmetic mean between the 


extremes 1 and , the ſum of every row will be the ſame as if it's cells 


were all filled with the ſame number n. 
There are many other ways of conſtructing magic ſquares both odd 
and even, as alſo many other ſurprizing properties thereto relating, all 


which I here paſs by, becauſe, though this ſpeculation be in itſelf very. cu- 


rious and entertaining, yet it cannot be denied but that it is of very little 
or no uſe in any other parts of the Mathematics. Whoever would ſee 
more of theſe matters, may conſult the Memoirs of the Royal Academy 
of Sciences for the years 1705 and 1710, where he will find this ſub- 


ject almoſt exhauſted by the learned and juſtly celebrated Mathematici- 


ans M. De La Hire and M. Sauveur. 
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